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Preface to the second 
edition 


As with the first edition, this textbook is intended to give an introduction 
to mathematical analysis for students in their first or second year of an 
undergraduate course in mathematics. Its main concern is the analysis of 
teal valued functions of one real variable and the limiting processes 
underlying this analysis. Since analysis is one of the cornerstones of 
twenticth-century mathematics, the element of ‘proof’ is of fundamental 
importance. A proof of a theorem is a carefully reasoned argument that 
validates the stated theorem relative to a sect of basic assumptions. The 
basic assumptions in analysis are the axioms of the system of real num- 
bers. These form the substance of Chaptcr 2, and subsequent chapters 
develop the limiting processes necessary to discuss the convergence of 
sequences and series, and ultimately to define the notion of a continuous 
function. Once these fundamental ideas are in place, the twin concepts of 
differentiation and integration are covered. 

This second edition draws on the suggestions of many users of the first 
edition. My thanks go to them, and ! trust that they will be pleased to sec 
the new features of this edition, one which now deals exclusively with 
single-variable functions. There is a new Chapter 1, containing prelimin- 
ary matenal on logic, methods of proof, scts and functions, and the 
material on sequences and series has been expanded and divided into two 
separate chapters. In addition, there are many improvements in exposi- 
tion, including m cach chapter a brief introductory overview. Another 
new feature ts a prologue entitled ‘What is analysis?’, which sets mathe- 
matical analysis in its historical context. This is meant not only to provide 
the reader with increased motivation but also to highlight the fact that tn 
mathematics the order of presentation of topics rarely follows the original 
chronological development. Also included in the text are brief bio- 
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eraphical sketches of some of the many mathematicians who have con- 
tributed to the subject. 

The aim througbout is to convey the fundamental conccpts of analysis 
in as painless a manner as possible. The key definitions are well moti- 
vated, and proofs of central results are written in a sympathetic style to 
demonstrate clearly how the definitions are used to develop the theory. 
Important definitions and results are prominently displayed and the main 
theorems are given meaningful names. The import of each definition and 
the content of each theorem are further remforced by examples. Many 
straightforward worked examples are included, and each section of each 
chapter ends with a short sct of exercises designed to test the reader’s 
grasp of the concepts involved and to provide some practice m the con- 
struction of proofs. These exercises again reinforce the main subject mat- 
ter, and full solutions are included at the end of the book. In addition, 
cach chapter ends with a set of problems designed for class use. Where 
appropriate, answers to these problems are given at the end of the book. 

Prerequisites are a working knowledge of the techniques of calculus 
and a familiarity with elementary functions. The latter are used to moti- 
vate and illustrate the theoretical results, although the logical develop- 
ment of the theory is independent of their particular propertics. The 
ngorous definitions of these elementary functions are given at the end of 
Section 4.3 and their analytic properties are derived in the Appendix. An 
informal flavour is maintained throughout, but with due attention to the 
rigour required in mathematics, with the overall aim of putting the read- 
er’s previous knowledge of calculus in its proper context. Mathematical 
analysis courses often have a rather negative impact on students, and I 
hope that this book will encourage its readers to tackle with confidence 
more advanced texts in the subject. 

I should like to thank past mathematics students at Oxford Polytech- 
nic who have suffered earlier versions of this material and whose positive 
reaction to its style of presentation encouraged me to write this book. My 
thanks also go to the reviewers of draft material for both editions who 
provided many helpful comments, and to the staff at Addison-Wesley in 
Wokingham for eliciting so many useful suggestions for improvement. 
Finally, my thanks go to my family for their unfailing support and encour- 
agement. 


Oxford Rod Hagegarty 
July 1992 
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PROLOGUE 


What is Analysis? 


Introduction 


This prologue seeks to answer the question ‘What is analysis?’ In a sen- 
tence, mathematical analysis} may be regarded as the study of infinite 
processes. Ifistorically the subject saw its genesis in the work of the 
eminent Swiss mathematician, Leonard Euler (1707-1783). Euler took 
the calculus of Newton and Leibniz and, by giving the notion of a func- 
tion central place, converted calculus from an essentially geomctrical ficld 
of study into one where formulae and their relations were ‘analysed’. The 
calculus itself was the greatest mathematical tool discovered in the scven- 
teenth century, and it proved so powerful and capable of attacking prob- 
lems that had been intractable in earlier times that its discovery heralded 
a new cra in mathematics. 

As with many branches of mathematics, calculus developed through 
an interplay between problems and theories, and is best understood 
through its applications. Differentiation is used to describe the way in 
which things change, move or grow, and most problems can be reduced to 
a geometric model of a curve in which a tangent is required at some point 
of the curve. If, for example, the curve represents the path of a moving 
body, the tangent pives the direction of motion at any particular time. See 
Figure P.1(a). Other types of problem require the determination of maxi- 
mum and minimum values of some quantity, and this too can be reduced 
to a problem of tangents and hence may be solved by differentia! calculus. 
Integration was developed for finding the areas bounded by curves, called 
the quadrature of curves. If, for example, the curve is a graph of the 
velocity of a moving object, plotted against time, then the ‘area under the 
curve’ gives the total distance covered in a given time. See Figure P.1(b). 
The visual imagery present in Figure P.1 reflects the central role played 
by geometric models in the historical development of differentiation and 


tThe word analysis comes from the Greek word analyeizt meaning untie or unravel. 
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(a) Tangent toa curve (b) Quadrature 
Figure P.1 


integration. The geometric problems of tangent and quadrature were 
themsclves separate subjects of study for centuries before the advent of 
calculus, and, although it was suspected that the problems were in some 
sense inverse to each other, they were not formally inked unt! the seven- 
tecnth century. This linkage, the fundamental theorem of calculus, ap- 
pears in Newton's work on the calculus. 

As the seventeenth century unfolded, new notations were introduced 
that enabled the geometric notions of curve, tangent and quadrature to be 
superseded by the analytic notions of function, derivative and integral. 
More and more applications of this new analytic calculus were generated, 
and it might be supposed that mathematicians everywhere would have 
eagerly embraced the subject. However, there was much resistance to, 
and criticism of, calculus, principally because of its reliance on ‘infinitely 
small quantities’ or ‘infinitesimals’. This was a notion that, along with the 
concept of infinity, had plagued mathematics from the time of Ancient 
Greece. The struggle to handle infinitesimals in the context of calculus so 
as to avoid contradictions or absurdities arising was eventually successful 
when, in the nineteenth century, infinitesimals were abandoned and cal- 
culus becume based on the fundamental concept of a limit. 

The remainder of this prologue traces the main aspects of the history 
of analysis beginning with the problematic naturc of infinity and imfinite- 
simals as perceived by the Greeks. Then precalculus attempts to solve the 
problems of tangent and quadrature are examined, followed by a descrip- 
tion of the calculi of Newton and Leibniz and their inherent deficiencies. 
Finally, attention is paid to the way in which mathematical analysis grew 
out of the need to provide a satisfactory foundation for the calculus and, 
in turn, why mathematicians were forced to examine the foundations of 
analysis itself. 


Precalculus developments in Ancient Greece 


Archimedes (287-212 nc) is regarded by most commentators as having 
anticipated the integral calculus in his treatise, The Method, ‘ost for a 
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millennium, which came to light in Constantinople in 1906. In this work, 
Archimedes uses the rigorous approach developed by the Grecks since 
the founding of the Pythagorean School in 550 8c. This school placed the 
concept of number, by which was meant whole number, at the centre of 
their philosophy. In common with scientific thought at that time, the 
Pythagoreans also embraced the idca that all things were made up of 
finite indivisible elements. Other works of Archimedes, which were read- 
ily available to later mathematicians, contain ingenious techniques for 
calculating areas bounded by curves such as parabolas, and provide evi- 
dence of the Greeks’ anticipation of the integral calculus. 

The Greeks’ reluctance to use any kind of infinite process is perhaps 
best exemplified by considering two of the famous paradoxes of Zeno of 
Elea (c. 460 Bc). The first paradox, Achilles and the tortoise, begins with 
the assertion that space and time are infinitely divisible. If the tortoise is 
at B and Achilles is at A (see Figure P.2) then Achilles can never catch 
the tortoise since by the time Achilles reaches B, the tortoise will be at 
some further point C, and by the time Achilles reaches C, the tortoise will 
be further ahead at D, and so on ad infinitum: the tortoise will always be 
ahead! 

The second paradox, the Arrow, adopts the alternative hypothesis 
that space and time are not infinitely divisible: hence there is an indi- 
visible smallest unit of space (a point) and of time (an instant). Zeno now 
asserts that an arrow must be at a given point at a given instant. Since it 
cannot be in two places at the same instant it cannot move im that instant 
and so it is at rest in that instant. But this argument applies to all instants: 
the arrow cannot move at all! The dilemma raised by these two para- 
doxes, whereby alternative hypotheses both lead to conclusions that con- 
tradict common sense, 18 one Of the reasons why Euclid’s Elements never 
invoke the infinite. 

The é£lements appeared in the third century sc and used a single 
deductive system based upon a set of initial postulates, definitions and 
axioms to develop, in a purely geometric form, the mathematical wisdoms 
of previous generations. The whole of Pythagorean number theory was 
included, all couched in geometric terms. For example, consideration of 
the areas of the squares and rectangles in the dissection in Figure P.3(a) 
gives the well-known algebratc result 


(x t+ y)? = x7 + Qxy + y? 


Concepts that were not expressible in geometric terms were rejccted, 
as were methods of proof that did not conform to the strct deductive 
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Figure P.2 
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(a) (x Fy) =x? +2vy + y’ 
Figure P.3 


requirements of the Elements. This manic adhcrence to all things geo- 
metric was due to the fact that geomctry could accommodate irrational 
magnitudes as well as the whole numbers and ratios of whole numbers 
(fractions) that formed the substance of Pythagorean mathematics. Irra- 
tionals such as A/D: V3, V5 and so on cannot be expressed as fractions 
but can be represented geometrically as indicated in Figure P.3(b). 

The Greek approach to the problem of quadrature was thus geometric 
in origin. Any rectilinear figure was reduced by geometric transforma- 
tions to a square of the same area. In the sequence of diagrams in Figure 
P.4 a triangle is transformed into a square with the same area by a 
succession of geometric constructions involving parallel lines, congruent 
triangles, perpendiculars and propertics of the circle. For figures bounded 
by curves this approach runs into difficulties, but the genius of Archi- 
medes succeeded in obtaining the quadrature of sevcral curves. The 
quadrature of the parabola is one cxample: in Figure P.5 the area, T, of 
tnangle ABC is four times the sum of the areas of tnangles APB and 
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Figure P.4 
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Figure P.5 


BQC. Further triangles can then be inscribed within the parabolic seg- 
ment with bases AP, PB, BOQ and QC, and the same relativity of arcas 
invoked. It is clear that, in modern parlance, the arca K of the parabolic 
segment ABC is the sum of the infinite series 

ee ee ee ae 

fe ee re 

which gives 37°. Of course, Archimedes did not use this ‘infinite process’, 
but instead showed that the conditions K >47 and K <$T both gave 
rise to absurd conclusions. The Greek reluctance to contemplate the 
logical validity of any process implemented ad infiniturn and the lack 
of a notion of a function meant that no generally applicable method of 
quadrature was developed. In addition, Greck attention was focused on 
relatively few curves. This paucity of curves, allied with an unsatisfactory 
notion of angle (which included ‘angles’ between curves), also meant that 
there was little interest or progress in the problem of tangents. However, 
the properties of tangents and normals to parabolas, cllipses and hyper- 
bolas were known, and Archimedes succeeded in constructing tangents to 
spirals. 

The territorial conquests of the Arabs and the rise of the Roman 
Empire led to the fall of the Ancient Greek civilization and cut off Greek 
mathematical learning from European scholars. It was not until the 
twelfth century Ap that clements of Greek scientific understanding began 
to filter through Arab sources and fragments of Fuclid’s Elements were 
studied. In medieval Europe there was no identifiable discipline called 
mathematics, although within philosophy debate raged about whether or 
not infinity existed and whether or not space and time were infinitely 
divisible. 


Precalculus developments in Western Europe 


During the fifteenth and sixteenth centurics in Lurope, mathematics was 
applied over a wide range of practical subjects, and mtcrest was centred 
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on how to use geometry, rather than on understanding the proofs. Latin 
translations of the works of Euclid and Archimedes aroused much in- 
terest, and work began on streamlining their proof methads. In argu- 
ments involving repetitive processes the formal Greek arguments that 
avoided passage to the limit were abandoned. Although work was careful 
and soundly based, it remained gcometric in nature, and no real attempt 
was made to formulate precise conditions under which limiting processes 
could be invoked. 

Problems of quadrature arose in the many new practical applications 
of mathematics, and were solved by appealing to arguments involving 
infinitesimals. For instance, the astronomer Johann Kepler (1571-1630), 
who discovered that planets move around the sun in elliptical orbits, used 
infinitesimals to determine the arca of an ellipse. He regarded the circum- 
ference of a circle as a regular polygon with an infinite number of sides. 
Hence the circle is made up of an infinite number of thin triangles (see 
Figure P.6(a)), each of height equal to the radius r of the circle. Since the 
area of any triangle is half its base times its height, the areca of the circle is 
half its circumference times its radius (that is, r+ r =r). The defini- 
tion of z used here is that it is the ratio of the circumference C of a circle 
to its diameter 27. Since all circles are similar, this makes C = 27r, and 
hence the consequent formula for the area of a circle just descnbed 
involves the same ratio 7. The area of an cllipse whose axes arc in the 
ratio 6: a is now derived by first inscribing the ellipse in a circle of radius 
a. The ellipse is obtained from the circle by a geometrical transformation 
that shortens the vertical component of any point on the circle in the ratio 
6:a. Then both the circle and the ellipse are thought of as consisting 
of infinitcly many, infinitesimally thin vertical strips (see Figure P.6(b)) 
whose areas arc, by construction, also in the ratio b: a. Hence the areas 
of the circle and the ellipse are in this same ratio and so the area of the 
ellipse x?/a? + y?/b? =1 is (7a*)(b/a) = mab. However, Kepler was un- 
able to determine the circumference of the ellipse, a problem that turned 
out a century later to be yet another application of quadrature, albeit onc 
that merely expresses the circumference as an integral; this elliptical inte- 
gral cannot, however, be cvaluated in closed form. 
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(a) Area = za’ (b) Area ~ nab 
Figure P.6 
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From the time of Kepler, powerful methods were developed, pri- 
marily by Bonaventura Cavalicn (1598-1647), for calculating arcas and 
volumes. Central to Cavalieri’s methods is the notion that a planar area is 
composed of an infinite number of parallel chords, and that a solid 1s 
composed of an infinite number of parallel sections. By sliding these 
‘indivisibles’ along their axes, new arcas and volumes are formed that 
have the same area or volume as the originals. Although opposition to 
these new methods was widespread, numcrous mathematicians used them 
and were able to produce results equivalent to the modern-day integra- 
tion of expressions such as x", sin x and so on. 

New tangent methods also appeared in the scventeenth century, con- 
sidcrably aided by the introduction into geometry of the developing lan- 
guage and symbolism of algebra. Foremost among the proponents of 
these techniques, which relied on the use of infinitesimals, was Pierre de 
Fermat (1601-1665). For instance, to determine a maximum or minimum 
value of un expression, suppose, using modcrn notation, that f(x) attains 
an extreme value at x. If e is very small then f(x — e) is approximately 
equal to f(x), and so, tentatively, set f(x — e) equal to f(x), simplify and 
then set e equal to zero to determine those x for which f(x) is a maxi- 
mum or a minimum. As an illustration, Ict f(x) =x* —3x, so that 
f(x — e) = (x — e)? —3(x — e). Then 


x? — 3x = (x — e)? — 3(x — e) 
leading to 

0 = —2xe — e? + 3e 
which simplifies to 

x= @-+ 3 


Putting e — 0 gives x = 5. 

Fermat used similar techniques to find the tangent at a point on a 
curve whose equation is given in Cartesian coordinates. His methods are 
equivalent to the modern use of differential calculus, although his use of 
the infinitesimal e is clearly open to logical objections. 

By the middle of the seventeenth century, quadrature and tangent 
methods had advanced and been applied to a wide varicty of curves. 
Infinitesimals and indivisibles were accepted and the idea of a limit had 
been conceived. In addition, the problem of finding the length of a curve 
had been shown to be equivalent to finding the quadrature of a related 
curve, whose Cartesian equation involved tangents: if y = f(x). the are 
length s between two points (x,, y,) and (x2, y2) on the curve ts given by 


T3 Tf dy \2 
s= [. ve + (a dx 
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A link had been established between quadrature and tangents, and it was 
recognized that the problems were inversely relatcd. What was missing 
was a satisfactory symbolism and a set of formal analytic rules for finding 
tangents and quadrature, and, more importantly, a consistent and rigor- 
ous redevelopment of the fundamental concepts involved. The former 
was soon to be furnished with the independent discoveries by Newton and 
Leibniz of the differential and integral calculus. 


The discovery of calculus 


Although the emergence of differential and integral calculus neither 
started nor finished at any particular time, it was during the second half of 
the seventeenth century, owing to the efforts of Isaac Newton 
(1642-1727) and Gottfried Wilhelm Leibniz (1646-1716), that a unified 
range of processes and an effective notation were invented that came to 
be known as the calculus. Both men owed much to their predecessors, 
and recent researches show that they had relatively little influence on 
each other during the periods of their crucial and independent inventions. 

Newton learnt mathematics by studying books, including the works of 
Euclid, and by receiving instruction from some of the finest mathemati- 
cians of the period. By the end of 1664, he was at the fronticrs of mathe- 
matical knowledge and began his own investigations. Most of his major 
discoveries were made in the period 1665-1666, while the plague raged in 
England; these included the general binomial theorem, the calculus, the 
law of gravitation and the nature of colours. The history of Newton’s 
discovery of the gencral binomial series is a strange one; one that led him 
to develop his ‘method of infinite series’, an indispensable tool in his 
approach to problems of quadrature. At that time the quadrature of 
curves with equation y = (1 — x*)” was known for positive integral values 
of nm: for n=0, 1, 2, and 3 these were x, x—jx°, x—$x°+4x°, 
x — ix? +x? —14x’ respectively. In order to find the quadrature of a 
(semi)circle with equation y = (1 — x*)}'*, and, more generally, the qua- 
drature of curves with equation y = (1 —.x*)" when n was any fraction, 
positive or negative, Newton looked for patterns in the coefficients of x, 
x?, x°, x’ and so on in the quadrature formulae then known. In so doing, 
he arrived at the infinite expression 


CS —_— = 


3 5 7 


for the quadrature of y = (1— x7). He then noted that this could be 
obtained directly if 


(1 — x*)¥? = 1 - dy? -2y4— dhe 


THE DISCOVERY OF CALCULUS 9 


Sinular series could be generated for (1 — x*)" for any value of x. It soon 
became clear to Newton that he could opcrate with infinite series in much 
the same way that the algebraists of the day dealt with finite polynomial 
expressions. In fact he wrote in his work, De Analysi per Aequationes 
numero terminorum infinitus (completed in 1669 and published in 1711) 


And whatever the common Analysis [that is, algebra] performs by Means of 
Equations of a finite number of Terms ... this new method can always 
perform the same by Means of infinite Equations. So that [ have not made 
any Question of giving this the Name of Analysis likewise. 


It was from this time onwards that infinite processes became accepted as 
legitimate in mathematics. The De Analysi also contains the first account 
of Newton’s principal mathematical discovery — the calculus. 

Newton regarded a curve as generated by the motion of a point whose 
coordinates x and y were changing quantities that he called fluents. The 
rate at which these fluents change were called the fluxions and were 
denoted by x and yp (dx/dt and dy/dt in modern notation, where ¢ is 
time). If o denotes an infinitely small amount of time then, during that 
time, a fluent such as x changes by an infinitely smal] amount, namely 
xo, which Newton called the moment of the fluent. The ratio }/% gives 
the slope of the tangent to the curve at any point. For example, if y? = x? 
then 


(y + poy? = (x + ito) 


Expanding both sides, removing common terms, dividing through by o, 
and disregarding terms still containing o gives 


2yy = 3x7x 
Hence 


, 2 2 
y 3x 3x _ 4.4 


= 2 


x a 2y ~ 5,32 


So, given a relation amongst flucnts (that is, an cquation relating vari- 
ables), Newton could find a corresponding relation between fluxions. 
This is of course just differentiation. Conversely, given a relation amongst 
fluxions, the process of finding the original relation amongst the fluents 
corresponds to integration, the reverse process to differentiation. The De 
Analysi also contains, for the first time, the use of integration to solve 
problems of quadrature. 

Newton twice rewrote his original account of calculus in an attempt to 
circumvent its dependence on the use of infinitesimals, and he very nearly 
hit upon the use of limits. However, the mystenous moments remained, 
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and, although Newton’s calculus was extensively applied, its theoretical 
foundations remained a subject of intense debate throughout the eight- 
eenth century. 

Leibniz’ early interests in mathematics centred around a desire to 
gcnerate a general symbolic language into which all processes of reason- 
ing and argument could be translated. He was also fascinated by calcula- 
ting aids and invented, in 1671, a machine that could carry out multiph- 
cation. After visiting London in 1673 and mecting several eminent En- 
glish scientists, he began studying mathematics in earnest. His early inves- 
tigations were concerned with the summation of infinite sequences whose 
terms could be expressed as differences. For example, to find the sum of 
the reciprocals of the triangular numbers 1, 3, 6, 10,..., An(n +1),..., 
Leibniz observed that 


a eee ae 
n{n+t 1) on n+] 


Hence 
Hadi tea 2 
1 3 6 — 10 n(n + 1) 
opatiee 2) (2-2)4 (2-3), 7, Coe: 
1 2 2. 2 3 4 4 5 A Atl 
eee, 2 
7 n+l 


and so the sum to infinity is 2. 

Leibniz gained great facility in summing tnfinite series, and came to 
appreciate that the processes of summing and differencing were mversely 
related. He observed that the determination of the tangent to a curve 
depended on the ratio of the differences in the coordinates of nearby 
points, and that quadratures depended on the sums of the heights of 
infinitely thin rectangles. Leibniz then saw the possibility of a calculus of 
infinitely small differences and sums of sequences of heights that could 
solve the problems of tangent and quadrature for a given curve. Taking 
differences would correspond to finding tangents, and summation of se- 
quences would correspond to the determination of quadratures, and these 
Operations would be inverse to each other. His initial work in this area 
centred on generalizing the work of previous mathematicians whereby 
curves whose quadrature was required were transformed into curves of 
identical quadrature whose quadrature was known. This ‘transmutation’ 
of areas involved the use of an infinitesimal triangle, a device that was to 
loom large in his development of differential calculus. Leibnizian calculus 
took shape in the period 1673-1676, although publication was delayed 
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until 1684 since Leibniz was aware of the furore his indiscriminate use of 
infinitesimals would cause. 

Leibniz regarded the differential dx of a variable x to be an infinitely 
small difference between two successive values of x. The ratio of the 
differentials dy and dx of two variables y and x was taken to be finite 
and to represent the slope of the tangent of the curve whose Cartesian 
equation related x and y. See Figure P.7(a). However, relative to finite 
quantities, differentials were negligible and were ignored (in other words, 
x + dx =x). Similarly, products of differentials were neghgible relative to 
differentials (hence adx +dydx =adx). If y and x are related by an 
equation then the ratio of dy to dx can be obtained by taking the differ- 
ential of the equation. In so doing, onc has to follow the rules of calculus, 
examples of which are da =O for a constant a, d(ut+u)= du+dv and 
d(uv) = ude + vu di. Leibniz derived these and other rules using the gen- 
eral properties of differentials enunciated above; for example, to find the 
differential of wv, proceed as follows: 


d(uv} 


(u + du)(v + do) — uv 
udv + vdu+ dudv 


udv + vdu 


It is a credit to the succinct notation introduced by Leibniz that his 
calculus is so easy to apply. For instance, given the hyperbola with equa- 
tion xy — k =0, take differentials to obtain 


d(ixy -— k) = d0=0 
Apply the rules to get 


O= d(xy — 4) =d(xy) -dk =xdy + ydx —0 


(a) The differential triangle (b) Definite integration 


Figure P.7 
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Hence 
xdy + ydx =0 
leading to 
i) ene 
xX xX x 


as the formula for determining the slope of the tangent. Leibniz’ notation 
for integration, |, has also stood the test of time. From Figure P. 7(b), the 
quadrature of the curve y(x), written as | y dx, is the sum of infinitely 
many, infinitesimally small rectangular areas y dix. Now the differential of 
the area OCB is the difference of two successive values of area, and this is 
none other than the area y dx of the furthest right-hand rectangle. Hence 
d(/y dx) = y dx, establishing the inverse relation of d and {. 

Leibniz was well aware that he had not precisely defined what dif- 
ferentials were, nor furnished any proof that they could be discarded 
relative to finite quantities. As did Newton, he made strenuous efforts to 
remedy these foundational flaws but failed to do so. The situation was not 
helped by the bitter controversy that surrounded the claims and counter- 
claims of the followers of Newton and Leibniz about who first discovered 
the calculus. The contributions made by both men were, and still are, 
impressive. Both had developed methods with wide applicability, and 
both, [cibniz more so than Newton, had developed notation and symbols 
by which their methods could be applicd analytically — that is, by means 
of formulae instead of by verbal descriptions and gcomctrical arguments. 
Also they had established clearly the inverse linkage between differenti- 
ation and integration. Both calculi were to undergo fundamental changes 
before they came to resemble modern calculus; variables and relations 
between them were to be superseded by the function concept, moments 
and differentials were to be swept aside, and, through the concept of a 
limit, be replaced by derivatives of functions. 


From calculus to analysis 


Leibnizian calculus spread rapidly in Europe owing initially to the efforts 
of two Swiss brothers, Jaques Bernoulli (1654-1705) and Jean Bernoulli 
(1667-1748). A pupil of the latter, the Marquis de L’H6pital, published 
the first textbook on calculus in 1696; this well-written text dominated 
most of the eighteenth-century developments in, and applications of, cal- 
culus. Leibniz, I’ H6pital and the Bernoullis took it as self-evident that 
two quantities differing by an infinitely small amount were equal and 
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simultancously that infinitely small quantities were not zero: these infin- 
itcly small quantities were the differentials of Leibniz’ calculus and the 
moments of Newton’s calculus. This inevitably gave rise to foundational 
questions such as ‘Do infinitely small quantities exist?’ and ‘Is the use of 
such quantities in calculus reliable?’ One of the most famous attacks on 
the foundations of calculus came from Bishop George Berkeley, who in 
1734 published a vitriolic tract aimed at ‘infidel mathematicians’. In this 
tract infimtcsimals were discredited and rejected as ‘ghosts of departed 
quantities’. Despite all the criticisms, the second half of the eighteenth 
century witnessed an explosive growth in the use of infinite processes, 
justified largely on the grounds that they worked. 

Calculus, initialky a geometric field of study, developed into the sub- 
ject we now call analysis owing to the epoch-making work of Leonard 
Euler (1707-1783). Euler’s seminal work, /ntroductio in analysin infini- 
torum (1748) gives central place to the concept of a function. A function 
of a variable quantity is defined as an analytic expression, composed in 
whatever way, of that variable quantity and of numbers and of constant 
quantities. What was important about this concept of a function was that 
for the first time the idea of one quantity changing relative to another was 
established. This notion, allied with the concept of a limit, which emerged 
later in the cighteenth century, was to revolutionize the calculus and lead 
to the establishment of firm foundations for the subject. Euler contri- 
buted prohfically to virtually every branch of pure and applied mathemat- 
ics, and is responsible for much of the notation in use today. His collected 
works run to 75 volumes and, although he warned against the nsks in- 
volved in using infinite series, in the Jntroductio he uses infinite series in a 
remarkably unrestrained manner, and absurditics do arise. For example, 
the binomial series 


(lL=xplisat+txtx7 4+ x7 4+... 


is used for values of x = 1, and the series 


x 
ee =x+x74+x°4+.., 
l—-—x 
and 
eae ae ree es 
4 ' a ae 


are combined to conclude (erroneously!) that 


l l 3 3 
tatoo tlt ter tart... =0 
xX 
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One person who regarded Euler’s infinite series manipulations with 
suspicion was Jean le Rond d’Alembert (1717-1783); he also objected to 
the use of tnfinitcsimals in calculus. He was one of several mathemati- 
cians who responded to Berkeley's attack on calculus by advocating the 
use of limits. D’Alembert stressed that in differential calculus one was 
interested in the limiting value of ratios of finite differences of inter- 
related variable quantities rather than [.cibniz’ ratio of differentials. He 
regarded an infinitesimal as a non-zero quantity whose ‘limiting value’ 
was zero, and he also defined indefinitely large quantitics in terms of 
limits. But his limit concept lacked clarity, and continental mathemati- 
cians continued to use the language and methods of Leibniz and Euler. 
Even so, the increasing number of absurd deductions that could be made 
from the indiscriminate use of infinite processes gave renewed impetus to 
efforts to resolve the foundational crisis in calculus. In England attempts 
to introduce rigour into Newton’s calculus sought to tic the calculus more 
strongly to Euclid’s geometry or to the physical notion of velocity. The 
first really scrious effort to give rigour to calculus was published in 1797 
by Joseph Louis Lagrange (1736-1813). His influential work, Théorie des 
fonctions analytiques contenant les principes du calculi différentiel, devel- 
oped calculus as a ‘theory of functions of a real variable* in which func- 
tions possessed derivatives as opposed to curves possessing tangents. Un- 
fortunately, as was the case with the users of the new idea of functions, 
the work paid scant attention to matters of convergence and divergence. 
In particular, functions were considered to be ‘well behaved’ in that the 
variables involved were assumed to vary contimuously and smoothly 
throughout their domains. 

The successful merging of the idea of limit and function as the con- 
cepts required to provide a sound foundation for the calculus, and as the 
tools necessary to handle problems of convergence and divergence ade- 
quately, occurred in 1821. The publication in that year of the Cours 
D'Analyse de Ufcole Polytechnique by Augustin Louis Cauchy 
(1789-1857) brought about a fundamental change in attitudes m that 
rigour was applied to defining the basic concepts, and also to the manner 
in which proofs were presented. The Cauchy approach to calculus is 
essentially the modetn approach in which ditferential calculus involves 
the definition, through a limit, of the derivative of a function, and integral 
calculus involved the limit of successive approximations to the area under 
the graph of a function. The fundamental theorem of calculus appears as 
a theorem in Cauchy’s treatment. In addition, Cauchy uses his limit con- 
cept to define, for the first time, the idea of a continuous function as one 
whose values f(x) vary continuously with x. Cauchy took great care in 
defining what he meant by a limit. and, although the use of limits allowed 
him to dispense with infinitesimals and geometric notions in developing 
the calculus, there still remained some residual geometric notions as 
regards the behaviour of variable quantities. 
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Conclusion 


The nineteenth century was very much a Golden Age in mathematics, a 
century in which more was added to the sum of mathematical knowledge 
than was known at its beginning. The improved understanding of infinite 
processes was but one achievement in a period of intense activity that saw 
the introduction of new areas of mathematics such as non-Euclidean 
geometries, multidimensional spaces and non-commutative algebras. 
Analytic methods were applied to good effect in these areas, which in 
turn led to further developments in analysis itself. [lowever, it became 
apparent that Cauchy had not reached the true foundations of analysis. In 
1874, Karl Weierstrass (1815-1897) produced, counter to intuitive expect- 
ations, a function that was continuous but had no derivative anywhere 
(that is, a continuous curve with no tangent at any point). George 
Bernhard Riemann (1826-1866) produced a function discontinuous at 
infinitely many points and yet possessing a continuous integral. It was 
realized that the theory of limits upon which analysis had been built relied 
on simple intuittrve notions concerning the real numbers. A programme 
was advocated to give rigour to the system of real numbers itself. ‘This 
arithmetization of analysis was a difficult and intricate task ultimately 
completed by Weierstrass and his followers, thus completing a process 
begun in 1700 to separate analysis from its geometric basis. Today, as in 
the presentation of mathematical analysis given in this book, all of analy- 
sis can be logically derived from a set of postulates (oT axioms) character- 
izing the real number system. 

The process of introducing rigour into first calculus and then analysis 
was a process mirrored in all branches of mathematics. This careful atten- 
tion to detail as regards basic concepts has in turn led to intricate gencral- 
izations of concepts such us space, dimension, convergence and integra- 
bility; topics covered in more advanced texts on analysis. One of the 
striking features of twentieth-century mathematics has been the move to 
greater generalization and abstraction, and this, in turn, has thrown up 
the deeper foundational problems that occupy today’s generation of re- 
search mathematicians. 

The reader interested in the history of mathematics, whose appetite 
has been whetted by this brcf survey of the history of calculus and the 
early development of analysis, is recommended to dip into the following 
texts: 

Boyer and Merzbach (1989). A History of Mathematics 2nd edn. New York: 
Wiley 

Eves H. (1987). An Introduction to the History of Mathematics Sth edn. New 
York: Holt Rinchart Winston 

These survey the historical development of mathematics from ancient 
times up to the twentieth century, and both contain extensive biblio- 
graphies directing the reader to more detailed expositions of particular 
topics. 


CHAPTER ONE 


Preliminaries 


1.1 Logic 
1.2 Sets 
1.3 Functions 


The main substance of analysis begins in Chapter 2. The purpose of the 
present chapter js to give a brief survey of prerequisite material, which 
the reader can safely skim through and refer back to as necessary. 

In Section 1.1 there is a relatively formal treatment of logic, intended 
to alert the reader to the basic logical ideas required in the remainder of 
this book. In mathematics onc is concerned with statements about the 
mathematical objects being studied. Examples of mathematical objects 
are whole numbers. real numbers, sets, functions, and so on, and exam- 
ples of mathematical statements are as follows: 


(i) There are infinitely many prime numbers. 
(ii) The equation x + 1 has a real root. 
(iii) If 2 is a positive whole number and n? is odd then 7 is odd. 


Interest in such statements is focused on whether they are true or false; 
the truth or falsity of a given statement is demonstrated by a proof. 
Statements (i) and (iii) above are true, whereas (ii) is false. The latter is 
easily proved by noting that the square of a rcal number cannot be 
negative. Statement (i) can be proved as follows: since there are prime 
numbers such as 2, 3, 5 and so on, list, in inercasing order, the first n 
primes Py, P2, P3,+~++; Py» Now consider the number 


7 
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P = (pip2P3°** Pa) +1 


Either p is a prime, or there exists a prime g < p such that gq ts a divisor 
of p. In the latter case, since p divided by any of pi, pa, P3,.-., Pp 
leaves a remainder of 1, gq must be a prime number greater than p,. 
Hence there is always a prime number greater than p,. whatever the size 
of n. It follows that there are infinitely many primes. Various alternative 
proofs of statement (iii) are given later. Clearly the proof (either of the 
truth or of the falsity) of a mathematical statement needs to be a precise 
and carefully reasoned argument based on a collection of basic mathemat- 
ical truths concerning the objects being studied. This creates a difficulty in 
that, although the mathematical objects used may have been carefully 
defined, the English language used in mathematical statements also needs 
to be precise; but the use of the English language in real life is often 
ambiguous. However, as statement (iii) above demonstrates, it is only 
necessary to make precise what is meant by a few key words, such as if, 
and and then. 

The aim then of Scction 1.1 is to make precise the meaning of various 
key words, or connectives, a task achieved by the use of truth tables. In 
addition, truth tables are used to check whether two statements built up 
from the same collection of basic statements, but using different conncct- 
ives, are logically equivalent or not. Practice is provided in working with 
the statements of the form ‘if P then Q’, which can be interpreted as 
saying that if (the statement) P is true then (the statement) Q is also true; 
when P is false, no conclusion may be drawn. A great deal of mathemati- 
cians’ effort is devoted to proving the truth or falsity of statements of this 
type. 

In Section 1.2 the concept of a set is introduced ~ a concept that 
pervades the whole of present-day mathematics. Any well-defined collec- 
tion of objects is a set, and in Section 1.2 various ways of combining sets 
to produce new sets are discussed. A link is cstablished between the 
equality of different combinations of sets and the logical equivalence of 
related logical statements. Readers famuliar with the language of sects 
need only browse through this section to familiarize themselves with the 
notation. 

Analysis is, in part, concerned with the study of functions from a very 
precise point of view, in order to establish, in a logically sound manncr, 
the properties of such functions. The concept of a function is carefully 
discussed in Section 1.3, where numerous methods of combining func- 
tions to produce new functions are described. The history of the term 
function provides a good example of the mathematician’s tendency to 
abstract and generalize concepts. The actual word first appears, in Latin, 
in 1694 in Leibniz’ work on calculus, where it denotes any quantity con- 
nected with a curve, such as its slope or the coordinates of a point on the 
curve. By 1718 a function was regarded as any expression made up of a 
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variable and some constants. This evolved into the idca of any equation 
involving variables and constants, and in Euler’s Introductio in analysin 
infinitorum in 1748 the functional notation f(x) first appears. By the early 
nineteenth century, a more general notion of function emerged. and the 
following formulation is due to Lejeune Dirichlet (1805-1859): 


A variable is a symbol that represents any one of a sct of numbers; if two 
variables x and y are so related that whenever a value is assigned to x there 
is automatically assigned, by some rule or correspondencc, a value to y, 
then we say that y is a (single-valucd) function of x. 


This definition 1s a very broad one, in that it docs not imply that there is 
necessarily any way of expressing the relationship between x and y by 
some kind of analytic expression, only that a function sets up a particular 
sort of relationship between two sets of numbers. The notion of a func- 
tion plays a central and unifying role in contemporary mathematics, and, 
as the reader will see, is of particular relevance in analysis. 


1.1 Logic 


A sentence that can be labelled T (for true) or F (for false) is called a 
statement. Scveral statements can be combined to produce a larger com- 
posite statement whose truth value depends not only on the truth values 
of the constituent statements but also on the manner in which they are 
connected. This means that precise meanings have to be attached to those 
words that link, or join, simpler statements together. Such words are 
called connectives, examples of which are ‘and’, ‘or’ and ‘if ... then’. 
Shortly, precise meanings will be given to these connectives, but first 
consideration is given to the process of negating a given statement. 

If P denotes a statement, its negation (not P) is obtained by inserting 
the word ‘not’ in the appropriate place. For example, if P denotes the 
(false) statement ‘Glasgow is the capital of Scotland’, (not P) denotes the 
statement ‘Glasgow is not the capital of Scotland’. The statement (not P) 
has the opposite truth value to P. This fact can be summarized neatly in 
the truth table in Figure 1.1. 

If P and Q arc two statements, the composite statement (P and Q} is 
deemed to be true provided both P and Q are true, and false otherwise. 


P (not P) 
T F 
F T 
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The composite statement (P or Q) is true provided at least one of P and 
Q is true, and false otherwise. This information appears in the truth table 
in Figure 1.2, where four rows are required since there are four possible 
combinations of truth values when two simple statements are involved. 

Notice that the connective ‘and’ ts used in the ordinary English lan- 
guage sense but that the connective ‘or’ is used in the inclusive sense. In 
other words, (P or Q) is true when either P is true, or Q is true, or both 
P and Q are true. 

It is possible to combine a collection of statements in different ways 
and end up with composite statements which have the same truth value 
for any specified truth values of the constituent statements. In this situ- 
ation the composite statements are said to be logically equivalent. 


MM EXAMPLE 1 


Show that the composite statements R = (not (P and (not Q))) and 
S = ((not P) or Q) are logically equivalent. 


Solution 


The truth tables for R and S appear in Figure 1.3. Notice the use 
of intermediary columns in building up the statements R and § 
from the statements P and Q. Inspection of these tables shows 
that the truth values of R and S, as given in the last column of 
each table, are identical. Hence R and § are logically equivalent. 


Suppose that P and Q are two statements. Then the statement 
(P = Q) is defined by the truth table in Figure 1.4. There are numerous 
English language equivalents of the statement (P > Q), such as ‘P im- 
phes Q’, ‘if P then Q’ and ‘P 1s a sufficient condition for Q’. Whichever 
interpretation is used, the final two haes in the truth table in Figure 1.4 
often cause confusion. They allow sentences such as ‘x > 3 => x > 0’ to be 
counted as true for all values of x. In practice, the mathematician is 


P Q (PandQ) (PorQ) 
£ T T T 
T F F T 
F T F T 
F F F F 


P QO 
T T F 
T F T 
F T F 
F F 1 
P Q 
T T 
T F 
F T 
F F 
P 
T 
T 
F 
F 
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(notQ) (Pand (not Q)) R 


Ie T 
T F 
la T 
EF T 
(not P) S 
F T 
EF 3 
T T 
T T 
Figure 1.3 
Q) (P => Q) 
T T 
F F 
FE T 
F T 
Figure 1.4 


interested in situations where (P => Q) ts true. From the truth table, this 


means that 


(i) if P is true then Q must be true (lines 1 and 2): 
(ii) if P is false then Q may be either truc or false, and so no conclusion 
can be drawn in this case (lines 3 and 4). 


SB EXAMPLE 2 


Show that (P > Q) is logically equivalent to ((not Q) = (not P)). 


Solution 


The truth table in Figure 1.5 demonstrates the required logical 
equivalence. The statement ((not @) = (not P)) is called the con- 


trapositive of (P > Q). 
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P O (notP) (not Q) (P=>Q) ((not Q)=(not P)) 
T T F F T T 
T F F T F F 
F T T F T a & 
EF F T T T T 
Figure 1.5 


The statement (P = Q) does not mean that the statements P and Q 
are in any sense equal or equivalent; indeed, the statement (Q => P) is a 
different statement, called the converse of (P > Q). However, the com- 
posite statement ((P = Q@)and(Q => P)), abbreviated as (P< Q), does 
embody the notion that P and Q are logically equivalent. The statement 
(P <> Q) is true either when P and Q are both true, or when they are 
both false. See Figure 1.6. The statement (P = Q) can be read as ‘P (is 
true) if and only if Q (is true)’, or as ‘P is a necessary and sufficient 
condition for Q’. 

Many theorems in mathematics take the form (P = Q). To show that 
P implies Q, one usually adopts one of the following schemas: 


(1) The first method, which is a direct method of proof, assumes that P is 
true and endeavours, by some process, to deduce that Q is true. 
Since (P = Q) is true whenever P is false, there is no need to con- 
sider the case where P is false. 


(2) The second method is indirect. First write down the contrapositive, 
((not G)= (not P)), and try to prove this equivalent statement 
directly. In other words, assume that Q is false (that is, (not Q) is 
true) and deduce that P is false (that is, (not P) is true). 


(3) The third commonly used method 1s to employ a proof by contradic- 
tion (also known as reductio ad absurdum). For this argument, assume 
that P is true and Q is false (that is, (not Q) is true} and deduce an 
obviously false statement. This shows that the original hypothesis 
(P and (not Q)) must be false. In other words, the statement (not 


Ft ee ee 
T T T T rt 
T F F T F 
F i T F F 
F F T T T 
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(P and (not Q)}) is true. But this is logically equivalent to (P = Q). 
See Question 1(b) of Exercises 1.1. 


These three methods of proof are illustrated in the next cxamplc, 
where the unique factorization of a positive whole number into a product 
of its prime factors is assumed. 


EXAMPLE 3 


Assume that n is a positive whole number. Prove that 
n* odd => n odd. 


Solution 
1 The direct method of proof 
Write n= pip2:'::p,, where 1, Po,...,p, are the (not neces- 


sarily distinct) prime factors of n (for instance, if 7=12 then 
n=2:-2-3), Then n* = pips:::p%. Assume that n? is odd. Then 
none of the p; equals 2. Hence 2 is not a prime factor of n, and 
therefore n is also odd. 


2 The indirect method of proof 


The contrapositive of the given statement is n even = n? even. As- 
sume that n is even and write n = 2m, where m is another positive 
whole number. Then n? =(2m)* =4m? =2(2m7); another even 
number. Therefore 7? is even, as required. 


3 Proof by contradiction 


Assume that n? is odd and that n is even. Then n° + 2 is the sum 
of an odd and an even number. Hence n7+4+n is odd. But 
n>+n=n(n+1) is a product of consecutive positive whole 
numbers, one of which must be even. Hence n? + n is also an even 
number. This conclusion that n? + n is both even and odd is the 
desired contradiction. ‘Therefore if n* is odd then m must neces- 
sarily be odd. iz 


It is easy to construct a direct proof that the converse of the result in 
Example 3 is also true, and hence for positive whole numbers 7, 
n* odd nodd. In general, to prove theorems of the form (P< Q) re- 
quires that both (P = Q) and (Q ~ P) bc established. See, for instance, 
Example 1 in Section 1.2. 
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Exercises 1.1 


Use truth tables to determine which of the following pairs of com- 
posite statements are logically equivalent. 


(a) (not (P and (not P))); (P or (not P)) 


(b) (P > Q); (not (P and (not Q))) 
(c) ((P=> Q)and R); (P > (Q and R)) 


What conclusion, if any, can be drawn from 


(a) the truth of ((not P) => P) 

(b) the truth of P and the truth of (P > Q) 

(c) the truth of Q and the truth of (P > Q) 

(d) the truth of (not Q) and the truth of (P > Q) 


A tautology is a statement that is true no matter what the truth 
values of its constituent statements are. Decide which of the fol- 
lowing are tautologies. 


(a) (Por (not P)) 

(b) (P and (not P)) 

(c) {P= (not P)) 

(d) (((P = Q) or (Q = P)) and (not Q)) 


Let be a positive whole number. Which of the following condi- 
tions imply that the 1 is divisible by 6? 


(a) nis divisible by 3 
(b) n is divisible by 9 
(c) nis divisible by 12 
(d) 7? is divisible by 12 


(e) n=24 
(f) mis even and divisible by 3 
(g) =m? — m for some positive whole number m 


Which of (a)-(g) are logically equivalent to the statement ‘7 is 
divisible by 6”? 


Let be a positive whole number. Find three different proofs (as 
illustrated in Example 3) of the fact that n? even => n even. 


1.2 SETS 25 


6. Let m and 7 be positive whole numbers. Prove that mn” cven = al 
least one of mm and n is even. 


1.2 Sets 


The statements of many theorems often involve vanables drawn from 
some collection of objects. The technical term for a collection of objects is 
a set, and the objects in a set are called its elements. Sets are usually 
denoted by upper-case letters; if x belongs to some set 5, this is written as 
x € S, and if x does not belong to S, this is written as x ¢ S. If, in a given 
context, all the objects under consideration lie in a particular set, this 
set is called the universal set for the problem; the universal set is denoted 
by “U. 

A sentence involving a variable x cannot be counted as a statement, 
since it may be true for some values of x and false for others. If a 
sentence containing a variable x is true for certain values of x —€ U and 
false for all others (in UW), the proposition is called a predicate. Much of 
the discussion of the logic of statements in Section 1.1 can be extended to 
cope with predicates in place of statements. 


MM EXAMPLE 1 


Let the universal set “ be the set of real numbers (these are 
discussed in detail in Chapter 2). The sentence P(x) given by 
‘2x* = yx’ is a predicate since, for any valuc of x, cither 2x? = x or 
clsc 2x* # x. The sentence Q(x) given by ‘x =O or x = 0.5’ is also 
a predicate. It is straightforward now to construct a proof that 
P(x) <> Q(x). First, 
2x2 =x 2x2 —x =0 
=> x(2x — 1) =0 
=>x=O0or2x -1=0 


=>x=O0orx=05 
Conversely, 


x=Oorx=O05~>x=0 or 2x-1=0 
=> x(2x -1)=0 
=> 2x*—x=0 


4 
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Predicates are useful for specifying sets. The simplest method of speci- 
fying a sect is to list its elements between braces. So, for example, 
A = {0,0.5} denotes the set A containing the numbers 0 and 0.5 and no 
others. This device is of course impracticable for sets containing an infin- 
ite number of elements. This is where predicates can be used to deter- 
mine which elements of the universal set in question lic in the desired set, 
and which do not. For example, 


B={x:1<x=2} 


where x is a real number, uses the predicate P(x) given by ‘1 <x <2’ to 
select those real numbers greater than 1 and less than or cqual to 2 for 
membership of B. It can occur that the predicate used is universally false, 
as with the set C= {x:x? + 1=0}. Since there are no real numbers for 
which x* = -1, the set C consists of no elements at all. It is called the 
empty set, and is conventionally denoted by the symbol ©. 

Certain sets of numbers are denoted by special symbols; these sets are 
discussed in more detail in Chapter 2. The standard symbols denoting 
them are as follows: 


WN = {#: 718 a positive whole numbcr}, the set of natural numbers 


# = {n: nis a whole number}, the set of integers 
) = fs : mand n are integers and n # o, the set of rationals 
R = {x : x isa real number}, the set of real numbers 


Hence N= {1,2,3,...}, Z={....-2,-1,0,1,2,...}. @ contains all 
fractions and R contains all decimals. 

A subset of a set is a set all of whose elements belong to the original 
set. Thus A is a subset of B, written as ACB, if and only if 
xeéeA>xe B. if, as this definition allows, B contains elements that do 
not belong to A then A 1s called a proper subset of B. This ts denoted by 
AC B. For the number sets listed above, NC ZC @CR. To see that the 
subsets are proper, note that -1¢Z but —1¢N, 4¢@ but 4 ¢Z, and 
V/2 ER but V2 ¢ Q (for a proof of this latter statement see 2.1.1). Sets 
can be manipulated using standard operations. For sets A and B the 
union, intersection and difference, denoted respectively by AU 8, AN B 
and A — B, are defined by 


AU B={x:xeAorxe B} 
AN B={x:xeAandx e€ B} 
A-B={x:xeAandx ¢ B} 
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Figure 1.7 


These new scts are illustrated by the Venn diagrams in Figure 1.7, where 
the bounding rectangle denotes the universal set U, of which A and B arc 
subsets. In cach case the shaded area indicates the new set formed from 
A and B by the relevant set opcration. If the universal set °U is clear from 
the context, the difference U— A is called the complement of A and is 
alternatively denoted by 6A or A°. 

As with composite logical statements, seemingly different combina- 
tions of sets can produce the same final set. Two sets A and B are equal, 
written as A = 8, if they contain the same elements. Equivalently, A = B 
if and only if AC Band BCA, 


EXAMPLE 2 
Prove that for any sets A and B 
€AU B= €(ANM€B) 
Solution 
€AUB={x:xe€Aorxe B} 
= {x : (not(x € A))orx e Bh 
= {x : not((x € A)and (not (x € B)))} 


using the logical equivalence given in Example 1 of Section 1.1, 
where P and @ are replaced by the predicates xe A and xe B 
respectively. Hence @A U B=€(AN€B). a 


In order to facilitate the simplification of set-theoretic expressions, the 
following laws can be established. Each law can be established in a similar 
manner to Example 2 above. 
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1.2.1 Laws of the algebra of sets 
Associative laws 
AU(BUC)=(AUB)UC AN(BNC)=(ANB)NC 


Commutative laws 


AUB=BUA ANB=BNA 
identity laws 

AUM=A ANN=A 
AUUN=U ANB=H 
Idempotent laws 

AUA=A ANA=A 
Distributive laws 


AN(BUC)=(ANB)U(ANC) AU(BNC)=(AUB)N(AUC) 


Complement laws 


AUGA =U ANCA =O 

€U = O 66 = U 

€(6A) = A €(G€A) =A 

De Morgan’s laws 

6(A U B)=4ANCB (AN B)=€CA UGB 


The laws in the right-hand column are called the duals of those in the 
Icft-hand column. As a consequence, every identity involving scts, deduc- 
able from 1.2.1 yields another dual identity if we interchange the symbols 
M and U and the symbols © and U. The third complement law is self- 
dual, and so the same statement has been written twice. 

The Cartesian product of two scts A and B is defined by 


Ax B= {(x, y):x e€ Aandye B} 


The Cartesian product of the set R of real numbers with itself contains all 
ordered pairs of real numbers. The set R X R is usually denoted by R? 
and is called the Curtesian plane. Diagrammatically, R* is represented by 
the familiar picture in Figure 1.8. 
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Figure 1.8 


A predicate may be converted into a statement by substituting particu- 
lar values for the variables occurring in the predicate. So, for example, 
the predicate ‘x <1’ yields a truc statement for x = 0, but a false one for 
x =2, Another valuable way of producing statements from predicates, 
which will occur frequently in this text, is to use the quantifiers ‘for any’ 
and ‘there exists’. Although not adopted in the sequel, there are abbrevi- 
ations for these quantifiers; V stands for ‘for any’, and J stands for ‘there 
exists’. The symbol ¥ may be expressed verbally in several alternative 
ways, such as ‘for all’ or ‘for every’; the reader should be aware that in 
subsequent definitions the symbols V and = are suppressed by using suit- 
able English language equivalents. 


@@ EXAMPLE 3 


Determine which of the following statements are truc and which 
are false. The variables x and y are assumed to be drawn from the 
set of real numbers. 


(a) Vx (x? > x) 
(b) Vx (cos? x + sin’ x = 1) 
(c) dx (dy (x + ¥ = y)) 


Solution 


(a) This is false, as can be seen by substituting x = 5. This value of 
x provides a counterexample to the claim that x* > x for all 
possible real values of x. 


(b) This is true, and is proved in Example 3 of Section 4.3. 


(c) This is true, since all that is required is to produce a value of x 
and a value of y for which x + y= y. Hence, for example, 
x =Qand y = 2 will suffice. a 
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Exercises 1.2 


1. = Indicate on a diagram the following subsets of IR’: 
A= {(x, y)i:x7 + y? <2} 
B= {(x,y):x = 1} 
C={,y)i y <1} 
Hence sketch the sets AM 8, AN Cand@€AUC 


2. Prove the following laws of the algebra of sets: 


{a) €(€6A) =A 
(b) AN(BUC)=(AN B)U(ANC) 
(c) €(AN B)=€A UCB 


3. The symmetric sum, A @ B, of scts A and B is defined by 
A®B=(AUB)NE&ANB) 
Use the algebra of sets to establish the following: 


(a) ADB=BOA 
(b) ADA=D 
(c) AN(BOC)=(ANB)@(ANC) 


(For (c), first establish that ¥ BY =(€X N YJUCX NE€Y).) 


4. Determine which of the following statements about whole numbers 
are true and which are false. 


(a) Vn (2n? -8n+7>0) 
(b) Jn (11a — n* >29) 
(c) Va (n? — nis even) 
(d) dn (n? — nis odd) 


1.3 Functions 


Let A and B be sets. A funetion f from A to B may be regarded as a rule 
that associates with each element of A a unique element of B. This 
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Figure 1.9 


definition begs the question ‘what is a rule?” and indeed it is possible to 
give a more precise definition of a function in terms of subsets of A x B. 
However, for the purposes of this text, the mformal specification above 
will suffice. ‘The set A is called the dumain of f and the set £# is called the 
codomain of f. It is customary to write f: A— # for a function with 
domain A and codomain B, thus emphasizing the fact that f maps (or 
transforms) elements of A to uniquely determined elements of B. For 
cach x € A the unique value in 8 corresponding to x is called the image 
of x under f, and is written as f(x). For example, the process of squaring 
real numbers may be described by the function f:R—-k given by 
f(x) = x7. One of the consequences of a course in mathematical analysis 
is that it is then possible to give precise definitions of the rule(s) that 
determine the values of certain clementary functions. If, in a particular 
context, the domain of a function is understood, the shorthand notation 
x +> f(x} may be employed, provided that care is exercised not to confuse 
the function f with its value f(x) at x. 

In simple cases a schematic diagram may be drawn to represent a 
particular function. The diagram in Figure 1.9 represents the function 
J. A—B where A= {0,1,2,3}, B= {2,3,4,5} and f(0)= f(1) =2, 
f(2) = 4 and f(3) =5. 

For a function f: A— B the set of images of the elements of the 
domain need not give the whole of the codomain A. ‘The set of images of 
elements of A is called the image of f, and is denoted by f(A). Formally, 


f(A) = (f(x): x € A} 
If C is a subset of A then the image of C undcr f is the set 
f(C) = (f(x): x € C}. See Figure 1.10. 
Me EXAMPLE | 


Suppose that f: R> R is given by f(x) = 1/(x* + 1). Show that the 
image of f is the set (x: x ¢€ Rand0<x x1}. 
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Figure 1.10 


Solution 
The image of f is 


l 
R) =(— —:xeR 
F(R) fear x 
Now, for all xeER, x?=0, and so x7+121. But then, 
0< 1/(x* +1) <1 for all x e R. Therefore 


F(R) C {x : xe RandO<x <1} 


Conversely, if 0< y <1, the equation y = 1/(x? +1) admits two 
solutions, namely 


= 


In other words, there is a real value of x with f(x) = y. Hence 
{x:xe€Rand0<x <1} C f(R) 
Therefore the image of f is the sect {x :x €RandQ<x <1}. = 


The set {x:x €Rand0<x <1} is an example of an interval of real 
numbers. Given real numbers a and b, with a= b, the closed interval 
[a, b] denotes the set {x:x e Randa <x <)5}. If one of the inequalities 
in the defining predicate is strict (and so one or other of a or b is 
omitted), the relevant square bracket is replaced by a round bracket. For 
example the set f([R) in Example 1 may be written as (0, 1}. When both 
endpoints of an interval are omitted, the open interval (a, b) denotes the 
set {x:x € Randa <x <b}. 

This book is concerned with functions f: A> R where the domain A 
is a subset of R. Two functions f: A— R and g: A—R are deemed to be 
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equal if they have the same domain A and if f(x) = g(x) for all x in their 
common domain. 

If f: AR and g: A—K are two functions, it is possible to form the 
sum function, f + g, and the product function, fg; obtained respectively 
by adding and multiplying function values. Hence (f+ g)(x)= 
f(x) + a(x) and (fg)(x) = f(x) g(x) for all x € A. Similarly, f — g may be 
formed, where (f — g)(x) = f(x) — g(x) for all x € A. Also, if Ae R, the 
function Af may be formed, where (Af)(x) = Af(x) for all x € A. It now 
follows that f — g is the same function as f + (—1)g. Finally. if g: A> R 
is a function such that g(x) is never zero, the reciprocal function 1/g may 
be formed by defining (1/2)(x) = 1/g(x) for all x € A. The product of this 
reciprocal function with any other function f: A—R produces the quoti- 
ent f/2 where (f/g)(x) = f(x)/g(x) for all x € A. More subtle ways cxist 
of combining functions. 

Suppose that f: A > B and g: B— C are functions such that the codo- 
main of f coincides with the domain of g. For any x € A, f(x) lies in the 
domain of g, and so g(f(x)) may be calculated. In fact, g(f(x)) can be 
calculated under the weaker condition that the image of f hes in the 
domain of g. In either case the formula g(f(%)) is used to define the 
composite function go f: A—C by the rule x > g(f(x)). See Figure 1.11. 
Composition of functions is an extremely useful way of constructing new 
functions from more basic ones. Properties of functions that are pre- 
served under sums, products, quotients, composites and so on are a key 
feature of courses in mathematical analysis. 


MM EXAMPLE 2 


Find the composites go f and f« g for the functions f: R-> R and 
g: R>R given by f(x) =x? and g(x) =x +2. 


Solution 


Since f and g have domains and codomains equal to R, both of the 
composites g ° f and f° g are defined. The composite g° f: RoR 
is given by (g°f)(x)=e(f(x))=x°+2, and the composite 


gof 


Figure 1.11 
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fog: R->K is given by (f° g)(x) = f(g(x)) = (x + 2)’. Notice 
that go f#fog., 7 


The last way of producing new functions from old functions is now 
considered; the basic idea 1s one of reversing the effect of the original 
function, and it only applies to functions with particular properties. Con- 
sider the function f: R— R given by f(x) — 3x + 2. To compute a value of 
this simple function, take x € R, multiply it by three and then add two. To 
reverse this process, first subtract two and then divide by three. See 
Figure 1.12. 

The reason that f can be reversed is that tor avy y € R the equation 
y =3x +2 admits a4 solution for x, and this solution is unique; in fact 
x = }(y — 2). It is thus possible to define an inverse function, denoted by 
ft: RoR, by the mule x +> 4(x — 2). Notice the use of x as the domain 
variable for both f and f~!. The reader should be careful not to confuse 
the inverse function f ‘| with the reciprocal function (1/f), which in this 
case is not defined! In general, inverse functions do not exist; the general 
criterion for an inverse function to exist is now devcloped. 

A function f: A > B is injective if distinct elements of A have distinct 
images in 8. In other words, x; # x2 => f(x1) ¥ f(*2). The contrapositive 
of this condition is more useful in practice; namely, f is injective when 
f(c,) = (x2) > x, = x2. A function f: A— B is surjective if every ele- 
ment of the codomain B lies in the image of f (that is, f(A) = B). If f is 
both injective and surjective, it is called a bijective function. A bijective 
function f{: A— B is thus characterized by the property that for every 
element y in the codomain of f there exists a unique element x m the 
domain of f such that f(x) = y. This is precisely what is required for onc 
to be able to define the inverse function, since the effect of f can be 
reversed simply by sending cach element of 8 back to the unique element 
of A from whence it came. This inverse function is denoted by 
f ': B-A and it is itself bijective; moreover, (f~!)~! = f. The reader 
has the opportunity to calculate inverse functions in Exercises 1.3. 


SH EXAMPLE 3 


Determine which of the following tunctions is bijective: 
(a) f: R>R given by f(x) =3x +2 

(b) g: RoR given by g(x) = 1/(x7 + 1) 

Solution 

(a) First, f is injective, since 


f(x,) = f(%2) > 3x, +2 = 3x24 2 


— X= 2 
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Figure 1.12 


Secondly, if yeR then y =3x +2 if and only if x =4(y — 2). 
Hence for each real number y there exists a real number x with 
f(x) = y. Therefore the image of f coincides with the codomain of 
f. Thus f is bijective. 

(b) The function g fails to be bijective on two counts (only one is 
required of course). As seen in Example 1, g(R) = (0.1], and so 
the image of g is a proper subset of the codomain of g. In one 
sense this deficiency can be overcome by defining a (technically 
new) function G:R— (0,1] by the rule G(x) =1/(x74+1). The 
codomain of G and the image of G now coincide by design. 
Ylowever, G (and g) fails to be injective. To see this, observe that 
G(1) = G(-1). 

At this point it is worth noung that the function 4: A— B, 
where A =[0, x), B = (0, 1] and A(x) = 1/(x? + 1), is injective and 
has image # coinciding with its codomain. Hence A is a bijective 
function, which, it must be emphasized, is a different function 
from the onginal function g. This is a good illustration of the fact 
that there is more to a function than the formula defining it! | 


As will be seen in later chapters, functions that can be built up from a 


sct of basic functions by adding, subtracting, multiplying, dividing (when 


possible), scaling, composing (when possible) and inverting (for bijective 
functions only) inherit many important analytic properties of the original 


basic functions. It is for this reason that attention is focused both on the 
properties possessed by certain elementary functions such as polynomial 
functions, trigonometric functions, and the exponential function, and on 
those properties inherited by the various ways of combining these basic 
functions. 


Exercises 1.3 


1. 


By determining the set of real numbers for which each of the 
following formulae are valid, specify a suitable domain A for the 
function f: AR: 
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(a) fx)=V—2? (b) f(x) = Vx-3 
(c) f(x)=1x*-1) — (d) f(x) = log, Gin x) 
In each case, determine the image of f. 


2. Functions f: RR and g:R—R are given by 


Ax) ; Ee x-1 ifx20 
x)=x* an x)= 
: —X ifx <0 


Determine fe f, go g, fog and gof. 


3; Determine which of the following functions is bijective. 


(a) f:ROR, f(x) x4 
2x +1 ifx =0 
ho ifx <0 


H 


(bo) g:R-R, ~~ g(x) 
x? if x = 0 


(cc) A:ROR, h(x) 
ifx <Q 


uwxeZ 
(d) A:R OR, k(x) = _ 
x fx ¢€Z 


4. Find the inverse of each of the following bijective functions. 


@) fR-~G)-R-O}, fe)=—— 


(b) g: [9, x) — (0, 1], g(x )= = = 
(c) ARR, ae ifx # I 
A(x) = x-1 
3 ifx =1 


§, Let A be any set. The identity function id,: A— A Is given by 
id, (x)=x for all xc A. Suppose that f: A-A is a bijective 
function. Prove that f-! « f = fo f-! =idy. 


Problems 1 


1. The logical connective * is defined by the truth table shown in 
Figure 1.13. Show that the following pairs of statements are logic- 
ally equivalent. 
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Ba ee es 
T Ty F 
T F ff 
I r T 
F F T 
Figure 1.13 


(a) (not P); (P*P) 

(b) (Pand Q); (P*Q)+(P*Q) 
(c) (Por Q); (P#P)*(Q*Q) 
(d) (P+ Q); P#(Q*Q) 


Deduce that any composite statement may be written solely in 
terms of the connective *. 


Write down the converse of cach of the following statements, 
where m, n and p denote whole numbers (positive, negative or 
zero). In each case where the statement or its converse is false, 
give a counterexample. 


(a) mtne pam 4+n’2 p? 
(b) m?=n*>men 
(c) (m+n)\On-n)=m—-n>mt+n=1 


Would your answers be different if m, 1 and p were restricted to 
be positive whole numbers? 


Use proof by contradiction to establish the foilowing: 
(a) If a positive whole numbcr n can be expressed as 1,7, where 
n,= 2 and n.=2, then at least one of nm, and vn, is less than 


ht. 


(b) If the product of three positive whole numbers exceeds 1000 
then at least one of the numbers exceeds 10. 


The statement 
(Va)(QamjOn > 3n) 


which refers to pusitive whole numbers :m and n, asserts that for 
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each number nv there exists a number mm such that 771 exceeds 37. Is 
this statement true? 


Express each of the following statements in words: 


(Sm)(Vn)(m > 3n) 
(dn)(¥m)(m > 3n) 


Are they true? 
5. The difference A — B of two sects A and B is given by 
A-~B=ANM&B 
Use the laws of the algebra of sets to establish the following: 


(a) (A- B)U(A-C)=A-(BNC) 
(b) (A-B)-C=A-(BUQ) 
(c) {ADBB)-CCAB(B-C) 


Show by example that equality need not occur in part (c). 
6. Prove that for any sets A, B and C 
AX(BNC)=(A X B)N(AX C) 


7. The power set of a set A is the set P(A) consisting of all subsets of 
A. For example, P({0, 1}) = {@, {0}, {1}, {0, 1}}. Prove that 


(a2) P(A) P(B) =P(AN B) 
(b) P(A) U P(B) C P(A UB) 


Show by cxample that equality nced not hold in part (b). 


8. Functions f: RK and g: RR are given by 


x ifx =O 
Hay nd if x <0 
x? if x = 0 
Be 1 ifx <0 


Find formulae for f° g and g > f. Explain briefly why none of f, g 
and fo g possess an inverse. Find the inverse of g ¢ f. 


10. 
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Let A be any set and let f: A> A be a function satisfying f* = id, 
(that is, f» fof is the identity function on A). Prove that f ts 
bijective. 

Suppose now that A = {x €R:x#0,1} and that f: A> A< is 
given by f(x) =1—-1/x. Calculate f? and hence deduce that f is 
bijective. Determine f~!. 


(a) Suppose that the functions f: A— B, g: A> B and h: BOC 
satisiy ho g=Ao f. If # is injective then prove that g = f. 

(b) Suppose that the functions f: A> B, g: BoC and kh: BoC 
sausty ge f=ho f. If f is surjective then prove that g = A. 


CHAPTER TWO 


The Real Numbers 


2.1 Numbers 
2.2 Axioms for the real numbers 
2.3 The completeness axiom 


During the nineteenth century, mathematicians involved in the process of 
producing a rigorous foundation for analysis found that their work was 
based upon simple intuitive notions concerning the system of real num- 
bers. Since the analysis being developed involved the study of real func- 
tions, that is, functions whose domains and images are subsets of the real 
line, there was a clear need to develop firm foundations for the real 
number system itself. This feat was accomplished by the turn of the 
nineteenth century, and is commonly referred to as the arithmetization of 
analysis. 

In Section 2.1 there is heavy reliance on readers’ intuitive notions 
regarding numbers. In particular it 1s assumed that numbers can be repre- 
sented geometrically as points on an infinite straight line where, after 
choosing a unit of length, the whole numbers are used to label a set of 
evenly spaced points on this line. This number line ts illustrated in Figure 
Zit. 

Fractions (or, as they will be called from now on, rationals) can also 
be marked on this number line; for example, 5 is placed exactly halfway 
between the points labelled OQ and 1. This means that there ts a natural 
ordering of the rationals on the number linc. For example ¥§ lics to the 


a eee) 
=2 zee Oo 4 1 2 3 


2 


Figure 2.1 
4| 
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left of ¢ since 35 = % and 3 = g. This fact is expressed as 5, <. 3, which is 
read as ‘35 is Iess than 2’. It now seems reasonable, though sadly wrong, 
to suppose that every point on the number line can be labelled with a 
rational. To sec why this mtuition is wrong, consider a point to the right 
of the point labelled 0 whose distance L from 0 satisfies 0< L < 1. Since 
there are infinitely many. infimitely closely packed rationals poets - 
and 1, surely one of them must coincide with L? But the rationals 0, 1, 7 
i, 3, 1 2,3, 4; 7 --- and so on, obtained by successive ee are 
infinitely closely packed, and they do not even account for the point 
labelled by the fraction 4. What is surprising is that even if rationals 
between 0 and 1 with any denominator are included, there will be un- 
labelled points. This is proved in jheorem 2.1.1, where it is shown that 
the distance usually denoted by VY /2 does not correspond to any rational. 
The remainder of Section 2.1 uses familiar notions such as the decimal 
expansion of numbers to show that between any two points on the 
number line there are infinitely many points that do not correspond to 
rationals as well as infinitely many that do. 

The existence, at least in geometric terms, of non-rational (or irra- 
tional) numbers was a source of great confusion for early mathematicians, 
and it was only in the nineteenth century that the entire system of real 
numbers was successfully devcloped from the set N of natural numbers. 
Since this theory is fairly complicated, tt is not appropriate to present it 
here. However, the material presented mm Section 2.] docs use vanous 
properties of the real number system. and, although these are applied 
mainly to rationals, there is the tacit assumption that they hold for the 
entire set of real numbers. Since the real numbers are to form the starting 
point for the development of analysis, it is necessary Lo spell out precisely 
what properties of real numbers are being assumed. Then, as far as 
analysis is concerned, the whole theory can be deduced from these prop- 
eruics, or axioms. The axioms for the real numbers form the substance of 
Section 2.2, and the results of Section 2.1 can all be deduced trom these 
axioms. Of particular importance in analysis is the last of the axioms, the 
completeness axiom. This axiom is treated separately in Section 2.3, 
where it is used to prove that between any two distinct real numbers, 
however close, there is a rational number. It is also used to prove that 
V2 exists as a real number and hence that the set of rational numbers 
satisfies all of the axioms for the real numbers with the exception of the 
completeness axiom. Thus it is the completeness axiom that distinguishes 
between the set @ of rational numbers and the set Rt of real numbers. 


2.1 Numbers 


Our first encounter with numbers is with the set N of counting numbers 
or natural numbers. These are 1, 2, 3, ... and so on. Young children 
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learn them by rote, and contact with adults leads to an awarcness of their 
significance in phrases such as ‘two eyes’ and ‘four marbles’. The concept 
of ‘no marbles’ and hence the existence of the number zcro comes later 
and is a little harder to assimilate. Next we learn basic arithmetic where 
certain truths such asa+b=hb+a and (a+b)+c=a+(b+c) mayor 
may not appear obvious, depending on the methods used. For example, if 
addition is performed by ‘counting on’, a sum like 2 + 19 is more difficult 
than 19+2. whereas the use of the coloured rods of the appropriate 
lengths laid end to end makes 2 + 19= 19+ 2 a triviality. 

When we learn subtraction, we find that 5 — 2 =3 is analogous to the 
problem of removing two marbles from five marbles to leave three mar- 
bles. This is fairly easy to comprehend. However, 3 — 5 leads to negative 
numbers, which have to be interpreted using a model mvolving debts or 
the descent of ladders. We extend our horizons and end up with the set Z 
of integers, consisting of zero and all positive and negative whole num- 
bers. Arithmetic in Z is more complicated, and, when we come to multi- 
ply integers, facts like —1 times ~1 equals 1 seem far from obvious. 

Fractions are introduced to facilitate division. To share six marbles 
between three people to give them two apiece is written symbolically as 


6+3=2 or = 72 


Although we cannot divide 11 marbles equally betwecn three people, we 
can still attach a meaning to the fraction 4, thus arriving at the set Q of 
rationals. Formally, 


Q = ‘i :m and n are integers and n # | 
n 


Addition and multiplication of rationals are given by 


. BMP 
q 


nq 


mp _ (mg + np) 
n q nq 


m 
and — 
n 


One quirk of this notation is that apparently different fractions define the 
same rational. For example, }—3}=; is the samc as 4x %= 4%. 
However, every positive rational can be expressed in the form m/n where 
mand n are positive integers with no common factors greater than one. 
The rational in question is then said to be in its ‘lowest form’. 

The rationals can be placed on the number line as in Figure 2.1, and 
the question can then be posed as to whether or not every point on this 
number hne corresponds to some rational. Put another way, is every 
length a rational length? The answer is no! The following result is attri- 


buted to Pythagoras. 
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2.1.1 Theorem 
There is no rational number whose square is 2. 


Proof 


First note that it is possible to construct a line segment of length x 
with x* =2. See Figure 2.2. Suppose that x is rational. Then, as 
observed above, x can be expressed as a rational in its lowest 
form. Hence x = m/n, where m and n are integers, 2» #0 and m 
and n have no common factor greater than one. Now m? =2n?, 
and so m? is an even integer. Hence m is also even (see Question 
5 of Exercises 1.1) and so m=2m, for some other mteger mm}. 
IIence m? = 4m? = 2n’, leading to n? = 2m}. Thus n? is even and 
so n 1s also even. But then m and n have a common factor of 2. 
This contradiction can only be resolved by concluding that x is not 
a rational number. O 


The proof of Theorem 2.1.1 is a classic example of a proof by contra- 
diction (see Section 1.1). In such a proof the required result is assumed to 
be false, and it is shown by some means that this assumption is inconsist- 
ent with the given information. Since it 1s deemed impossible to deduce 
any inconsistencies from true statements, the original assumption must be 
wrong. In other words, the required result is in fact true. This method of 
proof is particularly uscful when dealing with results that are phrased in a 
negative manner, such as Theorem 2.1.1. 

The theorem itself demonstrates that there are simple equations, such 
as x” = 2, that have no rational solutions. In order to handle such equa- 
tions, it is necessary to introduce new numbers that are not rationals. So 
let \/2 denote the solution of x? — 2, which corresponds to the length of 
the hypotenuse of the triangle in Figure 2.2. A number, such as V2. that 
is not rational is called irrational. Other examples of irrational numbers 
are V3, V/6, 2V5, 7, e, and log, 2. The question now arises as to how 
irrational numbers can be incorporated into arithmetic calculations. One 
way forward is to introduce a representation for rational numbers that can 
be extended to represent irrational numbers as well. 
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Pythagoras (born 572 Bc) was one of the outstanding mathemati- 
cians of Ancient Greece. The advent of the Greek civilization in the 
second millénnium Bc saw a growth in rationalization in ail areas of 
human activity. Modern mathematics was born in this atmosphere — 
a mathematics that not only asked ‘how?’ but also asked the scienti- 
fic, question ‘why?’. Pythagoras founded the famous Pythagorean 
school, an academy for the study of philosophy, mathematics and 
the natural sciences. Their philosophy rested on the assumption that 
whole numbers were the cause of the various qualities of man and 
matter. Daily life required the measurement of quantities such as 
length, weight and time, and the rational numbers were at first 
deemed sufficicnt for such practical purposes. Tlowever, the 
Pythagoreans showed that there is no rational number correspond- 
ing to the point P on the number line where the distance OP 1s 
equal to the diagonal of a square having unit side (see Figure 2.3). 

The discovery of irrational magnitudes such as 1/2 upset the 
underlying philosophy of the Pythagoreans that everything 
depended on whole numbers. For a time, efforts were made to keep 
the whole matter secret, though a treatment of irrational numbers is 
recorded in the fifth book of Euclid’s Elements. This account 
accords well with nineteenth-century European expositions. 


A decimal is an expression of the form +ao.@2,@2a3..., where @o is a 
non-negative integer and a), a, a3,..., are digits. If only a finite number 
of the digits a,, a2, @;... are non-zero then the decimal is called a 
terminating or finite decimal, and the infinite tail of zeros is usually 
omitted. Such decimals represent rationals; for example, 
1.63 =14 4+ i = 4h. It can be shown that any rational whose denomi- 
nator contains only powers of 2 and/or 5 can be represented by a termin- 
ating decimal, which can be found by tong division. However, there are 
rationals for which the process of long division yiclds a non-terminating or 
infinite decimal; for example. 3494 = 0.310610610610... These infinite 
decimals have the property that they are recurring. In other words, they 
have a recurring block of digits, and so may be written in shorthand form 
as follows: 0.31061061061... = 0.3106. 

To see why the decimal expansion of a rational number is either a 
terminating or recurring decimal, consider the way in which the decimal ts 


O I P 
F igure 2.3 
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generated. Consider a rational p/g lying in the interval {0,1}, so that 
QO p <q, and apply the method of long division. Then 


l0p=aiqgt+ry 
where a, is a digit and 7; is an integer satisfying O<+r, <q. In other 
words “g goes into 10p, a, times with remainder r,’. Now consider the 
rational r,/q, which also lies in the interval [0, 1). Then 


107, = aog + ro 


where a) 1s a digit and 72 is an integer satisfying 0 < r,< q. Continue this 
process for a steps, arriving at 


10r,-) = @nq + rn 


where a,, is a digit and r, is an integer satisfying 0 < r, <q. Since 


_P ay ay ay 
Q<+-/—+— _+— 
gq (fs 10° 10” 
Ty, 
_ “ahio-* 
q 
< 107" 


this process generates the first # decimal digits in the decimal expansion 
0.a,a,a,...a,... of p/g. At each step, the remainder 7; is one of 
0,1,2,...,¢—1, and so after g +1 steps the same remainder must have 
occurred more than once. This means that (provided zero is not one of 
the remainders) a recurring pattern will be established in which the block 
of digits which repeat is no longer than g —1 digits in length. If zero 
occurs as a remainder then all successive decimal digits are zero and the 
decimal terminates. Since any rational can be written as tao + p/q where 
aq is 4 non-negative integer and p/q is a rational in the interval [0, 1), the 
decimal expansion of any rational number is either a terminating or a 
recurring decimal. 

Conversely, a terminating or tecurrmg decimal represents a rational 
number. This is not difficult to establish when the decimal is finite. The 
infinite case is not so straightforward, and for a rigorous treatment re- 
quires knowledge of infinite series, in particular, geometric series, which 
are covered in Section 4.1. It is, however, relatively easy to see how the 
process of representing a recurring decimal as a rational works. For in- 
stance, consider the recurring decimal 0.312. Let x =0.12 and multiply 
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both sides by 10° (because the recurring block has length 2). Then 


100x = 12.12 =124+-x 


Hence 
99x = 12 
and so 
12. 4 
*~ 99 33 
Therefore 


=, 3 y &..4 i038 
Re ee 
0.312 = 75+ 407 10 T 330 7 330 


It is now natural to ask if irrational numbers can be represented by 
decimals, especially since it is possible to find finite decimals very close to 
numbers like v2; the reader may like to check that (1.414213 56)* does 
give an answer very close to 2. The answer is yes, but this is a conse- 
quence of the axiomatic description of the set of real numbers presented 
in the next section, and not a consequence of the material presented so 
far in this chapter. Under the assumption that irrational numbers can be 
represented by decimals, then, these decimals are neither finite nor recur- 
ring. It is also the case that infinite non-recurring decimals, such as 


0.101001 000100001... 
and 
0.123 456789 101112... 


represent irrational numbers, and so the set R of real numbers can, 
naively, be considered as the set of all decimals. Each point of the 
number fine in Figure 2.1 then corresponds to some decimal. The follow- 
ing results show that irrationals are far from rare and that they are imti- 
mately mixed up with rationals on the number line. 


2.1.2 Theorem 


If m/n and p/q are rationals, p +0, then m/n + V2(p/q) is 
irrational. 
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Proof 


The proof is by contradiction. Suppose that m/n + V2( p/q) is a 


rational number. Then the following can be written: 


me V{P\ =" 
n g}) s 


where m, n, p, q, r and s are all integers, and n, g and s are 


non-zero. Rearranging the equation gives 


\/2 = q(rn — ms) 


pns 


which is a rational. This contradicts 2.1.1, and so the hypothesis 
that m/n+ V2 p/qg) was rational is wrong. Hence m/n+ 


V2(p/q) is irrational. 
2.1.3 Theorem 
Between any two distinct rationals there is an irrational. 


Proof 
Suppose that m/n < p/q. This gives p/g — m/n > 0. Hence 


oT. 


and, since V2/2 <1, 


m,Vi(p_mlom.(p_ moe 
7 Gq - 


g ft 


Thus the irrational 


lies between the rationals m/n and p/q. 


2.1.4 Theorem 


Between any two distinct irrationals there is a rational. 


i] 
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Proof 


Suppose that @ and b are irrationals with a < b. Since a # Db, there 
is a first decimal digit where they differ. Thus 


Q = 09.014)... 4, 1a... and b= G@o.a;a2...4,_1b, ... 
where a, < b,. Now let 
X = @y.@j;A.... 4, —10,.00000 ee 


Hence x = (aga,a,...,)/10" is rational and a<x <b. =) 


These results can be further refined to show that between any two 
distinct real numbers there are infinitely many rationals and infinitely 
many irrationals. 

The above results rely, of course, on the many assumptions about real 
numbers that have been made in this section. Questions such as whether 
irrational numbers exist have not been satisfactorily resolved. As men- 
tioned in the introduction to this chapter, the system of real numbers can 
be constructed from the set ‘V of natural numbers. This is a complicated 
process that, once achicved, enables certain properties posscssed by the 
real numbers to be proved. With carc, a sclection of these properties can 
be listed that completely characterize the set R of real numbers. In Scc- 
tion 2.2 this list of properties of [8 is presented as a set of axioms, and 
further properties which are required in the formal development of analy- 
sis are deduced. Material in this section will only be used when it is clear 
that it follows from the axioms. 


Exercises 2.1 


1. Prove that V5 is irrational and hence prove that a+ bV/5 is 
irrational for all rationals a and b, 6 #0. Deduce that the golden 
ratio , defined by r = 1+ 1/r, r > 0, is irrational. 


2. Which of the following statements are true? 


(a) x rational, y irrational > x + y irrational. 
(b) x rational, y rational = x + y rational. 
(c) x irrational, y trrational = x + y irrational. 


Prove the true ones and give a counterexample for each of the 
false ones. 


3. Show that between any two distinct real numbers there are infin- 
itely many rationals and infinitely many irrationals. 
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4, Prove that there 1s no rational number x such that 10* + 2. Deduce 
that logj9 2 is irrational. 


s. Let x = V3+2V2—- VW3-2V2 and calculate x7. Is x irta- 


tional? 


2,2 Axioms for the real numbers 


From now on it is assumed that there is a non-empty sect R of real 
numbers with a certain structure satisfying a number of properties, or 
axioms. The axioms fall under three headings: 


(1) the axioms of arithmetic 

(2) the axioms of order 

(3) the completeness axiom 

The first two groups of axioms are well-known properties from which all 
the usual rules for manipulating real numbers may be derived. In more 
advanced texts RK is constructed from something more basic, for example 
from the set of integers, or from set theory, and it is then necessary to 
prove that the numbers constructed satisfy these axioms. In this text we 
start from the assumption that R exists. We assume then that there are 
two functions from R x R to R. These are called addition and multiplica- 
tion, and the images of (a, 6) under these functions are denoted by a + 6 
and a+ b respectively. 


2.2.1 The axioms of arithmetic 
Al at(bt+c)=(atb)t+e 
AZ at+bhb=b+a 
A3 There cxists a unique element 0 in K satisfying a+ 0=a 


A4 For any a in R, there exists a unique element x in R 
satisfying a+ x =0 _ 


A5 a‘({b-c)=(a-b)-c 


A6 a:b=b-a 
A7 There exists a unique element I in R, 140, satisfying 
a-l=a 


A& For any ain R, a4 #0, there exists a unique element y in 
IK satisfying a: y =1 


AO a-(b+c)=a‘:bt+arc 
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Notes 


(1) Each axiom holds for all a, b, ce R. 

(2) Any set satisfying Al-A9 is called a field. 

(3) The x in A4 ts called the negative of a and is usually denoted 
by (—a). 

(4) The y in A& is called the reciprocal of a and is written as 1/a 
OT @ 


(5) Axioms Al and A5 allow us to omit brackets in expressions 
such asa+b+cora-b-e-d. 


(6) The axioms give names to only two particular clements of R, 
namely 0 and 1, whose roles are defined im A3 and A7. 


(7) 07! is not defined - sce A8. In fact, no such element exists by 
Example 1(a) below. 


(8) Subtraction can be defined by a-— b=a+(—b). 
(9) Division can be defined by a+ b=a-(b~!),b #0. 
It is assumed that the reader ts quite familiar with axioms Al-A9, 
From these axioms, many further algebraic properties can be deduced. 


Since these axioms are so basic, several elementary consequences are 
needed first. 


BM EXAMPLE 1 
Deduce that 


(a) for allx eR, x-0=0 
(b) forallx, yeR, x-(-y) = —(x: y) 


Solution 
(a) Now 0+0=0 by A3, and so x-(0+0)=x-0. Thus, by AQ, 
x-O+x-Q0=x-0. Since (x-0)}eER, it possesses a nepalive 
—(x°0) by A4. Now 
((x +0) + (x -O)) + (—(% + 0)) = (x -0) + (—(x 0) 
and hence 


(x0) + (C(x -0) + (-(%-0)) = (x -0) + (—(%-0)) by Al 


So (x :0) +0 = 0 by Ad, and finally x -0 =0 by A3. 
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(b) Now 


(x-y)+x-(-y) =x-(y+(-y)) by A9 
=x-Q by A4 
=0 by (a) 


By A4, the negative of (x-y) is the unique real number 

—(x-y) satisfying (x-y)+(—(x«- y)) =90. Hence x-(-y) = 

—(x- y). a 

The reader is invited to derive similar properties in Exercises 2.2. Of 

course, in practice, one would not write out detailed proofs of results like 

these. What is important is that the algebraic manipulations arc firmly 

based on those properties of numbers (the axioms of arithmetic) that 

form our logical starting point. In principle, all the elementary algebraic 

operations that are carried out routinely can be justified in detail by 

deducing them from the axioms. This is quite a lengthy business, as the 
following example shows. 


BM EXAMPLE 2 
Prove the algebraic identity (¢@ — 6)- (a + 6) =a? — b?. 


Solution 
(a -— b):(a+ b) =(a+(-b)):(a + 8) using Note (8) 


=(a+(-b))-a+(a+(-b))-b 
by A9 


a:(a+(-6)) + 6:(a+(—bd)) 
by A6 


=@Q:at+a-(—b)+b-at+b-(-b) 
by AY and Al 


=a-a+(-(a‘b)) + b-a + (-(6°5d)) 
using Example 1(b) 


=a:a+t(a-b + (-(a-b)) + (-(b-b))) 
by Aé, A2 and Al 


(a-a+0)+(-—(b:b)) by A4 and Al 
=a‘a+(—(6:5)) by A3 
= a? — p? using Note (8) @ 
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The axioms of arithmetic alone are not sufficient to describe R com- 
pletely, since many proper subsets of IR also satisfy A1-A9, for example 


C. 
A relation = can be defined on KR such that, for certain elements, a, 


be R, ab. In terms of the heuristic ideas in Section 2.1, a = Db, read as 
‘a is less than or equal to b’, occurs when a corresponds to a point on the 
real number line (Figure 2.1) to the left of the point corresponding to b. 
It is required that this order relation = satisfy the following axioms. 


9.2.2 The axioms of order 


A1lO ax=borbsa 

All a<bandb<a>a=b 
Al2 asbandbc>aec 
Al3 axbpratcebte 


Al4 asxbandQScra‘csb-e 


Notes 

(1) Each axiom is satisfied by any a, 6, ce R. 

(2) Any set satisfying axioms Al-A14 is called an ordered field. 

(3) Arclation <, read as ‘less than’, can be defined on R by 
axbea<=b andat#h 


The axioms of order are not as straightforward as the axioms of arith- 
metic, but, just as with the latter, some elementary consequences can be 
deduced before moving on to more sophisticated results. First, the set R* 
of positive real numbers and the set R of negative real numbers are 
introduced by defining 

R* ={x:x eR and 0< x} 
and 

R7~ ={x:x eR and x <0} 


By A10 and Al1, every real number is either positive, negative or zero. 


MH EXAMPLE 3 


Prove that 
(a) xe R* = (-x) eR 
(b) x’? e€ Rt forall x #0 
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Solution 


(a) First, 


Oxxy 204+ (-x) <x +(-x) by Ad and Al3 
=> (—x) <0 by A2Z~A4 


Conversely, 


(-x) <0 =(-x)+%=0+2%x £4»byAIL3 
=»>(QJ<x by A2-A4 


Since x #0, the result now follows. 

(b) IfxeR* then 0 <x, and > O< x? using Al4 (with a = 0 and 
b=c=x). Since x #0, x* eR*. Ifx eR then (— xe R™ by 
(a), and so 0=(—x). From Al4, 0< (—x): 2 Ga x)=x* (see 
Question 1(a) of Exercises 2.2). Since x #0, x7 € R*. e 


The axioms of order, in particular Aj4, do not tell us directly the 
effect of multiplying both sides of an inequality by a negative real 
number. The answer is provided im the next example. 


MM EXAMPLE 4 


Prove thata sb andcs0=06:c<a-c. In other words, multiply- 
ing both sides of an inequality by a negative real number reverses 
the incquality sign. 


Solution 


Now 


a<xb andc<OQ>a<6 andQ<(~-c) by Example 3 
=>ar(—c) = 5b-(-c) by Al4 
=> —(a-c) = —(b+c) by Example 1(b) 
Adding a-c + b+c to both sides of the last inequality and invoking 


A13 and the axioms of arithmetic as required, it soon follows that 
b-csa'c. = 


2.2 
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EXAMPLE 5 
Establish the inequality 
a-ht+b-ctcasatb? +c’ 


for alla, b, ce R. 


Solution 


By Example 3(b), observe that 0 (x — y)? for any real numbers 
x and y. Thus, from Al2 and A153, for any a, b and c, 


O(a — bj ~(b-c)? + (c- a)? 
= (a* —2a-b + b7) + (b? — 2b ce +c’) 


+ (c* ~2c°at+a’) 


using the axioms of order and arithmetic (2.2.1 and 2.2.2) as re- 
quired. Again using the axioms, it is soon deduced that 


abh+becteasatbh’? +c? it 


FP XAMPLE 6 

Solve the inequality «7 + x -—2<0. 

Solution 

By factorization, x? + x —2 = (x — 1)(x +2). Hence 
x*+x—2<0<>(x% —- 1)(x + 2) <0 

This last inequality holds only when x — 1 and x + 2 have opposite 

signs. This observation follows from Question 2 of Exercises 2.2. 


Hence 


x°t+x—-2<0e(% —-1)<OVand(x +2)>0 
<>x <landx > —2 


-—-2<x< 1 


The solution to the problem is ~2 <x <1. zi 
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MG EXAMPLE 7 


Solve the inequality 


Ox +6 2x = 3 
x+2 x —-l 


Solution 
Now 


5x +6 2% -3 5c£+6 2x-3 
> cs — 
x+2 x-—1 x+2 x-] 


>0 


(Sx + 6)(x — 1) — (2x — 3)(% +2). 0 
- (x — 1)(x +2) = 


a 
(x — 1)(% + 2) 
Since x* = 0 for all x, the inequality is equivalent to 
(x ~— 1)(x +2) >0. 


But the inequality (x — 1)(x + 2) 20 describes those values of x 
that do not satisfy the inequality in Example 6. Hence the solution 
setisx< —2orx>1. a 


The next example establishes the triangle inequality, which finds much 
application in what follows. First it is necessary to introduce |x|, the 
modulus (or absolute value) of a real number x: 


x f£Osx 
jx| = : 
—x if x <Q 


By considering the signs of the numbers involved, it is easy to establish 
the following properties of the modulus: 


x = |x| 
i= x? 


Jx-y] = [x] -fy| 


BM EXAMPLE 8 


For all real numbers x and y, ix + y| <= jx] +|y|. 
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Solution 


If a, be Rand a> b=0 then a’? > A’. This shows by a contradic- 
tion argument that for a. 6 #0, a? = b* implies that a@<h. It is 
thus sufficient to prove that |x + y *<(x|+|yl)*?. Now 


ln ty? = (x + y)? 
Se Se ee ey ey 


= xex t2[x|-|[y t+ yey 
= x2 4+ x]|-ly +ypl? 
= (lx] + |y )? B 


At this stage it is instructive to check that @ satisfies the axioms of 
arithmetic and order. First, addition and multiplication of rationals pro- 
duce rationals. In other words, addition and multiplication restricted to 
i) x @ define functions from @ x @ to Q. Secondly, axioms Al, A2, A5, 
A6 and A10-A14 hold for any subset of R. Finally, 0 and 1 are rationals 
and the negatives and reciprocals of rationals are rational. Hence the 
remaining axioms hold. So Q is an ordered field. Hence, since it has been 
shown that there is no rational number whose square is two, the axioms 
of an ordered ficld cannot be sufficient to ensure the existence of the real 
number 1/2. This comes from the final axiom, which may be unfamiliar 
to the reader. 


2.2.3 The completeness axiom 


A1l5 Every non-empty set of real numbers that is bounded 
above has a Icast upper bound. 
Every non-empty set of rcal numbers that is bounded 
below has a greatest lower bound. 


Notes 


(1) A subset 5S of R is said to be bounded above if there is some 
real number M such that x = M for all x e S. This M is called 
an upper bound for §. 

A subset § of & is said to be bounded below if there is some 
real number m such that ms x for all x e S. This m is called a 
lower bound tor S. 

(2) Any set satisfving Al-AJ1S5 is called a complete ordered field. 
Essentially, kk is the only complete ordered field, and so ax- 
ioms Al—A15 characterize R. 


(3) The least upper bound 1s called the supremum of 5, or sup S. 
The greatest lower bound is called the infimum of S, or inf S. 
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(4) One half of Al5 is redundant (see Question 5 of Exercises 
232): 


This final axiom is a subtle one, which will be discussed in more detail 
in the next section. To claim that an upper bound M of a bounded set S is 
the least upper bound or supremum of $ is saying that Mf = M, for any 
other upper bound 47,. Put another way, if M’ < M then there must exist 
at least one element x e § with x > M’, thus preventing M' from being 
an upper bound and so making the least upper bound. Similar remarks 
apply to the infimum of a bounded set. As will be seen, the completeness 
axiom is the one thal guarantecs the existence of irrational numbers such 
as V2. 


Exercises 2.2 


1. Use the axioms of arithmetic (sce 2.2.1) and Example 1 to prove 
the following. 
(a) (—x):(—y) =x: y forall x, yeR 
(b) —(x7'} =(-x)7! for all x ER, x #0 
(c) (x +)" =x for allx ER, x #0 


2. Use the axioms of arithmetic and order (see 2.2.1 and 2.2.2) to 
establish the following. 
(a) O<Sx andOsSys>O08x-y 
(b) O< x and y<O=>x-y <0 
(c) x<Oand ysO>O0Sx-y 


3 Solve the following inequalities: 
il 1 x-1 xt+1 
‘ = <= os <= — : 
(a) 4 x+3 DA x—1 


4. Use the triangle inequality (Example 8 of Section 2.2) to prove 
that forall x. yeR 


lx: — [yl < |x - y| 
2 Let S be a subset of R that is bounded above and Ict 
T={(-x ix eS}. 
Show that 7 1s bounded below and that 
inf T = —supS. 
Explain why one half of A15 is redundant. 
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2.3 The completeness axiom 


This section will prove that 1/2 exists as a real number. It will then prove 
that Q is not complete by showing that A15 fails for @. In other words, 
there are sets of rational numbers, bounded above, that do not possess a 
rational least upper bound. Consequently, the completeness axiom is the 
one that distinguishes © from R. This section begins with a theorem that 
is a direét consequence of the completeness axiom. 


2.3.1 The Archimedean postulate 


N is not bounded above. 


Proof 


Suppose that N is bounded above. In other words, there exists a 
real number M such that n< M for all 1 e N. By the completeness 
axiom, M can be chosen to be supN. Now M —1 cannot be an 
upper bound for N, and so there is a natural number m™ with 
M—-—1<m, Now M<m+l1andm+t1eN, which contradicts the 
choice of M. Hence N is not bounded above. C 


Archimedes (287-212 Bc) was a native of Sicily and the son of an 
astronomer. His writings are masterpieces of mathematical exposi- 
tion and are written in a manner that resembles modern journal 
articles. His most remarkable work on a method for finding areas 
(and volumes) by dividing the area into a large number of thin 
parallel strips is closely connected with the modern idea of definite 
integration. A copy of this work, called Method, was not discovered 
until 1906. It had been written in the tenth century on parchment, 
washed off in the thirteenth century and reused for a religious text. 
Luckily, the underlying text could be restored. The Method is a 
particularly significant work, since, although Archimedes’ other 
treatises are logically precise, there is little hint of the preliminary 
analysis required in their formulation. In the Method, however, 
Archimedes describes, in detail, the ‘mechanical’ processes underly- 
ing most of his discoveries concerning areas and volumes. The prin- 
cipal reason why this is the only work where this vital background 
information is provided is that Archimedes himself had profound 
reservations about the rigour of his ‘method’, in particular the as- 
sumption that an area is a sum of line segments. 

The Archimedean postulate that bears his name has been vari- 
ously credited, and appears in the treatment of irrational numbers in 
the fifth book of Euclid’s Elements. Little is known of the life of 
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Euclid, but his seminal work, the Elements, represcnt the first full 
mathematical text preserved from Greek antiquity. There have been 
over 1000 editions of the 13 books of the Elements since the inven- 
tion of printing. The books are based on a strict logical deduction of 
theorems from a set of definitions, postulates and axioms, and have 
influenced scientific thinking more than any other books. 


Another way of phrasing the Archimedean postulate is to say that, 
given any real number x, there exists an integer n with 1 > x. 


EXAMPLE 1 
Prove that the supremum of S = {(n — 1)/2n: 1 € N} is §. 


Solution 


Since (n — 1)/2n = } —1/2n and n is positive, S is bounded above 
by 4. Suppose that M < } is an upper bound for S. Now 


(n—1)/2n= M forall neon -1<2nM for all n 
=(1-—2M)n<=1 ~~ foralln 
on=i/f1-—2M) forallnz 

The fatter step is valid since 0<1-—2M. Thus N is bounded 
above, which contradicts the Archimedean postulate. Hence no 
such M exists. In other words, 5 is the least upper bound of S. &@ 


EXAMPLE 2 


Identify the supremum and infimum of the following subsets of R: 


Ey — {1,2,3} 
Ey = {x:|x -1| <2} 
£3 = Rt 
F4 = {x:0<.x« <1 and the decimal expansion of x contains no 
nines} 
Solution 


Clearly sup E, =3 and inf F,;=1. In fact, for any finite set the 
supremum is merely the maximum element and the infimum is the 
minimum element in the set. 


2.3 
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Now |x —1|<2 gives -1<x<3, and so supE,=3 and 
inf £,=- —1. Note that neither the supremum nor the infimum is 
an element of £2, since £. contains neither a maximum nor a 
minimum element. 

I" is not bounded above and so sup £3 does not exist; 
inf £, — 0, which is not an element of R*. So R™ does not contain 
a least element. 

FE, contains arbitrarily small positive real numbers; however, 
the largest number it contains is 0.88888 ... which equals 8. Thus 
sup £4 = * and inf E, =0. 


EXAMPLE 3 


Prove that if C= {x + y:x¢eA and y e B}, where A and B are 
non-empty sets of R bounded above, then C is bounded above and 
sup C = sup A + sup B. 


Solution 


Since A and #& arc non-empty and bounded above, supA and 
sup # exist. Then x + y =supA + sup & for all x € A and for all 
y € B, and hence C is bounded above. Clearly C is non-empty, 
and so sup C exists. Now sup C= sup A +sup # because. as has 
been demonstrated, sup A + sup # is an upper bound for C. Sup- 
pose, by way of contradiction, that supC < sup A +sup &. Then 
sup C—supB<supA, and hence there exists an x’€ A with 
sup C — sup #8 < x" (otherwise sup C —sup B would be an upper 
bound for A smaller than sup A; this contradicts the definition of a 
least upper bound). But now sup C — x’ < sup B, and so there cx- 
ists a y'€ B with supC — x’ < y’ (otherwise sup C — x’ would be 
an upper bound for B smaller than sup 8). Finally then, sup C < 
x' + ¥’, contradicting the fact that sup C 1s an upper bound for C. 
The only conclusion now is that sup C ~ sup A + sup B. - 


It can now be proved that © is a dense subset of R: in other words, 
given any two real numbers x and y with x< y, there is a rational 
number r such that x<r< y, Although this may appear to be a conse- 
quence of the results obtained in Section 2.1, some of the arguments 
there depend on the unproved assertion that elements of Rt, as axiomat- 
ized in Section 2.2, can be represented by infinite decimals. 


2.3.2 Density of the rationals 


Let x, yeR and x<y. There exists a rational number r, 
XOr<y. 


62 TH 


E REAL NUMBERS 


Proof 


By the Archimedean postulate an integer n can be chosen with 
n>I1/(y —x)>0. Hence 1/n< y ~ x. Since nx and —nx are real 
numbers, there exist integers m and m'‘ satisfying m> nx and 
m' > —nx by the Archimedean postulate again. In other words, 


? 


m 
can IO, he 
n nt 


Now there are a finite number of integers from —77‘ to m, so the 
smallest one mm" can be selected with x < m"/n. The element m” 
exists, since every finite set hus a minimal element. See Question 6 
of Exercises 2.3. Therefore (m” — 1)/n = x and 


im” — 1 


aoe ae pee gant ) 
Ca = aa —x)= 
n n n , 2 


Hence y = m"/n is a rational between x and y. C 


It can now be proved that \/2, the positive square root of 2, exists. In 
other words, there is a real number ™ satisfying M* = 2. To this end, Ict 


S = {x 


:xeR! and x*<2}, a non-empty subset of R. The set § 


is bounded above, since x* <2 >x*<4=>.4 <2. By the completeness 
axiom, S possesses a least upper bound. Call this least upper bound M. 


A proof by contradiction is now employed to prove that M 


= 2. Suppose 


that M* <2 and consider M’= M+ 1/n, neN. Then 


(M 


2M 


nee M24 2 A yp EE 
Hoon 


rt 


since n? = n for all n ¢ N. Now (M')? <2 provided that 


M? 


ct +1, 
7) 


which ts equivalent to 


a> 


By 2.3 


2M +1 
2~ M* 


.1, there exists an integer ” satisfying this last inequality. Hence 


M'e¢S for such an n, and this contradicts the fact that M is an upper 


bound 


for §. 
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Suppose now that M* > 2, and let M’ = M—1/n, né&N. This time, 


i 7 
(M’)? = M2 = “a + 2M 


— > M2 egy aca say 

n* n 

since 1/n?20 for all neN. Now (M’)?>2_ provided that 
M?—2M/n>2, which holds when n>2M/(M? —2). By 2.3.1 again, 
such an 7 cxists. This contradicts the fact that M is the least upper bound 
of S. Therefore M? = 2 as desired. 

Now that the existence of 2 has been established and it is known 
that V/2 is not a rational number, it is possible to prove that the set < of 
rational numbers is not complete. In other words, there cxist bounded 
sets of rational numbers that do not possess a rational upper bound. 

Consider T ={x:x¢€@Q,x>0 and x* <2}. Suppose that 7 has a 
rational least upper bound +. Since T is a subset of S= {x:xeR* and 
x? = 2}, V2 is an (irrational) upper bound for 7. Hence r < V2. By 
2.3.2, there is a rational r’ such that r<7'< 02. But then (r')* <2, 
and so r’ € T. This contradicts the assertion that y is the supremum of T. 
Hence 7 does not possess a rational least upper bound. Thus © is not 
complete. 

This section concludes by stating the principle of mathematical induc- 
tion. This makes it possible to establish that certain results hold for all 
natural numbers 7. 


2.3.3 The principle of mathematical induction 


Let P(n) be a statement for each natural number zn. If 


(a) PCL) is true, and 
(b) P(K) true > P(k + 1) true for every k EN 


then P(r) is true for all n EN. 


This result, which can be deduced from the axioms for R, is really a 
statement about natural numbers. If (a) holds then P(1) is true. IIence, 
by (b), P(2) holds, and, by (b) again, P(3) holds, and so on. To conclude 
that P() holds for all ne N amounts to the belicf that N is the set 
{1,1+1,1+1+1,...} or, as it ts more commonly denoted, 
tN 25 oO ease ye 


MM EXAMPLE 4 


it 
Prove that r= sn(n+1)forallne'. 
r=1 
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Solunon 
Let P(n) be the statement 


nr 
> r= 4n(n + 1) 
r=] 


Since 1 = 431(1+1), P(1) is true. Now suppose that P(x) is true 
for a particular k « N. Then 


14+24+34+...¢ (K+ 1) =14+24+34+...¢k + (k +1) 
= 4k(k +1) +(k +1) 
By factorization, 
tk(k +1) + (K +1) = $(K + 1)(k + 2) 
Hence 


1424+34+...¢(K +1) = 5(K + IK +2) 


and so P{k +1) is also true. By the principle of mathematical 
induction, P(7) is true for all ne N. | 


Exercises 2.3 


1. Show that S = {a+ b\/2:a and b are rational} satisfics axioms 
A1-A9. Show further that § is an ordered field. Use a proof by 
contradiction to prove that V3 ¢ S. Is Sa complete field? 


Z: Determine sup S and inf S, where appropriate, for the following 
subsets of ik: 


(a) S={x:x eR and |2x -1|<11} 

(b) S={x4+|x-1|:x eR} 

(c) S={1-1/n: nis a non-zero integer} 
(d) S={2 ™+3-"+5-? sm, nand peN} 


safe. 
(c) s-{ ou" nent 


3. Prove your assertions for the set S in Question 2(c). 
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Let A and B be non-empty bounded subsets of R*. Prove that the 
set C={x-y:xeEA and ye B} is bounded and that supC = 
sup A sup B, and mfC =inf A -inf B. 


Prove by induction on 7 that 


n 
(a) Sir? =1n(n+1)(2n +1) forallneN 
r—1 


(b) ltax<(14+x)" forn=2,xeR, x >—-landx¥0 
(c) 2" <n! forallaeN, n= 


Prove by induction on the size of the set that cvcry finite set has a 
minimum element. 


Prove the following generalization of the triangle inequality (sce 
Section 2.2, Example 8): if a@;, a2, ..., a, € R then 


la, taot+...+a,| = la,| + la2| +... + la, | 


Problems 2 


(a) Show that W/2 is irrational. 


(b) Given that \/6 is irrational, show that V2+ V3 is also irra- 
tional. (Hint: first show that if x* is irrational then x is irra- 
tional.) 


The rational numbers x and y satisfy 
x’? — Ixy — 2y? =0 
Given that ‘V3 is irrational. prove thats = y =9. 
Which of axioms Al—A14 of Section 2.2 are possessed by 


(a) N, the natural numbers, 
(b) Z, the integers, 
(c) @', the positive rationals? 


Solve the following inequalities 


6 
(x — 2) 
(b) jx +1] 2]x+2 4+ |x +3 


(a) x —1T> 
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5. 


10. 


Prove that for all a, b, canddeR 
(a? + b*)(c? + d*) = (ac + bd)’ 


Let x, ye R, and suppose that y= x4 &# for all e—€ R*. Prove by 
contradiction that y = x. 


Determine sup $ and inf $, provided they exist, for the following 
subsets of R: 


(a) S={x:|x+1/4+|2-—x, =3} 


1\2 
(b) S= if = *) ‘71s a non-zero intezer| 


| l 
(c) $= f + = :x 18 a non-zero real number| 


(d) S={x:0<.x <1] and the decimal expansion of x contains no 
even digits} 

(e) S={x:0<x <1 and the decimal expansion of x contains no 
odd digits) 


Let A and 8 be non-empty bounded subsets of i such that x = y 
for all x € A and for all y € B. Prove that sup A <inf B. (Hint: 
first show that sup A < y for all y € B.) 


Which of the following subsets of R are dense subsets of R: 


(a) a finite set, 
(b) the set of integers, 


(c) those rational numbers that in their lowest form have an even 
denominator? 


Prove by induction on a that 


@) Dey? = ay tate tD) 


(b) 3° = 2n? 41 


CHAPTER THREE 


Sequences 


Convergent sequences 
Null sequences 
Divergent sequences 
Monotone sequences 


gk oat 
PONE 


This chapter deals with sequences of real numbers, such as 


1 3s ts z, oe 
1, 2,3 
-1,1,-1,... 


9-8 


w 


Various properties of such sequences are described, including the central 
concept of a convergent sequence. Crudely speaking, a sequence con- 
verges if the terms of the sequence approach arbitramnly close to a unique 
real number, called the lumit of the sequence. 

As a concrete example, consider the problem of determining a deci- 
mal corresponding to the irrational number x = V/2. Since x? =2, some 
simple algebra gives the rather strange equation 


_x* +2 
Ox 


x 


This is of the form x = f(x), and such equations may often be solved by 
the method of iteration. This technique involves the generation of a 
sequence x,, X2, X3,.-. of real numbers, where the itcration formula 
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Xn+1 = f(%,) is used to generate successive terms of the sequence, given a 
starting value for x,. The hope is that successive terms provide better and 
better approximations to a solution of the equation x = f(x). The itera- 
tion formula 


x2 +2 

ee 

n+1 2%, 

docs indeed generate a sequence of better and better approximations to 

V2, a fact proved in Example 1 of Section 3.4. With x, = 1, the formula 
Xno1 = (02, + 2)/2x, gives 


1+2 
A= > = 155 
_ (1.5) +2 _ 
Beg me 
(1.417)? + 2 
= St = 1.4142 
*4 21.417) 


and so on. It can be shown that each successive term of this sequence is 4 
bettcr approximation to V2 than previous terms by at least two decimal 
places, and so the decimal expansion of V/2 can be found to any degree 
of accuracy required. It should be noted, however, that every term of the 
sequence of approximations to V/2 is a rational number, whereas the 
limit VV 2 1s not. 

The definition of a convergent sequence (3.1.1) appears early in Sec- 
tion 3.1; at first sight, the definition may seem rather obscure, and time 
will be needed tor the reader to master the logic involved. Histoncally, it 
was not until the late nineteenth century that a satisfactory definition of 
convergence emerged as part of the efforts to place analysis on a rigorous 
non-intuitive footing. What the definition does is to make precise what is 
meant by the phrase ‘approach arbitrarily closc to’. The definition is then 
used to establish various rules that can be used to detcrmine the limits of 
many convergent sequences. These rules require knowledge of the limits 
of certain basic sequences, namely convergent sequences with limit zero. 
These basic null sequences are presented in Scction 3.2, and a general 
strategy for finding the limit of an arbitrary convergent scquence is de- 
scribed. Sequences that do not converge are called divergent sequences, 
and Section 3.3 is devoted to a study of those divergent sequcnces that 
diverge to plus or minus infinity. Finally, in Section 3.4 the principle of 
monotone sequences is proved, namely that any increasing (or decreas- 
ing) sequences whose terms are bounded must converge. The require- 
ment in this result that the sequence be monotone is essential, since there 
are bounded sequences, such as 1, —1, 1, —1, 1, ..., that are not con- 
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vergent. What can be established, though, is the Bolzano—Weierstrass 
theorem, which states that every bounded sequcnce contains a convergent 
suhsequence. ‘his theorem is then used to develop a characterization of 
convergent sequences that, unlike Definition 3.1.1, does not need to refer 
to the limit of the sequence. The proofs of the theorems and of the 
numerous rules established in this chapter make extensive use of the 
completeness axiom for the real numbers. 


3.1 Convergent sequences 


An infinite sequence @), @2, a3, ... of real numbers may be specified 
cither by giving a formula for the mth term, a,, or by prescribing a 
method of generating the terms of the sequence. Such a sequence will be 
denoted by (a,,). 


SR EXAMPLE 1 


Calculate the first five terms of the sequence (a,) in the following 


cases: 
(a) a, =" (b) a, =1-1/n 


(c)a@,={-l)"/n (dd) a, =(-1)" 


Solutions 


In each case it is simply a matter of substituting # = 1, n = 2 up to 
n= 5 in the formula for a,. This gives the following: 


ev eee eee 
(b) 0 5: , iss 

(c) saa! tte Epa 

Ce Oe ee eee = 


The above example illustrates some general facts about sequences. 
Fither the terms of a sequence are unbounded, or cise there exists a real 
number M such that |a,,«: M@ for all 2 eN. In the latter case the sc- 
quence (a@,) is said to be a bounded sequence. With a bounded sequence, 
the terms cither oscillate without ‘settling down’, or else they tend to get 
closer to some fixed real number 1. In the latter case (a,,) is said to be 
converging tu ZL, and this is denoted by a, > L as n— &. The number L 
is called the limit of the sequence (a,). A sequence that does not con- 
verge is said to diverge; divergent sequences are discussed in more detail 
in Section 3.3. 
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Intuitively, it seems plausible that certain sequences converge while 
others do not. In Example 1 sequences (b) and (c) both converge (to the 
limits 1 and 0 respectively). but sequences (a) and (d) diverge, though in 
markedly different ways. However, in order to work seriously with con- 
vergent sequences, deduce their properties and decide whether or not a 
given sequence does converge, a rigorous definition of the concept of 
convergence is required. Such a definition emerged only in the late nine- 
teenth century and at first sight seems daunting because of the subtleties 
of the logic involved. What the definition seeks to capture, in a very 
precise manner, is the idea that for a sequence (a,) to converge to a limit 
LE it is necessary that the terms of the sequence, from a certain point 
onwards, all lie within some previously specified (small) distance of L. 


3.1.1 Definition 


A sequence (@,,) converges to a limit Z if and only if for every 
¢ > ( there exists a natural number N such that 


n>N=la,- Ll <e. 


This is denoted by a,— L as n—«, or, alternatively, lim, ,..4@, = L, 
when (a,,) is a convergent sequence with limit L. Either statement is read 
as ‘a, tends to L as n tends to infinity’. The statement |a, — L| < € says 
that a, — ZL hes between —e and +e. Hence —e<a, — L <e, leading to 
L-e<a,<£L+e. Therefore Definition 3.1.1 says that (a,) converges 
to L£ provided that for any specified «> 0, there is a term a, of the 
sequence such that a/? subsequent terms lies between /.—¢ and L+ e. 
This 1s illustrated in Figure 3.1, where, for the sequence depicted and the 
value of € given, a suitable vaiue for NV’ is 7; for n >7 the terms a, all lie 
inside the honzontal strip from L — ¢ to L + ¢. Another way of viewing a 
convergent sequence ts to regard successive terms of the sequence as 


® 
{ 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 

8 


9 10 11 12 13 14 15 
Figure 3.1 
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Figure 3.2 


successive approximations to the limiting valuc of the sequence. The e« in 
Definition 3.1.1 then corresponds to a prescription of maximum error, 
and the N provided is such that a// the terms corresponding to n>N 
approximate the limit to the degree of accuracy specified by ¢. The power 
of Definition 3.1.1 lics in the fact that a sequence (a,) will converge to a 
limit L provided that for every ¢ > 0 it is possible to find a suitable NV. 

As it stands, Defimtion 3.1.1 defines precisely what a limit of a con- 
vergent sequence is. but docs not immediately imply that there is only 
one limit. However, a convergent sequence (a@,) has a unique limit. ‘To 
see this, suppose that L and M were different limits of the convergent 
sequence (a,). Then, for any positive number e€ and all sufficiently large 
n, the terms of the sequence would approximatc both L und M with a 
margin of error no more than ¢. But for small enough & this would mean 
that the terms of the sequence cventually lay in two disjoint strips as 
illustrated in Figure 3.2 (the value of ¢ shown is one-third of the distance 
between /. and ‘4). This is impossible, and so a convergent sequence has 
a uniquely determined limit. 


mm EXAMPLE 2 


1 
Prove that —— Oas n> &, 
1 


Solution 


It scems intuitively obvious that for large values of n, the recipro- 
cal 1/m is small and hence close to zero. However, in order to 
implement Definition 3.1.1, it has to be demonstrated that for 
every ¢ > 0 there is a suitable value for NV. 

Now |a, — L|=|1/n-—0 <e provided that 1/n<e. By 2.3.1, 
there exists an integer N with N > 1/e, For such an N, 


1 


1 i 
n>Namaur>rnr om << esl: — Ol] <e 
£E ft it 
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Thus for every ¢ >0 a suitable N can be found. In this case N is 
any integer exceeding 1/e (not necessarily the least such integer). 
Therefore 1/7 —> 0 as n> © 


EXAMPLE 3 


Prove that 


4n+1 
2n-—1 


—2 asnorn 


Solution 


In this example 


provided that 2 > 3/e. By 2.3.1, there exists an integer N exceed- 
ing 3/e. For such an N, 


n>N=>n > 3/e 


3 SZ 
——$—_ = —"<e 
2n—-—1 n 
ey (lat <€ 

2n-il 


In otber words, 


4n+1 


a a as no 


Incidentally, the inequality 3/(2n — 1) <3/n used above was only 
employed in order to simplify the algebra before choosing the 
integer MN. The reason that such ticks can be used is that the V 
required in Definition 3.1.1 need not be the least possible such NV. 
ity 


These last two examples illustrate that the value of N depends very 
much on the value of ¢. In general, the smaller ¢ is, the larger the value 
of N needs to be. Figure 3.3 detatls some possible values of € and a 
corresponding value of N when a, = (4n + 1)/(2 — 1). 

It is clearly tedious to use the definition of convergence to prove that a 
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€ N 

()-1 31 
0-01 301 
0-002 1501 


Figure 3.3 


given sequence has a prescribed limit £. In fact. it may not be known 
what £1 is! Once the following rules have been established, they can be 
used to evaluate the limits of quite complicated sequences from know- 
ledge of the limits of simple sequences, like those in Examples 2 and 3. 


3.1.2 Rules 
Suppose that (a,) and (/,) are convergent sequences with 
limits A and B respectively; then the following rules apply: 
Sum rule 


(a, + b,) converges to A ~ B. 


Product rule 


(a,b,) converges to AB. 


Quotient rule 

(a,/b,,) converges to A/B, provided that b, #0 for each n and 
B#0. 

Scatar product rule 


(ka,,) converges to kA for every real number &. 


Proof of the sum rule 
Consider 
(a, + Bz) — (A + B)| = |(@n — A) + (On - BY 
= ld, — A + |b, — B 


using the tnangle inequality (sec Section 2.2, Example 8). Given 
e>0, Iet e’ =5e. Then e' >0 and, since a4, A and b,, > B as 
n— ©, there exist natural numbers VN’, and N such that 


n>N,=>!a,-A <e’ 
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and 


n> N,=>(|b, — Bl <e' 
Let N be the maximum of NV, and N>, and so 
n>N-=|la,-Al+‘h,-B<e' +e’ =2e' =e 
In other words, a, + 0, 7-7 At Basn-, 


Proof of the product rule 


First, it is shown that a convergent sequence is bounded. Since 
h,— Bas noo , if ¢€=1 in the definition of convergence then 
there exists a natural number AN such that |b, - B <1forn>WN. 
Now |b,' = |b, — B+ Bi, so 


lb,|< |b, — B. +;B)<1+|B| fornx>N 


It is thus assumed that there is a real number M such that /b,|< M 
for all n. (M is the maximum of 4,|, ‘bal, ..., lbxy| and 1+ |B.) 
Now 

la,D, — AB| = |anb, — Ab, + Ab, — AB| 
‘hla, = AY + Abo = BY 
ibal lan ~ A + Al|b, — B 


i 


IK 


using the triangle inequality and properties of the modulus. Given 
e>Q, let ¢)=¢/2M and e2 = «/2(|A|+1). Clearly, ¢,>0 and 
£,>0. Since a, A and b,—> B as n>, there exist natural 
numbers N, and A’, such that 


n> N= \|a,— Al < & 
and 
n> Nz,=> |b, — B\ < &2 


Let Ny be the maximum of 4, and N>. and so conclude that if 
71 > N, then 


(AnD rn a AB! = |b, lap = A| + |.A| |b, - B| 
< Mé/2M + jA'e/2(|A| + l)<e 


In other words, 4,0, — AB as n— &, 
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Proof of the quotient rule 


First, it is shown that if b, ~ B#0 as n— ©, and b, #0 for all n, 
then 


1 ot} bn BO 
b, Bl |b, B 


If ¢ = 5|B| then e>0, and so there exists an integer N, such that 
|b, — B| <« for all n > N1. Hence 


1/B| <|b,| < 3|B| forall n>, 
using Question 4 of Exercises 2.2. Let M be the maximum of 


2. 1 aus 
|B|’ |B] [by] 


Then |1/6,/< M@ for n>WN,. So, given any e>0, Iet e’= 
e|B|/M.Then e£’ >0, and so there exists an integer N such that 
. Hence 


1 1! [bn — Bl 
b, Bl [b,lIB. <a 


=e foralr>wN 


where N is the maximum of N, and N,. In other words, 
1/b, > 1/B as n— x. Then, by the product rule, 


5, B as aN i=) 


The scalar product rule is a special case of the product rule. 


SM EXAMPLE 4 


Evaluate 


— n*+2n43 
lia ae 
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Solution 
From Example 1, it can be taken that 1/n—-0 as n— , and it is 
easily shown that the constant sequence k, k, k, ... converges to k 


{for every ¢€>0 set N=O to fulfil Definition 3.1.1). Now the 
quotient rule cannot be applied directly, since neither the numcra- 
tor nor denominator of 


n*+2n+3 
4n?+5n+6 


converges to a finite Limit. However, if the numerator and 
denominator are divided by the dominant term n’, the following is 
obtained: 


7 alten + 3/n? 
7 4+ 5/n + 6/n? 
Hence 
: n+ Int+3 _142/n+3/n* 1420+ 3.0? 
" 4n>+5n+6 445/n+6/n? 4450460? 


5 aS Ho 


Il 


freely using the sum, product, scalar product and quotient rules 
(see 3.1.2). a 


3.1.3 Sandwich rule 


Let (a,), (b,) and (c,) be sequences satisfying a, < b, =c, for 
all ne N. If (a,) and (c,) both converge to the same limit L 
then (b,,) also converges to L. 


Proof of the sandwich rule 


First note that for any real number x 
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Thus 
ly| < max(|x|, z\) 
Therefore it a, <= 6, = c,, then 
Oey Oa | Oe OM Sin aaa 


and so |b, — /. is less than or cqual to the maximum of |a, — L| 
and |c, — L|. Given ¢ > 0, there exist natural numbers V’, and N> 
such that n> Ny, 'a, —-L.<e¢ and n>N)=> Ic, - Li<e. Let 
N be the maximum of NV’, and N>. Then for n> N it follows that 
|b, — L| <«. In other words, 6, > Lasn—o %. 5 


EXAMPLE 5 
Show that lim, _.« (—1)"/n? =0. 


Solution 


Note that |(—1)";'n?|< 1/n?. Now let a, — —1/n*, b, —(-1)7/n? 
and c, = 1/n*. By the product and scalar product rules (3.1.2), 
both (a,) and (c,) converge to 0. By the sandwich rule (3.1.3), 
(b,,) also converges to 0. | 


Remark 


The condition in the sandwich rule that a, <6, cc, for all ne N 
can be relaxed to a, = b, = c, for all 1 >> k (for some fixed k € N). 
This follows since the deletion of a finite number of terms from a 
sequence, or the addition of a finite number of new terms to a 
sequence, affects neither the convergence nor the limit. 


The final rule involves the concept of a continuous function. Intuitive- 
ly, a function f: A-> RK whose domain A is a subset of & is continuous if 
its graph is a continuous curve. The rigorous definition of continuity 1s 
piven in Section 5.2. It turns out that elementary functions such as poly- 
nomials, sine, cosine and exponential functions are ali contmuous on their 
domains. The proof of 3.1.4 is delayed until Section 5.2. 


3.1.4 Composite rule 


Let (a,,) be a convergent sequence with limit L and let f be a 
continuous function whose domain contains {a,:2¢«N} and 
L. Then the sequence (f(a,)) converges to f(L). 
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@@ EXAMPLE 6 


Show that 


lim cos (=) =) 
no n 
Solution 


Knowing that 1/n—0 as n>, and assuming that cos is a con- 
tinuous function, then cos (1/2) — cos0 = 1 as n> &, | 


In order to apply the rules 3.1.2-3.1.4 to good effect, knowledge of 


the convergence or divergence of certain basic sequences is required. 
Generating such a collection of basic sequences forms the substance of 
Sections 3.2 and 3.3. First note that if a, > L as n— © then the sequence 
(b,) given by 5, = a, — L converges to zero. The aim of the next section 
is to generate a collection of sequences that converge to zero. Such 
sequences are called null sequences. 


Exercises 3.1 


1. 


Use the defimtion of a convergent sequence to prove the follow- 
ing: 


(a) as as n— © 


—OQ0O asnoro 


(=1)" 
(b) > 
4) 
Use the rules for convergent sequences to establish that if (a,,) 
converges to A and (b,) converges to B then (awa, + Bb,) con- 

verges to aA + BB. 


Use the rules for convergent sequences to evaluate the following 
limits: 


(a) lim 4n? + 6n —7 
Nu > & n> = 2n? +1 
6- 2 
(b) lim —— 


N—>»0o 72 + 5n 


(c) lim [log,(m + 1) — log, n] 
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4. Use the sandwich rule to prove that each of the following se- 
quences (a,,) converges to zero: 
Byes coal) 62 oer 
i AT (b) a, = n 


3.2 Null sequences 


A sequence (a,) is called a null sequence if (a,) converges to zero. Appli- 
cation of the rules 3.1.2 gives immediately that if (@,,) and (b,,) are null 
sequences then so are the sequences (a, + 5,), (@,b,) and (ka,), k eR. 
In addition, the following rule will prove useful. 


3.2.1 Power rule 
If (a,) is a null sequence where a, =0 for all neN, and if 


p eR, p>0, then (a4) is a null sequence. 


Proof 


For any ¢ >0 set e’ = e€'". Since (a,) is a null sequence and ¢’ > 0, 
there exists a natural number N such that 


n>WN =+la,|< e' 


But a, 20 and p>O, so lay <(e’)? =e for n>N. In other 
words, (a?) is a null sequence. O 


Proving that certain basic sequences are null sequences will require 
the use of the binomial expansion; for xe RandneN 


(l+x)"* = 3 (7) 


k=0 
=1lt+mr+jn(n— ix? t... +x" 


a at 
k} kWn-—k)! 


This formula can be established by induction on rn. 
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3.2.2 Basic null sequences 


The following are null sequences: 


(a) (1/n”), for p >0 

(b) (c”), for ic] <1 

{c) (n?’c”), for p > O and |c| <1 
(d) (c"/n!), forceR 

(e) (n?/n!), for p>0 


Proof 


(a) By Example 2 of Section 3.1, (1/m) is a null sequence. Hence, 


by the power rule (3.2.1), (1/n?) is a null sequence for p > 0. 


(b) First note that a sequence (a,) is null if and only if the se- 


(c) 


quence (|a,,|) is null (see Question 1 of Exercises 3.2). It thus 
suffices to consider (c”) when 0<c <1. If c =0, the sequence 
is clearly null, so it may be assumed that O<c<1. Write 
c=1/(1+ x), where x > 0. From the binomial expansion, 


+x)" 2=l+nx2nx for neN 


and hence 
1 
QO = c® = ——— = — forncN 


Since (1/n) is a null sequence, the scalar product rule (3.1.2) 
gives that (1/nx) is a null sequence. By the sandwich rule 
(3.1.3), (c”) is a null sequence for 0<c< 1. Therefore (c”) is 
a null sequence for |¢| <1. 


As in (b), it is sufficient to consider values of c satisfying 

0<c<1. Write c=1/(1+ x), where x >0, and first consider 

the case p = 1. From the binomial expansion, 
(l+x)"21l+nxrt+4hn(n—- lx? = n(n — 1)x? 


for n=2 
and hence 


ai ay i 
(l+x)"  n(n—1x? (n — Lx? 
for n=2 


0 < nc” 
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Since (1/n) is a null sequence, the rules (3.1.2) give that 


2 
ee er: AS IO 
(n —1)x 
By the sandwich rule (3.1.3), (”c") is a null sequence. 
For the general case where p > 0 and 0 <c <1, note that 


n’o” =(nd")?, where d=c?, for neN 


Since 0< d<1 and (nd") is a null sequence, the power rule 
(3.2.1) gives that (2?c") is null tor p > 0 and 0<c<1, Hence 
(n?c") is a null sequence for p > 0 and |c| <1. 
(d) It is sufficient to consider the case c > Q. By the Archimedean 
postulate (2.3.1), there exists an integer m with m+1>c. 


5 (NG) Ske bee 
Gok) 


where K = c’"/m! is a constant. Now (1/n) is a null sequence, 
and so (Kc/n) is a null sequence by the scalar product rule 
(3.1.2). Since O<c"/nl = Ke/n for n> m+, the sandwich 
rule (3.1.3) gives that (c”/#!) is null. 

(ec) For p > 0 write 


p p n 
Li di \(- for neN 
n' pe ae 7 


By part (c) with c= 4, (n’/2") is null, and by part (d) with 
c=2, (2"/n!) is null. Hence by the product rule (3.1.2), 
(n? /n!) is null. zs 


~~ 


The following general strategy may now be applied to cvaluate the 
limit of a complicated quotient of scquences: 


(1) Identify the dominant term, using knowledge of basic null sequences. 
(2) Divide both the numerator and denominator by the dominant term. 
(3) Apply the various rules (3.1.2~3.1.4 and 3.2.1). 


82 SEQUENCES 


EXAMPLE 1 


Evaluate 
n°? 4 Qn 
n-»% n? + 3” 
Solution 


The dominant term is 3”. Hence 


lke a a a ete Eli 
n? + 3” n?/3" +1 
_ WA)" + Q)" 
n?(4y" +1 
Now (#7(4)") and (n3(4)") are null sequences by 3.2.2(c) with 
c=} and with p =2 and p =3 respectively. By 3.2.2(b), ((2)") is 
also null. Now apply the rules in 3.1.2 to deduce that 


EXAMPLE 2 


Evaluate 
t —_ n 
vy et te 
Mt— PA + 3n! 
Solution 
The dominant term is 37!. Hence 


ni+(-1)" — 1/3+(-1)"/3n! 
2” +3n! 2°/3ni+1 


Both ((—1)"/n!) and (2"/n!) are null by 3.2.2(d), and so, by the 
rules (3.1.2), 


ni+(~1)" 
2 +3nt 7 


The techniques employed in the proof of 3.2.2 have wide applicability, 
as the following example illustrates. 
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Bmw EXAMPLE 3 
(a) Prove that 1+x/n = (14+ x)" forx>OandneN. 


(b) Deduce that lim,_,.. c’ = 1 for any c>0. 


Solution 


(a) From the binomial expansion, 


(1 +=] =1+n()=143 
n n 
Since x > 0, 


1 +2 (1+ x)" 


(b) The result is clear if c =1. Consider the case ¢ > 1, and write 
c=1+4x, where x > 0. By part (a), 


x 
bec" =(14+x)" <14+— 
n 


Since lim,_.» (1 + x/n) = 1, the sandwich rule (3.1.3) gives that 
lim,..c’"=1. In the case 0<c<1, I/e>1 and so 
lim,.»(i/ce)’"=1. By the quotient rule (3.1.2), 
lim, ,.c’” = 1, as required. Therefore, for any c>0, 
lim, 0h” = 1. a 


Exercises 3.2 


1. Prove that (a,) is a null sequence if and only if (|a,') is a null 
sequence. Is the statement true if the word ‘null’ is replaced by the 
word ‘convergent’? 


2. Show that the following sequences are null: 


n> +2" an! 
@ (+) ©) —— 1)! | 
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3: Prove that if (a,) is a null sequence and ({b,) is a bounded se- 
quence then the sequence (a,),,) is null. 


4. Evaluate the following limits: 


2 n 

n°“ —2 
a) hm 
a 2" +n 


3n! + 3” 
b) lim —_ 
( ) Rn—»co ni + n 


(c) lim (2" + 37)" 


5, Use the inequality (1+ x)” = 4n(n—1)x? for n=2 and x =0 to 
prove that 


! 2 
Vn ,. : = 
n 1 + eam for n =2 


Hence deduce that lim, _,.. ni? = 1, 


3.3 Divergent sequences 


A sequence that is not convergent is divergent. For exampic, the se- 
quences ((—1)") and (7) are both divergent; although how to prove this 
by applying the definition of convergence (3.1.1) is unclear. The aim of 
this section is to provide criteria for divergence that avoid the need to 
argue directly from 3.1.1. Incidentally, showing that (a,,) is not converg- 
ent amounts to proving that the sequence (a, — /.) is not null for any 
value of L. The criteria will be developed by establishing properties that 
are possessed by convergent sequences; if a sequence does not have these 
properties then it must be divergent. 

Recall that a sequence (a,) is bounded if |a,|<M for some real 
number M, for all née N. The proof of the following result appeared in 
the proof of the product rule (3.1.2). 


3.3.1 Result 


If (a,,) is convergent then (a,) is bounded. 


An immediate consequence of this result is that an unbounded se- 
quence is necessarily divergent. 
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BSG EXAMPLE 1 
Classify the following sequences as bounded or unbounded, and as 
convergent or divergent. 


(a)(i+(-1)") (db) ((-1)"n) 
C| = (d) (2n) 


7) 
n+t 
Solution 


(a) Bounded, since 1 + (—1)” =90 or 2 depending on whether n is 
odd or even. Intuitively, the sequence (1 + (—1)”) is divergent 
— a fact that will be demonstrated later in this section. 

(b) Unbounded, since for any real number M there exists an in- 
teger n such that 2” > M, and (—1)°"2n =2n is a term of the 
given sequence. Hence ({—1)”"7”) is divergent by the contra- 
positive of 3.3.1. 

(c) Since 2n{n —1)>2 as n>, (2n/(1 4+ 1)) is a convergent 
sequence. Hence, by 3.3.1, (2%/(n + 1)) is bounded. 

(d) Unbounded, using a similar argument to that in (b) above. 
Hence, by the contrapositive of 3.3.1, (27) is divergent. = 


Note that there are bounded divergent sequences, as the cxample of 
(1 + (—1)") demonstrates. This shows that the converse of 3.3.1 is false; 
in Section 3.4 some partial converses will be presented. Also observe 
that, although both ((—1)"n1) and (2n) are unbounded, and hence are 
divergent, they behave in different ways. The terms of both become 
arbitranly Jarge, but in the sequence (27) they also remain positive. This 
notion of the terms of an unbounded sequence becoming large and post- 
tive is formalized in the next definition. 


3.3.2 Definition 


A sequence (a,,) tends to infinity if and only if for every posi- 
tive real number K there exists an integer NV such that 


n> N=>a, > K, 


This is denoted by a,—>* as n>, or, alternatively, lim, _,.a, =~. 
The latter notation ts a fittle unfortunate, since it seems to suggest thal 
is a real number. This is not the case; the statement lim,_,. a, = * only 
expresses the fact that a, is arbitrarily large and positive for sufficiently 
large positive values of #. Note immediately that if (u,,) tends to infinity, 
it is unbounded and hence (a,,) is divergent. 


86 SEQUENCES 
M@ EXAMPLE 2 


Show that 


li n’ 0) 
im - = 
noe an = 1 


Solution 
Observe that 


Ae 
On OR. forall neN 


Also, n?/2n = in > K, provided that 7 >2K. For K €R, choose 
N to be any integer excecding 2K. Hence 
2 


MN 
2n—-—1 


n>N=-n>2K=jn>K=> >K 


In other words, n?/(2n ~ 1) 2% asn—>© a 


The above example demonstrates that, as with convergent sequences, 
arguing directly from a formal definition can prove technically demand- 
ing. The following rules, whose proofs are left as an exercise, may be 
used to identify sequences that tend to infimty. 


3.3.3 Rules 


Suppose that (a,) tends to infinity and (b,,) tends to infinity; 
then the following hold: 


Sum rule 
(a, + 5,,) tends to infinity 
Product rule 


(z,,6,) tends to infinity 


Scalar product rule 


(ka,,) tends to infinity for any positive real number k 


Basic null sequences (3.2.2) may also be used in the identification of 
sequences that tend to infinity, as the following result shows. 


3.3 DIVERGENT SEQUENCES 87 


3.3.4 Reciprocal rule 


Suppose that (a@,) 1s a sequence whose terms are eventually 
positive and (1/a,) is null. Then a, © as n> &, 


Proof 


The phrase ‘eventually positive’ means that there exists an integer 
N, such that a, >0 for all n> N,. Let K be a positive real 
number. Then ¢=1/K >0. Since (1/a,) is null, there exists an 
integer N> such that n> N.-> 1/a,;<e. For such values of n, 
la, > 1/e= K. Choose N to be the greater of N, and No». Then 


n> N => a,-= |a,|> K 


In other words, a, > * as n— &, i] 


@@ EXAMPLE 3 
Prove that (nm! — 2”) tends to infinity. 


Solution 


The sequence (7! — 2”) is eventually positive since, by Question 
5(c} of Exercises 2.3, 2! >2” for all n= 4. Also, 


1 Lin! 0 
oo a ee as n—-> & 
nt—2" 1[-2"/mt 1-0 


using the basic null sequences (3.2.2) and the rules for convergent 
sequences (3.1.2}. By the reciprocal rule, n! — 2" +» © as n+. 
| 


A sequence (a,,) tends to minus infinity if the sequence (—a,) tends to 
infinity. This is written as a,—>—-* aS n>, or lim,_.. a, = —®. Se- 
quences that tend to minus infinity are unbounded and hence are diverg- 
ent. However, not all unbounded sequences tend to either infinity or 
minus infinity. For instance, consider the unbounded sequence (a,,) given 
by a, =(—1)"n. in which the terms alternate in sign. The sequence ob- 
tained by writing down only the even terms a3, aq, @g, ... IS a Sequence 
that tends to infinity and hence is divergent. As will be seen shortly, this 
is sufficient to prove that (a,) is divergent. The sequence obtained by 
writing down the odd terms a@;, 43, as, ... is also a divergent sequence 
(which tends to minus infimty). In a similar vein, if the sequence (a,,) is 
given by a, = 1+ (—1)", the sequence obtained by writing down the even 
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terms ts 0, 0, 0, ... and the sequence obtained by writing down the odd 
terms is 2,2, 2, ... These both converge, but to different linnts; again, as 
will be seen, this suffices to prove that (a,) is divergent. Clearly it is of 
interest to consider sequences obtained by restricting the subscripts of the 
a, to be some increasing scquence of natural numbers. 


3.3.5 Definition 


The sequence (a,,) is a subsequence of the sequence (a,) if 
({n,) 1s a strictly increasing sequence of natural numbers. 


Certain properties of sequences arc inherited by their subsequences, 


as the following results shows. 


3.3.6 Result 


Suppose that (a@,,) is a subsequence of (a,): 


(i) ifa,> Lasn—>othena, > Lasr—> 
(i1) ifa, > cas n— © then Qn, > PAS roa 


Proof 


(i) Since a,-— L as n— ©, for each ¢ > 0 there exists an integer 
N such that 


n>WN-=ja,- Li <e 
Choose R such that np = N. Then 
r>R=>n,>ngp>N-=la,—-—L|<e 


In other words, a, — Las r— ©, 
(ti) is left as an exercise. O 


This resuit leads directly to two useful criteria for establishing the diverg- 
ence of certain sequences. These strategies validate the claims made earli- 
er concerning the (divergent) sequences (1 + (—1)”) and ((—1)””). 


Strategy I 


The sequence (a,,) is divergent if (a,) has two convergent subsequences 
with differcnt limits. 


3.3 
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Strategy 2 


The sequence (u,) is divergent if (a,) has a subsequence that tends to 
infinity or minus infinity. 


EXAMPLE 4 


Prove that 


[ire 2 
2n— I 


is a divergent sequence. 
Solution 
Let 


ree (-l)’n +1 
" On-1 


The subsequence (4@>;} is given by 


a — (“12k +1 2k+1 
ak 242k) -1 ©» «4K -1 


Since (2k + 1)/(4k — 1) 5 as kK &, the subsequence (a2,) con- 
verges to 5. The subsequence (a3,_)) i$ given by 


(—1)°** 1(2k-1)+1 -2k +2 
js = oe eee ae 


2(2k —t)-1 4k — 3 


Since (—2k + 2)/(4k — 3) > —3 as k—» @, the subsequence (a2) 
converges to —}. By strategy 1, (a,) is divergent. ie 


Exercises 3.3 


ie 


Use the rules 3.3.3 and 3.3.4 to prove that the following sequences 
tend to infinity: 


n Tx: nm 
@(7) wFSt) oor 
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2. Prove that if a, #0 for all » € N and a, > » as n—> & then (1/a,) 
is a null sequence. 


3. By looking for suitable subsequences, prove that the following 
sequences are divergent: 


(a) (2n + (-1)") (b) Clesg (c) (sin 427) 


4, Let (a,) be a sequence such that the subsequences (a2,) and 
(@2,-1) both converge to the same limit L. 
Prove that lim,_,.. a, = L. 


3.4 Monotone sequences 


In Sections 3.1 and 3.2 various techniques for finding the limit of a 
convergent sequence were given. In Section 3.3 techniques for showing 
that certain sequences are divergent were developed. But an arbitrary 
sequence (a,) may not yield to any of these methods, and hence whether 
Or not (a,) is convergent may be left unanswered. However, it is some- 
times possible to prove that a sequence is convergent, even though its 
limit is unknown. This situation arises for certain bounded sequences, as 
the first result in this section establishes. Some new terminology will be 
required first. 

An increasing sequence (@,,) is one mn which a, <a, 4, for all neN. 
Similary, a decreasing sequence (a,,) is one in which a, a@,4; for all 
neéWN. A sequence that is either increasing or decreasing is called a mono- 
tone sequence. Note that not all sequences are monotone. 


3.4.1 Principle of monotone sequences 


A bounded monotone sequence is convergent. 


Proof 


The result for a bounded monotone increasing sequence is proved, 
the proof being similar for a decreasing sequence. 

Let (a,,) be such that a; <a... and |a,|< M for all neN. 
Let My=sup{a,:neéeN}, the least upper bound of the set of 
numbers appearing in the sequence; fq exists by the completeness 
axiom for the real numbers (see 2.2.3). 

Given €>0, My—e cannot be an upper bound for {a,}. 
Hence there exists a value of N such that an > My—eé. Ifin>N 
then a, 2ay, and so a,>M,-—e. Furthermore, @,< Mp by 
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My 


| 


My—é 


ee toe 


Figure 3.4 


the definition of My, and hence, for »> WN, .a, — My; < €. This 
proves that a,-> My as n— =. O 


The proof is illustrated in Figure 3.4. 


SH EXAMPLE 1 


A sequence (a,) is defined by 
a? +2 


a,=1 and Ant1 =~ for 221 
Rn 


Prove that (a@,) converges to V2. 


Solution 


First of all, observe that 1f the sequence does converge it must do 
so to V2. To see this, suppose that a,— L as n—, where 
L+#0. Then a,4,;— L as n— = (why ts this so?). By the product, 
sum and reciprocal rules, 


aa+2 [242 
2a Te ie 


and so, by the uniqueness of limits, L = (L? + 2)/2L. Solving for 
E gives L = +2. 

As will be shown below, a, 2 V2 for all »>1, and so 
L= V/2, as claimed. 

To complete the argument, it is now necessary to prove that 
(a,,) is indeed a convergent sequence. Two facts will be established 


(i) a, = V2 for alln > 1 
(ii) a4, = a, forall nm > 1 


as ny 
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For (i), note that 


a, +2 _ 2V 2a, ~/2 


2a, 28; 


Gy, = V2= Gp41 > 


using the inequality x7 + y?==2xy (why docs this inequality 
hold?). Since a2 = § and (3)? = 2, (i) follows by induction on n. 
For (ii), consider 
ax +2 _ a2 -2 
24, 2Gp 


Qn ~ Ant, = Ay — 


Since 4, = V2 for all n>1, it follows immediately that 
Gy — n+, 20, and so (ii) is established. 

By virtue of (i) and (ii), (a,,) is, after the first term, a decreas- 
ing sequence bounded below. Ience, by the principle of monotone 
scquences, (a@,,) iS convergent. Since a, = V2 for all rn >1, the 
limit L of the sequence is non-zero, and hence the earlier argu- 
ment shows that a, — V2asn—> x, a 


EXAMPLE 2 


A sequence (a,,) is defined by a@;=1 and a,4,;= Va,+1 for 
n = 1. Show that 


lim a, = 4(1 + V/5) 


Solution 


First it is shown by induction on » that (a,) is an increasing se- 
quence. Since a; = 1 and a2 = V2, a, = az. Now 


Gye) — Ay = Vay +1 —- Va,-1 +1 


Qn — An-1 


— Va,+1+ Va, +1 


using the easily established fact that 


a 4 


VE ONTO Wy 


This expression for @,:;—a, has a positive denominator. If 


3.4 
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ad, 1% a, then a, * d_4;, and so, by induction, (a,,) is an increas- 
ing sequence, Now 


2 2 sate 
Qn — An4+1 = Ay — a, — 1 


und, since (a,,) is increasing, (a, — 3)? — 3 =< 0. This quickly leads 


to {a,) being bounded above by $(1 a5 /5). By the principle of 
monotone sequences, (4@,) is convergent. 

Let a, > L as n—- %, so that a,4,2 L as n— &. By the pro- 
duct rule, a2_,>L? as n>. But a74,=a,+1 5141 as 
n— x, and so, by the uniqueness of limits, L? = L + : The qua- 
dratic equation L*=L+1 has two roots, namely 3(1+ V5): 
Since a, = 1 for all »éN, the positive root is four Hence 


L=104+ V5). a 


EXAMPLE 3 


Show that the sequence ((1 + 1/n)") is convergent. 


Solution 


By the binomial expansion, 


rv ‘ . 2 
a, ~ (1+ 2) Ie nf} +) 
n n 2! n 


_ n(a~ I(r 2) (2) ea (2)" 
3! A 


II 


lH 

—_— 

+ 

— 

+ 
‘3 
re 

— 

| 
aj 
“eee” 

+ 
| a 
a 

= 

| 
alo 
“eee” 
Ta 

— 

| 
xi 
“ee” 


The analogous formula for 4,4; shows that, apart from the first 
two terms on the right-hand side of the expression for a,, the 
terms Increase in value, and an extra term appears. Hence 
A,~-| > 4, and so (a,) 18 increasing. Also 
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since 2” <(n +1)! for all we N (see Question S(c) of Exercises 
2.3). Therefore a, <1+2(1 -1/2")<3. Hence (a,,) is bounded, 
and so, by the principle of monotone sequences, (a,) is converg- 
ent. In fact, lim,... (1 + 1/n)”" =e (see after Example 5 in Section 
6.2). In elementary texts, e is defined to be the limit of the se- 
quence ((1 + I/n)”), but in practice it is more convenient to define 
e via the exponential function, a topic discussed in Section 4.3. 


The principle of monotone sequences is clearly a partial converse to 


the result that cvery convergent sequence is bounded (3.3.1}. The next 
result is also a partial converse to 3.3.1. 


3.4.2 Bolzano—Weierstrass theorem 


Any bounded sequence (a,,) of real numbers contains a con- 
vergent subsequence. 


Proof 


Let Sy ={a,:n> N}. If every Sy has a maximum element then 
define a subsequence of (a@,) as follows: 6; =a,, is the maximum 
of $1, b2 = a,, 1s the maximum of S,,, b3 = a, is the maximum of 
Sn, and so on. Therefore (b,) is a monotone decreasing sub- 
sequence of (a,). Since (a,) is bounded. so too is (b,). By 3.4.1, 
(b,,) is a convergent subsequence of (a,,). 

On the other hand, if, for some M, Sy does not have a maxi- 
mum element then for any a,, with m> M there exists an a, 
following a,, with a, > a,, (otherwise the largest of @ay4,, ..-, Gp, 
would be the maximum of Sy). Now let c; = @ay4, and let cz be 
the first term of (a,,) following c, for which c2 > c,. Now let c3z be 
the first term of (@,) following cz, for which c3 > c¢, and so on. 
Therefore (c,) is a monotone increasing subsequence of (a,). 
Since (c,) is bounded, 3.4.1 implies that (c,) is a convergent sub- 
sequence of (a,). a 


Bernhard Bolzano (1781-1848) was a priest living in Prague whose 
mathematical discoveries were largely ignored in his lifetime. They 
were ‘tediscovercd’ by subsequent mathematicians whose names ad- 
orn many of his results. The exception to this is the Bolzano-Weier- 
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strass theorem. This reflects the fact that it was Weierstrass who 
independently (and some 80 years later) constructed functions ori- 
ginally discovered by Bolzano — functions whose behaviour con- 
flicted with the Newtoman ideal that curves were generated by 
smooth and continuous motion, with only isolated abrupt changes. 
Bolzano found curves with no tangent at any point! His posthumous 
work, Paradoxes of the Infinite, appeared in 1850 and contained a 
version of the Bolzano—Weierstrass theorem later made famous to 
mathematicians by Weierstrass. 


Karl Weierstrass (1815-1897) was renowned as a great and influen- 
tial teacher. Originally he studicd law and finance and taught in 
elementary school until he was 40. Weierstrass then became an 
Instructor at the University of Berlin and obtained a ful} professor- 
ship in 1864. From then on, he devoted himself to advanced mathe- 
matics. His greatest contribution to mathematics was the founding 
of a theory of complex functions on power series, but it was his 
recognition of the need for the arithmetization of analysis that 
earned him the nickname of ‘the father of modern analysis’. Weier- 
strass’ preat gifts as a teacher allied with his careful attention to 
logical reasoning in the field of analysis established an ideal for 
future generations of mathematicians. His death tn 1897 was exactly 
100 years after the first published attempt (by Lagrange) at a rigor- 
ous calculus. 


An important consequence of the Bolzano-Weierstrass theorem is 
that it is now possible to formulate a definition of convergence for a 
sequence (a,) that does not explicitly involve the limit Z of that se- 
quence. First note that if a, — /. as #— © then for any given c > 0 there 
exists, by 3.1.1, a natural number N such that 


n>N-> la, —L|< the 
Suppose now that m, n> N; then 


(Gm ia L) + (L at ap) 
‘An — L, +iL—a, 


|2mn ~ a,| 


is 


<jetgere 


In other words, any two terms of the convergent sequence after an appro- 
priate a, differ by no more than the e originally specified. ‘This Cauchy 
condition can now be used to define the concept of a Cauchy sequence. 
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3.4.3 Definition 
A sequence (4,,) is a Cauchy sequence if and only if for every 
e>O there exists a natural number N such that 


What is surprising is that all Cauchy sequences are convergent, and hencc 
that the Cauchy condition gives a characterization of convergence that 
involves no reference to the limit in question. 


3.4.4 Theorem 


A sequence (a,,) is convergent if and only if (a,,) is a Cauchy 
sequence. 


Proof 
It has already been demonstrated that a convergent sequence is a 
Cauchy sequence. For the converse, suppose that (@,) is a Cauchy 
sequence. Then for ¢=1 there exists a natural number N such 
that 

m, n> N = |a, —a,'<1 
In particular, 

\@m ~ Aangil <1 forall m>N 
Therefore the set 

S = {a,,:m> N} 
is a bounded set. Since § contains all but a finite number of terms 
of (a,), the sequence (a,) is itself bounded. By the Bolzano- 
Weierstrass theorem (3.4.2), (a,) contains a convergent sub- 
sequence (a, ). Suppose that a, L as r+. Then, given ¢ >0, 
there exists a natural number N such that 


? | t 
n, > Ny => \a, — Lj < 45€ 


Since (@,,) is a Cauchy sequence, there exists a natural number N> 
such that 


n,m > N2=> lan, — a,! < fe 
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Now let \’ be the maximum of Ny and N’4. Then for n, 7, .>N 


\an ~ L| (2, a Qn,) + (ay, _ i.)| 


= |a, — aq: + la, — L| 


<fe+ge=€ 


In other words, (a,) converges to L, and so (4,) is 4 convergent 
sequence as required. a 


Augustin-Louis Cauchy (1789-1857) was a prolific French analyst 
whose contributions to rescarch include work on the convergence 
and divergence of infinite series. [le developed a theory of real and 
complex functions, and published papers on differential equations, 
determinants, probability theory and mathematical physics. In 1821 
he successfully developed an acceptable theory of limits, and de- 
fined convergence, continuity, differentiability and integrability in 
terms of this limit concept. Our present definitions of these same 
concepts are essentially those given by Cauchy. Cauchy wrote books 
at all levels and took great pnde im communicating his discoveries to 
others yn relatively clear terms. For instance, his definition of limit 
reads: 


When successive valucs attributed to a variable approach indefinitely a fixed 
value so as to end by differing from it by as little as one wishes, this last is 


called the limit of all the others. 


(A not dissimilar definition is also attributed to Bolzano.) 


Exercises 3.4 


1, Determine which of the following sequcnccs arc monotone: 
fat § 
b sR 
@ (22>) coli *) 
(c)(a+(-1)") (dd) (2n + (-1)") 
2. Let 


1 l 
Ge lh sg Pace > foreach men 
2 3 nn 
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(a) Show that (4,,) is increasing. 
(b) Prove by induction on 7 that a, <2—-1/n forn = 1. 
(c) Deducce that (a,,) is convergent. 


(The limit is 37°, but this is harder to establish.) 


3. By considering the product of the first 1 terms of the sequence 
((1 + 1/n)”), prove that 


(2 +) 
ni> 
e 


Problems 3 
1. Use the definition of a convergent sequence (3.1.1) to prove the 
following. 
2n +5 
(a) — —>»2 as nwo 
3n?> +4 
(b) —S—— 33 as nom 
mn“ +1 
2. The sequence (a,,) satisfies a, > 0 and 4,4, < ka, for all 1, where 


0<A< 1. Prove that (a,) is a null sequence. 


a. Evaluate, where possible, lim,_.. @, for 


2 
Apa te ee (b)a, = Vn24+n-Vn?-1 


1— am -— 3n* 


1 n-3\" 
=(-1)" +— d = ——— 
(c) a, = (—1)" + — (d) a, ( z= 
Sni+5 
(©) an = 200 4 nt 
4. Which of the following statements are true and which are false? 


Justify your assertions. 


(a) If lim, ,» @, = © and lim, ,. 6, = 1 > 0 then 
lim,» (a,6,) =e 

(b) If lim, .. @, = * and Jim,_,» b, =~ © then 
lim, 5« (4, + b,) = 0. 
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(c) If him,_.. 4, = © and lim, ,. b, = —%* then 
lim, 00 (a,5,) a oe 
(d) If (a,) and (b,) are divergent then (a,,b,,) is also divergent. 


Find unbounded sequences (a,,) and (5,) that do not diverge to 
+o such that 


(a) (a, + b,) is convergent. 
(b) (a, + b,) is bounded but divergent. 
(c) (a, + 6,) is neither convergent, nor divergent to +, 


For each of the following sequences, decide whether it is 


(i) bounded (above or below), 

(ii) (eventually) positive or negative, 

(iit) (eventually) increasing, decreasing or neither, 
(iv) convergent, divergent or divergent to +2. 


4 


2) ( * (b) (22 — [10 ~ n]) 


n= +1 


(c)(n+(-1)"n’) — @d) {cy + | 


IT 
(-1)" 
1 a 
(c) | : 
Suppose that (a,) is an increasing sequence and let (a, ) denote a 


subsequence of (a,,). Prove that 


(a) if (4,,)—> l.asr—~ then (a@,)> Las n>, 
(b) if (@p,)— ao as r— x then (a,) 7 « as n— x. 


(/Tint: results 3.3.6 and 3.4.1 are useful.) 
A sequence (a,,) is defined by 
aj)=a@ and ay4,=4(1+a,) forn>1 


(a) When a < }, show that (a,) is increasing and bounded above 
by 1. 

(b) When a > 4, show that (a,,) is decreasing and bounded below 
by 0. 


What happens in the case a = 4? 
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9. 


10. 


A sequence (6,,) is defined by 

by =0 and D+) = $(1 = b,) for n = 
Calculate the first six terms of (6,,), and then, by considering the 
subsequences (&2,) and (b2,-1), discuss the convergence of (b,). 


(Hint: Problem 8 above is useful.) 


A sequence (a,) satisfies |@,,;—-a,/ a" for all n 21, where 
0< aw< 1. Show that for m > n 


Om - a,,| <= a" {A al aw) 


(flint: Problem 10(c) of Chapter 2 is useful.) Deduce that (@,) is a 
convergent (Cauchy) sequence. 


CHAPTER FOUR 


Series 


4.1 Infinite series 
4.2 Series tests 
4.3. Power series 


Absurdities ansing from the indiscriminate use of infinite series were 
among the catalysts for attempts to introduce rigour into analysis. 
However, as pointed out in the Prologue, paradoxes of the infinite had 
been in existence since the time of Ancient Greece. For instance, the 
Greek philosopher Zeno claimed that it was impossible to travel any 
distance, since to do so required one to first travel half the distance, then 
half the remaining distance, and so on. Since some distance always re- 
mained, one could not complete the journey. The essence of this paradox 
was the feeling that it was unpossible to ‘add up’ an infinite number of 
positive quantities and obtain a finite answer. However, the distance from 
0 to 1 can be split up into an infinite sequence of distances 5, §, 3, --. as 
shown in Figure 4.1, and, as will be shown in Example 1 of Section 4.1, 


1 1 1 —_ 
aT Cale Gee ee 


Nevertheless, the temptation to treat these ‘infinite sums’ as if they 
were exceedingly long finite sums has to he resisted. For, suppose that it 
were possible to add up the numbers 2, 4, 8, 16. ... and that the resulting 


<- -——} a hh eh 


0 $ ne ee 
Figure 4.1 
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sum was S. Then 
2+44+8+4+16+...=S8 

Multiplying throughout by 4 gives 
14+2+4+8+...=38 


Therefore 1+ §=45, leading to the nonsensical result that § = —2. 

To avoid such absurdities, a careful definition of the sum of (converg- 
ent) infinite scrics is required. ‘This is given in Section 4.1, where some 
elementary properties of convergent series are also cstablished. In Sec- 
tion 4.2 several tests are developed for testing whether or not a given 
series is convergent. The important concept of absolute convergence is 
discussed; in crude terms, absolutely convergent series can be manipu- 
lated much like finite sums without any absurdities arising. The section 
finishes with a suggested strategy for testing an arbitrary series for con- 
vergence. In Section 4,3 infinite scrics consisting of ascending powers of a 
real number x are dealt with. Such series are used to give rigorous detini- 
tions of elementary functions such as the exponential and trigonometric 
functions. 


4.1 Infinite series 


If a sequence (a,) is given, the finite sum s, =(@, t+a.+...+ 4,) for 
each nm EN can be formed. If (s,) converges to some limit s then s can 
justifiably be called the sum of the infinite series 


ce 


> a,=a, tart... 


r= | 


To be precise, the series >) -.., a, is a convergent series, with sum s, if and 
only if the sequence (s,) of nth partial sums converges to s. If (s,,) is a 
divergent sequence then, irrespective of its precise behaviour, >) 7-) a, is 
called a divergent series. Rather regrettably, >\°_14, is still used to de- 
note a divergent series, even though it does not possess a sum. 


BB EXAMPLE 1 


Show that} + 4+ 3+... hassum 1. 


Solution 
The nth partial sum of >) 7_;(4)' is 


Sp=at it... + (5) 
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Multiplying by 2 gives 
2s,=1+ 5+ 5Gt+...+)"? 
Subtracting these two expressions gives s, = 1—(4)". Since 5,1 
as n— x, it can be deduced that >) 7, (5)’ converges and has sum 
l. ee 
EXAMPLE 2 


Show that] +2+3+... is a divergent series. 


Solution 


The nth partial sum is s,=1+2+...+n=4n(n +1), Since (s,) 
is a divergent sequence, >)? _, r is a divergent series. 


EXAMPLE 3 
Show that 

- 1 

Dera 

r=] 7 2 oe a 
Solution 
Since 

1 1 1 l 


the nth partial sum of ¥)°,1/(r? + r) can be written as 


eon 


Now 5,— 1 aS m— ©, as required. a 


Example 1 is a special case of an important class of infinite series, 
namely the geometric series >) ax”, where x is a real number. Note 
that the summation here begins at ry =0 and not at r =}. For this series 
the sum of the first ” terms ts 


s, = atarcraxret+...tarx 


n—| 
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SO XS, = ax tax? +...+ ax", and, by subtraction, 


_ yn 
ee: 


If |x| <1, (x) is a basic null sequence (3.2.2), and hence 


Q 

Ss, Sas n> 

If x >1, (x") tends to infinity by application of the reciprocal rule 
(3.3.4) to the null sequence (1/x”). 

If x <—1, (x") contains the subsequence (x?"), which tends to infin- 
ity, and therefore, by Strategy 2 of Section 3.3, (x”) diverges. 

Hence (s,) diverges for |x| > 1. 

If x = —1, the subsequences (s,) and (s2,-,) converge to different 
limits, and so (s,) is divergent by Strategy | of Scction 3.3. 

Ifx=t,s,=na>7-r~asn>e., 

Thus (s,) converges if and only if |x|<1. This gives the following 
result. 


4.1.1 Result 


The geometric series 


x” 


Saxv=a+axtax*+... (a #0) 
r=0 


converges if and only if |xj <1. 
Moreover, its sum is then a/(1 — x). 


Since the sum of a convergent scrics is defined to be the limit of the 
sequence of mth partial sums of the series in question, the results of 
Section 3.1 can be used to establish theorems concerning series. 

The first result provides a useful test for the divergence of series. 


4.1.2. The vanishing condition 


If >), a, is convergent then (a,,) is a null sequence. 


Proof 
Suppose that (s,) converges to some limit s. Hence (s,_;) also 
converges to s. But @, = 5S, — Sy-1, and SO a, 20 as n> &, Oo 


The contrapositive statement corresponding to 4.1.2 is of most use in 
applications; namcly, if (@,) is not a null sequence, then S714, is diver- 
gent. 
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Mm EXAMPLE 4 


Consider 402) rr +1). Now a,=n/(n +1) and a,2140 as 
n— oo, By the vanishing condition, >, r/(r + 1) is a divergent 
series. 


[t is important to note that the converse of the vanishing condition is 


false! In other words, there are divergent series whose terms nevertheless 
tend to zero. 


MM EXAMPLE 5 


: ; Ace, tee =. . 
Consider STC Wr - Vr 1). The vth partial sum may be 
written as 


s, — (W1- V0) + (V2 - Vib... 
~(Vn-Va-1)=Va 


Clearly (s,,) is a divergent sequence, and so 
DV ir -V r=) 
y~1 


is a divergent scrics. However, 


ae ce 
(Vn -Vn-1)(Vnt+Vn-1) 
lM ah Hd 


1 
'Veiwasr - 
rt \/ 


By considering the nth partial sums of the appropriate serics and the 
sum and scular product rules for sequences (3.1.2), the following elemen- 
tary results can easily be proved. 


4.1.3 Sum rule 


If DS vu,@, and 7h, are convergent serics then 
> >_1 (a, ~ 6,) is also convergent and 


Ds (ar + b,) = da + 2, 
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4.1.4 Scalar product rule 


If SF, a, is convergent then > 7_, ka, is convergent for any 
k €lR and 


zx 
f 

ka, =k >a, 
r—l 


Ms 


r=1 


In the next section, rules will be established that can be used to test 
whether or not a given series converges. The last of these results, the 
integral test (see 4.2.5), will be used to prove the following. 


4.1.5 Result 


The p-series >'7_,1/r’ converges if p>1 and diverges if 
pl. 


The p-series, together with the geometric series, gives a fund of known 
convergent and divergent series. The next two examples examine the 
p-series with p = 1 and p =2. 

MM EXAMPLE 6 


The barmonic series >\ ;_, 1/r diverges. 


Solution 
If N = 2” then the Nth partial sum of 5) *11/r can be written as 


s Sis. ces ey ea a 
BD NA Bye NGG Rye 
of *) 
gn-l a | Qn 
See es | eee 
2 4 4 8 8 8 , 
Get tae] 
—+.. 
Pe Pig 
=1tsn 


Hence (s,;) is a divergent subsequence of (s,), and so (s,,) is itself 
divergent by Strategy 2 of Section 3.3. 
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M@ EXAMPLE 7 
The series >) 7; 1/r? converges. 


Solution 


if N =2” then the Nth partial sum of 5\?_, 1/r? can be written as 


werede(bede(betetid)s 
- 22 \32 42} (52 62 72 ty 


+( ane tet asd 
(2" ie ee, Qt) 


< 3 


i ee + 
— 9) 4 eee an-l 


Since 5 7_, 1/r? is a positive-term series, the sequence (s,) of par- 
tial sums is an increasing sequence. Hence s, < sy <3. Therefore 
(s,) 1S an increasing sequence that is bounded above. By 3.4.1, (s,,) 
converges. In other words, > 7.1 1/r? converges. An alternative 


method of proof is given in Question 2 of Exercises 3.4. a 


As can be seen from the previous two examples, it is in general not 
possible to find a simple formula for the nth partial sums of a given 
series. Also, although having successfully determined the behaviour of 
yr U/r?, the actual sum cannot be determined. For the interested 
reader, the sum of >)7_,1/r? is im*, but the proof of this fact is beyond 
the scope of this book. The reader will have to be content with tests that 
establish that certain series converge but do not determine what the sum 
in question 1s. 


Exercises 4.1 


iF Show that 


1 1 
eg for re 
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Hence determine the nth partial sum of >) ?_1 r/(r + 1)! and show 
that 


24h! 


Use the vanishing condition (4.1.2) to show that cach of the fol- 
lowing scrics is divergent: 


@ Daz) Bir- Vier) 


1 


Prove the sum and scalar product rules for series (see 4.1.3 and 
4.1.4). 


Suppose that >)?.,a, is convergent and >)7_,b, is divergent. 
Prove that >\*_; (a, + b,) is divergent. 


4.2 Series tests 


In this section tests are established that can be used to investigate whether 
Or not a given Series is convergent. 


4.2.1 First comparison test 


IfO<a, <5, for all n e N then 


ceo] % 


(a) > b, convergent > >. a, convergent 
r=] r=1 


(b) > a, divergent > > b, divergent 
y= r=1 


Proof 


(a) Let s, = >)7_,a, and t, = >)", b,. From the given conditions 
O<s, <1, for all neN. If 57, b, converges then 4, as 
n— ©, and, since (f,) is an increasing sequence, f¢, = ¢ for all 
neN. Therefore s,<¢ for all neN, and hence (s,) is a 
bounded monotone sequence. By 3.4.1, (5,) converges, and 
hence >\ >. a, converges. 

(b) This is just the contrapositive of part (a). C 
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BRM EXAMPLE 1 


The series 


mam 


y 1 + cosr 
ee id +2r° 


is convergent. 


Solution 
Let 


t+ cos# 
| i ar raceERS 
3” +2n? 


Then au, 20 since cosm2—1. Also, a, =2/(3"+2n7), since 
cos n= 1. Therefore, since 3” > 0, 


Let 6, = L/n?. Then ee b, converges. being the p-series with 
p = 3. Hence, by 4.2.1, 5° ¥_, a, also converges. 


Note 

At this point, yet another proof can be provided that phen i 1/r* 
converges (sce Example 7 of Section 4.1). The first step is to 
establish that 


l 
0<—> for all ne N 


IA 


n(n +1) 
Then, by Example 3 of Section 4.1 and 4.1.4, >)%,2/r(r +1) 
converges. Hence, by 4.2.1, 7, 1/r? also converges. Incident- 


ally, 4.2.1 now allows the deduction that >) 7_,1/r’ converges for 
p 22. ee 


4.2.2. Second comparison test 
Let 97,4, and >), b, be positive-term series such that 


lim (a,/b,) = L #0 
Ne 


Then >) ;_, a4, converges if and only if >) 7_, b, converges. 
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Proof 


Suppose that >'°, 6, is convergent and let s, and ¢, be as in the 
proof of 4.2.1. Since lim,» (@,/b,) = L, for €=1 there is an N 
such that 


ay 
Ll <1 forall 7 > N 
Hence 

Qn | an 

b, by, 
| a, | | @a ; 
See be LS | a 2 tL 1 ee 
; by | Dy 
=k for n>wN 


Now consider the positive-term series 4'F,a, and 7, 8,, 
where @,=@,,y and f8,=kb,,,~. Hence 0<a, <8, for all 
neéeN. Since >)%,6, converges, so too docs }F_ 4415, (why?), 
and hence > 7_, 8, converges by the scalar product rule for series 
(4.1.4). By 4.2.1, 5°71 a, converges, and, since the addition of a 
finite number of terms to a convergent series produces another 
convergent serics, >) 7_1 a, converges. This proves that >)? | d, is 
convergent implies that >'?_, a, is convergent. The converse of this 
statement can be proved by reversing the roles of a, and 6, in the 


above argument and observing that D,/a, — 1/L asn—>&., O 
EXAMPLE 2 
The series 

2 2r 

r=-1 r° .. Sr + 8 

is divergent. 
Solution 
Let 


2n 


a, = ———————_ 
‘i n> —5n+8 


and b,, 


\\ 
ale 
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Then 


ap on? 


— 


b,, n> —5n+8 


Now a,/b, > 2 #0 as n— ©, and so >) >_, 4, diverges by compari- 
son with the divergent harmonic series. 


4.2.3 D’Alembert’s ratio test 


Let >) *_, a, be a series of positive terms and for each n € N let 
On = Qn41/4,- Suppose that (wv,) converges to some limit L. If 
L>1 then >?_,a, diverges; if L <1 then 5\°_, 4, converges; 
and if L = 1 the test gives no information. 

Proof 


Suppose that L<1 and Ict e=4(1-L). Now e>0 and 
L~+e=k< 1. Since lim,_,. a, = L, there is a value of N such 
that a, =|a,-L+L\)<e+L=k<1 for all »>N. Therefore 
G,n+, = ka, for alln > N. Let 8B, =a,,~. Then - 


Bia. kB, forall »neN 
and so (by induction on 71) 
Br-1 <= k"B, forall neN 


Now >)7..9k’f, is a convergent geometric series since k<1. By 
4.2.1, >\%., 8, converges, and hence §)?14, also converges. 
Suppose now that £ >1 and let e= L —1. Now e>0 and, since 
lim, @, = £, there 1s a value of N such that 


a,>L—-—e=l forallar>N 
Hence 

Qn4, 24, ftoral n>N 
and so 

a,>an forall 2» >WN 


Since ay #0, (a@,) is not null. By the vanishing condition (4.1.2), 
> =1 4, diverges. rt 


Jean-le-Rond d’Alembert (1717-1783) was one of the Icading 
French mathematicians of the mid eighteenth century. The son of 
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the aristocratic sister of a cardinal, d’Alembert was abandoned near 
the church of Saint Jean-le-Rond when a newly-born infant. He is 
renowned for his contributions to kinetics and his work on the solu- 
tion of partial differential equations. He showed interest in the 
foundations of analysis, and was responsible, in 1754, for suggesting 
that analysis needed to be placed on firm foundations by the devel- 
opment of a sound theory of limits. Litthe heed was paid to this 
Suggestion during his lifetime. However, in 1797 Lagrange (who 
ranked with Euler as an outstanding eighteenth-century mathemati- 
cian) attempted to provide a rigorous foundation for analysis, and in 
1821 Augustin-Louis Cauchy successfully executed d’Alembert’s 
suggestion, 


EXAMPLE 3 
Determine those values of x for which >)7_, r(4x7)" is convergent. 


Solution 


Here a,, = n(4x7)", and so for x #0 


+ 2 n~-] 
a, = acidic Ge 3 da es ax(1 + | 
n(4x-)” n 


Now a,24x7=L as n>, By 4.2.3, S71, a, diverges if 
4x? >1 (in other words, |x| > 4), 514, converges if |x| <4, and 
no information is gained if |x!=3}. If jx]= 5 then '?.14,= 
> 7217, a divergent series. The scries clearly converges for x = 0. 
and therefore >) >_, r(4x*)” converges if and only if |x} < 5. i) 


4.2.4 Altenating series test 


The alternating series 
> (-1)"""b, 
r=l 


where 6, > 0, converges if (5,) is a monotone decreasing se- 
quence with limit zero. 


Proof 
Let 


sy = 2 (-1) b, 


4.2 


SERIES TESTS 113 


Then 
Sam = 5, — (bz ~ 3) —... — (Bam-2 ~ bam—1) — bam = by 
Hence (s2,) is bounded above. Since 4a, = 


(b, — bo) + (63 — 64) +...+ Can 1 — b2,) and (b,) is decreas- 
ing, (S2m) iS increasing. By 3.4.1, 52,78 as n>, Similarly, 
(So41) 18 4 decreasing sequence that is bounded helow (by 
b, — 62), and so $3,,4; > f as n— &, Now 

t— s = lim (S241 — S2m) 


mw 


= lim bays) = 0 


0 te ce 


so t=s5. Then, arguing as in the solution to Question 4 of Exer- 
cises 3.3, (s,) is convergent with limit s. Hence 5), (—1)'7!b, is 
convergent. ry 


EXAMPLE 4 


F21(-1)' 1 is convergent since (1/7) is a decreasing sequence 
with limit zero. 


4.2.5 Integral test 


Let f: R* ~Kk™ be a decreasing function and let a, = f(n) for 
each ncN. Let f, — [Tf(x) dx. Then the series } 7,4, con- 
verges if and only if (j,,) converges. 


The proof of 4.2.5 is given in Section 7.1. 


BM EXAMPLE 5 


Establish the previously stated fact that the p-scries >) 7_,1/r” 
converges if and only if p > 1. 


Solution 

Consider the function f,:IR' +R* given by f,(x) = 1/x?. When 
p o> 0, this is a decreasing function of x, and a, = f,(n) =1/n? is 
the nth term of the p-series >) °_, 1/r”. For p #1, 


"4 poe oe 1 , 
_—— —. | — ae 
In = |, - dx j= | ear 1) 
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So, for p>1, j, 2 1/(p —1) as n-»&, and, for p<1, (j,) is 
divergent. For p = 1 


n 
1 
n= i e dx = [log. x] = log. 


and so (j,) again diverges. 
When p <0, 5/7; 1/r? diverges by the vanishing condition. 
The series 1— 5 +4-—44+... is convergent by virtue of Example 4. 
Denote the sum of this series by s. Consider the following plausible 
manipulations: 


s=1—5+ 
=j- 


Kai pj 
| 
Sy— bi— 
+ 


jm Cafes 
+ 


_— 


where precisely the same terms are used, but each positive term is fol- 
lowed by two negative ones. Hence 


s=(1-)-240-D-4+0-d)- bts. 


where the terms have been bracketed. Thus 


§ 5 —_— + oo —_—_= — + it — 13 4 SlAree 
4(1 2 3 4 5 b i .) 
— 1 
i) 


Hence s = 0. However, rcbracketing the terms gives 


s=(1-#)+0¢-+6G-$)+... 
a | I 1 
=s t+tpt3at...- 


and so the (2n)th partial sums of >)7_,(—1)’"!/r form an increasing 
sequence and so s = 3 (the second partial sum). This paradoxical result 
arises because it has been taken for granted that operations that are valid 
for finite sums also work for infinite sums. In particular, the first step 
above rcarranges the terms of the original series. A rearrangement of a 
given series is another series containing precisely the same terms as the 
original series, but in a different order. There is no reason to expect that 
the rearranged scries has the same sum as the original series, nor even 
that the rearranged series is convergent! Luckily, as will be seen, a large 
class of series can be rearranged without affecting their sum. 

A series >|) a, is called absolutely convergent if the associated scries 

r=] /@,| is convergent. 


4.2 SERIES TESTS 
4.2.6 Theorem 

> 1a, absolutely convergent = >)", a, convergent 

Proof 

Let 


—a,, if a, =0 


+ ay if a, =0 - _ 
and an = 19” if a, 20 


on = V9 if a, <0 


By definition, a, 20 and a, =0 for all neN. 


Hts 


Also |a,| =a; +a,. If >)?.;\a,| converges then, by 4.2.1, both 


~) + S $ = 
21 @; and >),.;a@;, converge. But a, =a} ~—a_, andso >,™,a, 


converges by 4.1.3 and 4.1.4. 


= 


A series >) 7-14, for which >) ?_1 a, converges but >, *_, |a,| diverges is 
calicd a conditionally convergent series. By virtue of the proof of 4.2.6, at 
least one, and in fact both, of })7_,a7 and >)*_,a;, must diverge. The 
paradox concerning the conditionally convergent series 5\7_,(-1)'"!/r 


that was seen earlier can now be cxplained by the next result. 


4.2.7 Theorem 


If > 7.14, is conditionally convergent (with sum s) and s’eR 
then the series can be rearranged to converge to s’. 


Proof 


Since )'?.,a, is conditionally convergent, both of the scrics 
> 7-14; and >)7 14; are divergent, and both consist of positive 
terms only. Hence the partial sums of ya a; increase without 
bound, and so for any real number s’ there exists a positive integer 
n, such that 


T,=ajpt+azt+...+aj>s' 


Moreover, if , 1s chosen to be the /east positive integer with this 
property then aj t+az+...+a;-,<s', and so T;-a;, <s’. 
Therefore 0< 7, —s’<a,,, and so |T, —s‘|<a@;. Since the par- 
tial sums of 5), a7 also increase without bound, there exists a 
positive integer m2 such that 


T,=T,-—(a, +a; +...+47) 
=(af tayt+...+a,)—-(aj tay t+...+a;) 


116 SERIES 


If nz is chosen to be the feast positive integer with this property 
then T7,+a,,25'. Therefore 0<5— 7T,<a,,, and so |T,-s'!< 
a,,. Now choose 7; to be the least positive integer such that 


_ + , + + 
73 = T> + (Gn, +1 — Qn,+2 +...¢ An,) 


=(ajtaz+...+a,)—-(aj tayt+...+a;,) 


+ 4 
+ (Qnapt@nsgt... + an) 
> s’ 


This choice of 3 guarantees that |73—s'|<a7.. 

This process of adding on sufficiently many positive terms from 
the original series to once again produce a total exceeding s’, 
followed by the addition of sufficiently many negative terms to 
take the accumulated total below s’ again, can be continued. The 
end result is a rearrangement of >); 4, in which the particular 
partial sums 71, T2, T3, ... are alternately greater than and then 
less than s’, and in which |7, —s’| is less than or equal to some 
term of >)°_,|a,|. By construction, any partial sum S,, of this re- 
arranged series lies between 7,, and 7,,,, for a suitable integer m 
(or equals one of T,, or T,,,1). If m is even then T,, = S, = T,, +1, 
and if m is odd then the inequalities are reversed. In cither case, 
arguing as in the proof of the sandwich rule for sequences (3.1.3), 
|S, —5'| is less than or equal to the maximum of |T,, —s’| and 
17.41 —5'|. Hence the partial sums S,, S2, $3, ... of the: re- 
arranged serics are such that |S, —5‘| is less than or equal to some 
term of > 72, |@,|. But >>>, |a,| is a convergent series, and so, by 
the vanishing condition (4.1.2), |a,, +0 as n-+«. Therefore 
|S, —s’| 0 as n—>%, and so the partial sums of the rearranged 
series converge to s’. 

In other words, >) 7_, a, can be rearranged to produce a series 
converging to any real number s’. O 


In complete contrast, rearrangement of an absolutely convergent 
series produces an absolutely convergent series whose sum is the same as 
the sum of the original series. 


4.2.8 The rearrangement rule 


If >) 7-14, is absolutely convergent and >)°_, b, is any rear- 
rangement of >)?_,a4, then >F., b, is absolutely convergent 
and 


ie) 


»5,= >a, 
r=] 


r= 


4.2 
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Proof 
Assume that a, = 0 for all 7 € ‘v. Choose such that ,, 49,..., 
b, occur among a), 42, ..., dy. Hence 
it M x» 
> b, = > a, = BS ay 
r—1 r=l r=] 


Therefore the nth partial sums of >) °_, b, are bounded above, and 
so > ;-, b, converges. In addition, 


Db, < La 


and, by reversing the roles of a, and 6, in the above argument, 
da, = >) b, 
r=] a | 


Hence the two sertes have the same sum. Now the condition that 
a, = 0 can be relaxcd and a7 and a, can be defined as in the proof 
of 4.2.6. Similarly define bj and b,. Now 3)°_, 07 is a rearrange- 
ment of }}?_,a,, and both series have non-negative terms. So, by 
the first part of the proof, >) 7. ,6,; converges. Similarly, ¥)7_, 67 
converges, and hence 


¥ |= Sor+ Loy 


tl 


converges. In other words, be , 6, is absolutely convergent. Fin- 
ally, 


™ to 2) x 
20 SS.) D, 
ro] r=] ry- 1 
ox x 
= Da; — Da; 
r--[ r=] 


= ») a; L.| 


r= 


The final result in this section is further confirmation that absolutely 


convergent series behave like finite sums. 
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4.2.9 Cauchy product of series 


If >) >, a, and >)? b, are absolutely convergent series and 
Cy = a,b, + aDy-1 +... + a,01 


then >)?_, c, is absolutely convergent and 
Ber= (Zal(B) 


Proof 


Suppose first that >; %_, a, and > _, b, are positive-term series and 
consider the array 


a,b 4105 a,b; 
ab; arb» 4763 
43D, 30233 


If w, is the sum of the terms in the array that lie in the 2 xn 
square with a,b, at one comer then w, = S,t,, where s, and ¢, are 
the nth partial sums of >) 7_, a, and >) 7... b, respectively. Hence 


Wi, > [S a(S 6, as n—> © 


r=] 


Now >); 1c, is the sum of the terms in the array summed ‘by 
diagonals and so if u,, is the mth partial sum of >> 7_, c, then 


W1n/2] SU, S Wy 


where [x] denotes the largest integer not exceeding x (see Exam- 
ple 11 of Section 5.1). By the sandwich rule for sequences (3.1.3), 


1 [See] # 


r=1 


as required. 

For the general case the above argument can be applicd to 
> 721 @,| and S)%.,|b,! to deduce that > ?_1c, is absolutely con- 
vergent. Since >\7-,a, and >*., 6, are linear combinations of 

r-18py yp 214,, and >) --15;, >.7-1 6; respectively, it is read- 
ily established that 
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Xe (Zal2) 


4 


by 4.1.3 and 4.1.4. C) 


The exercises for this section provide practice in applying a specified 
test to a given series. However, when faced with a series, the choice of 
which test to try may not be immediately obvious. In such cases the 
procedure illustrated in Figure 4.2 is a useful guide as to what strategy to 
adopt. 


x 
Is Da, convergent? 


ae a, is 
divergent by 
the vanishing 
condition (4.1.2) 


bee Ay IS 
(absolutely) 
convergent 
(4.2.6) 


Is a 1 [a,,| 
convergent? 


Try using 
@ gcometric serics (4.1.1) 
@ p-series (4.1.5) 
' @ first and second 
comparison tests (4.2.1/2) 
@ ratio test (4.2.3) 
® intcgral test (4.2.5) 


Does the 
alternating 
series test 


apply? 


Diya a, iS 
canvergent 
(4.2.4) 


Examine the 


ath partial 
sums 


Figure 4.2 
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Exercises 4.2 


1. 


Use the first comparison test (4.2.1) to show that 


a 4 
(a} Dy rae is convergent (b) 2 oer 


Use the second comparison test (4.2.2) to show that | 


is divergent 


diverges. 


Decide which of the following are convergent using the ratio test 
(4.2.3): 

3 ~ r 

1 


@>—= OY. OD 


m5 ~ 
a1 3° p= r=} 2° +1 


Show that each of the following series converges: 


a ~ COS rT 
Qa ers a oD 
r=1 TF r 


and say whether they are absolutely convergent. 


Find the derivative of log, (log, x), and hence use the integral test 
(4.2.5) to show that the following series is divergent. 


ce oc x 
Prove that if >,a7 and ia, are convergent, then > a, is 

r=] r=] r-l 
absolutely convergent 


4.3 Power series 


A series of the form 


>) b,x” = by + Dix + box? +... 
r=0 


where x € R, is called a power series in x. The interest in powcr series is 
twofold. They arise naturally in differential calculus, where, under suit- 
able conditions, 4 function f can be written as 
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f(x) = f(0) + f'(O)x + i ae ee 
This particular power scrics is called the Maclaurin serics for f and is 
discussed fully m Section 6.3. Power scrics are also used to give rigorous 
definitions of the clementary functions. This ts discussed at the end of this 
section. 

Since a power scrics gives a particular series for each real value of x, 
its convergence will depend on x. Clearly any power series converges 
when x = 0). 


4.3.1 Theorem 


The set of values of x for which the power serics > 7-9 b,x" 
converges is an interval with midpoint zero. 


Proof 


There are three mutually exclusive possibilities: 


(i) > 79 b,x" converges only for x = 0; 
(ii) SP b,x" converges for all real x; 


(iii) >) y_o b,x" converges for some x70 and diverges for some 
x FQ. 


The result follows immediately in cases (1) and (11). Now consider 
case (iii) and suppose that >) 7.9 6,x’ converges for x = x,. By the 
vanishing condition (4.1.2), 6,x; 6 as n2. Hence (b,x7) is 
bounded, and so there is some number M for which 


ib,x<i|s M forall ne N 


If x satisfies |x2| <|x,| then 


Now 
\b,x3| = |b, xf] 0" = M1" 


But >) >_oMrt' is a convergent geometric serics (4.1.1), and so, by 
the first ou test (4.2.1), > io [b,x2'| Is convergent. 
Hence >) +9 b,x." is absolutely convergent and hence convergent. 
Therefore 5)? 9b,x’ converges for ;x|<|x,|. Let S={c:c>0 
and >)7_96,x’ converges for |x|<c}. Since [x,|/eS, S is non- 
empty. Also, since there exists a y #0 such that S'*yb,y’ is 
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divergent, d ¢ S for all ¢ > |y| by the first comparison test (4.2.1). 
Therefore S is bounded above. Let k =supS. Then k =|x,|>0. 
Now suppose |x| <k, so that, by the definition of k, there is an 
le S with ix|</<& and such that >)796,x" is convergent. 
Hence & € S. In other words, >) 7 _95,x’ converges for |x| < k. If it 
were possible for >)» 6,y” to converge for |y| > & then, as previ- 
ously demonstrated, >) 7-96,x” would converge for |x| <|y], and 
so [yi é S, which would contradict the fact that k = sup S. There- 
fore >) 79 6,x" diverges for |x| > k. This establishes the theorem.O 


The set of real numbers x for which > ¥_q b,x’ converges is called the 
interval of convergence, which (excluding the cases where the given series 
converges only for x =0, or converges for all x) is one of the intervals 
[—R, R], (-R, R], [—R, R) or (—R, R), where R is called the radius of 
convergence. If the power serics converges only for x = 0, the interval of 
convergence is {0} and the radius of convergence is taken to be R = 0; if 
the power series converges for all real values of x, the interval of converg- 
ence is R and the radius of convergence is, by convention, R = 0. Now 
the proof of 4.3.1 shows that a power series 1s absolutely convergent for 
|x| < R. It could be absolutely convergent at x = +R, but may be condi- 
tionally convergent, or even divergent, at one or both of the endpoints of 
the interval of convergence. 


SB EXAMPLE 1 
The power serics >) 71 x’/r has interval of convergence [—1, 1). 


Solution 
Apply the ratio test to 


fe .4) 
2 
r=] 


Since a, = |x|"/n, 


xt os Ix’, 
‘ligt : tor x #Q 


Gynt xl) on 


OE =. 
——— a 


Now a,—|x| as n>. By 4.2.3, the power series converges 
(absolutely) for |x! <1 and diverges for |x| > 1. Hence its radius of 
convergence is R=1. To determine the interval of convergence, 
examine the behaviour of the series at the points x = +1 (where 
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the ratio test gives no-information). At x=1] the Series is 
eo i/r, the divergent harmonic series. At x = —1 the series is 

-=1(—1)"/r, a convergent alternating series. Hence the required 
interval of convergence is [—1, 1). hes 


4.3.2 Arithmetic of power series 


Let 7 _pa,x" and >\f.9b,x" be power series with radii of 
convergence R, and RA» respectively, where 0< R, <= Ry. Then 


the 

sum S (a, + b,x" 
r—0 

scalar product > (ka,)x" 
7=0 

and 


0 t 
Cauchy product SD cpx? (ih g=> abn 
r=0 


r=0 


all have radius of convergence at least R4. 
Moreover, if >)? 9a,x" has sum f(x) and >) ?_yb,x" has 
sum g(x) then 


2 (4, + b,)x" = f(x) + g(x) 


pee] io) 
= Dax’ + bx 


r=0 r=0 
> (ka,)x" = kf(x) 
r=0 
=k > a,x' 
r=() 


and 
De Cr" = f(x)g(x) 
= (Sex\(Sox' 
r=0) .r=0) 
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Proof 


‘These claims concerning the sum and scalar product follow from 
the sum and scalar product rules for series (4.1.3 and 4.1.4). To 
establish the Cauchy product result, note that >) *_»)a,x’ and 
S30 b,x" are absolutely convergent for |x! < R;. Since 


n 
Cyr” = > (a,x")(b,— x" *) 
r=0 


3 20¢,-x" is absolutely convergent for ix|< R, by 4.2.9 and has 
the sum stated. CL) 


Much of the preceding discussion can be modified to apply to senes of 
the form >) ?_94,(x — a)". For example, the ratio test (4.2.3) may often 
be employed to determine the interval of convergence, an interval with a 
as its midpoint. Such series arise in Section 6.3. 

Finally, this chapter briefly describes one approach to defining the 
elementary functions sine, cosine and exponcntial. It is assumed that the 
reader is familiar with these functions and their properties only in order 
to motivate and illustrate the theoretical results ansing in later chapters. 
In fact, they have already been used in this chapter. However, they have 
not been used in the logical development of the theory. This ensures that 
the theoretical results have been derived in a rigorous manner. Naturally, 
once the clementary functions have been formally defined, a start can be 
made to deduce their many and vaned properties. 

Suppose then that >)? 9a,,x" is a power series with radius of converg- 
ence R >0, and that f(x) is its sum for |x|< R. This defines a function 
f:(-R, R)— R given by f(x) = >)7-04,x". Note that, for each x in the 
domain of f, f(x) is the limit of the sequence {fy(x)} of Nth partial 
sums, where fx(x) = > N’Gpx" is a polynomial in x. The Appendix 
shows that the sum function f(x) inherits important analytical properties 
of the polynomials fx(x). The exponential, sine and cosine functions can 
now be defined as follows. 


4.3.3. Definition 


The exponential function exp: R— R is given by 
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4.3.4 Definition 
The sine function sin: R— 8 is given by 


ied 
=F ny 2nt+l 
sinx = > —) 


nao (2n + 1)! 


4.3.5 Definition 


The cosine function cos: R- R ts given by 
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The ratio test establishes immediately that these power series con- 
verge (absolutely) for all x eR, After reading Chapters 5-7, the reader 
can consult the Appendix, where the above power series definitions of the 
elementary functions are used to establish the analytic propertics of those 
functions that are assumed in Chapters 5-7. For the time being, the 
reader can be content with the derivation of some arithmetic properties of 


the clementary functions. 


Mm EXAMPLE 2 
exp(x + y) =expxexpy forall x,y eR 


Solution 
By definition, 


wag n 


a 
1 Xx 
expx = > and expy = > 
n! = 

n—O n=() 


n 
y 
ni 


By 4.2.9, exp x exp y = >) )= @,. where 
mt bad yt 


¢, = > —-—— 
" “ort (n-r)! 


Now, by the binomial expansion (sce Section 3.2, after 3.2.1), 


0 \F n! n! 


won S(t) wa 


Hence exp (x + y) = expxexpy. 
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MM EXAMPLE 3 


cos? x +sin*’x =1 forall x ER 
Solution 
Now 
(- 1)"x 2n as (—1)"x?" 
cos? x + sin? x = : com »y On 
mi.2n a _1\%y,2n 
AS eS pe 
=o (2n + 1)! il fag (22 + 1)! 
= S) &, x2" 4 x? > Bx", by 4.3.2 
n=0 n=0 
where 
ee De 
"  £ (2r)! (2n - 2r)! 
and 
B _ fa (-1)" (=)" 
"fo (2r +1)! (2n — 2r + 1)! 
Hence 
cos’x +sin?x =1+ >) w,x2", where ow, = a, + By 1 
n=] 
Now 
(-l)" < b "| (-1)"7! > ( 2n 
at Pay = 2 er Era 
On + Ba (2n)! > er (2n)! 2, 2r+1 


= Gor Leller)~ Gore a] * Gal 
es ar 
+(92" 9)- (78 4) (2) 


ay ir 
7 (2n)! r=0 \ F 


Since, by the binomial expansion, 


Wade f 


le. where x = —-l 
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2n 
ba] 2 
| ( an = (1 + x)*" 
r=0\ F 


W, = U, + By-1 =O, and hence cos? x + sin? x =1. he 


Exercises 4.3 


Determine the radius of convergence of each of the following 


power series: 
3K 


(a) > (n!)-x" (b) 5 n°x 


(2n)! : n=0 n! 


Show that the Cauchy product of >)7.)x” with itsclf is 
a0 Ut + 1)x", and deduce that 


@ 


(n+ 1)x" =(1—x) 7 for |xi<1 
0 


Au~= 


Verify that the power series defining the sine, cosine and exponen- 
tial functions (see 4.3.3, 4.3.4 and 4.3.5) are (absolutely) converg- 
ent for all x. 

Show that 


(a) cos(—x)=cosx and sin(—x) = —sinx for all x € R, 
(b) ‘cosx| <1 and |sinx| <1 for all x eR. 


If > p-04nx" has radius of convergence R > 0 and lim, ,« Gn41/@n| 
exists, show that 


Ly 2 
> na,x""! converges tor |x| < R 
n-1 


Verify that if f(x) = >) n-0%" then the derivative 
f(x) = Drerax™ |! (x <1) 


Problems 4 


Is 


Show that 


1 if t 1 
Ar? ~1] 2\2r-1 2r 41 
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Deduce that 
= ] 1 
2 477-1 2 


Zz: Let beer a, and ae b, be positive-term series such that a, = kb, 
for all ne N, where k > 0 is a constant. Prove that 


os fe a] 
S) b, divergent = >) a, divergent 
r=1 r=] 


5: Determine which of the following series are convergent. 


= | {3\" 2 ne | 
(a) > (= -—45 (b) > vr" Wrtd 


aa 1 
(c) 34 a 5 GP 
r=l1 . r=] r? + | 
—. (-1)'r = oF +2" 
ie 2742 ) 2 3° 
= of * (2r)! 
a>% n) 5 & 
rat r=1 (7 
4. For which values of x is 5) ?_,x’r!/r’ convergent? 
5. (a) Show that 
ae ae eee 
3n-2 3n-1 3n 3n 


for n = 1, and hence deduce that 
De he Dian Aone Lge ats 
i + 5) ad 3 + 4 + 5 = 6 + eae 


is divergent. 
(b) Show that 


for n = 1, and hence deduce that 
1 1 1 1 1 
fo1¢Viwle Vil =)... 


is divergent. 


10. 
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Test each of the following series for absolute or conditional con- 
vergence: 


(a  . >) Dien)’ 
eS 1)" 


Oly @L 


Let >)*, 4, be a posilive-term scries such that (a,)'” —bL as 
n—o, By comparing S14, with a suitable peometric series, 
show that >) °_, a, converges if L <1 and diverges for L > 1. This 
result is known as the nth-root test. 


Use the nth-root test to determine which of the following con- 
verge: 


@) D 2 ++) Ee | Yo 


r-? — ry" 


Determine the radius of convergence of each of the following 
power series: 


(a) (2% 4+3")x" (by) BS n2xt 
a=Q) n=) 


ye Mn)! 
© Xap 


Show that the Cauchy product of >) ?_, «”/n with itself is 


= 2 1 
yee fereee et fen 
a) 


CHAPTER FIVE 


Continuous Functions 


5.1 Limits 
5.2 Continuity 
5.3. Theorems 


In this chapter the umportant concept of a continuous function will be 
introduced. The reader is no doubt familiar with sketch-graphs of basic 
functions such as f(x) =x’, g(x)=1—1/x and h(x) =sinx (see Figure 
5.1). Underlying the sketching of these graphs is the plausible assumption 
that, except for points where the function is undefined, the graphs consist 
of smooth unbroken curves. This ts frequently taken for granted, but can 
it be justified? 

In Section 5.2 a precise definition of a continuous function will be 
given. The formulation given is expressed in terms of the concept of the 
limit of a function; this is covered in Section 5.1. The advantage of having 
a formal definition of a continuous function is that it is then possible to 
prove that graphs such as those in Figure 5.1 do consist of ‘continuous 
curves’. In addition, the rules established in Section 5.2 can be used to 
construct new continuous functions from more basic ones. This results in 
quite complicated functions that, by virtue of the fact that they are con- 
tinuous in the sense of the formal definition, are guaranteed to have 
graphs consisting of ‘continuous curves’ in the intuitive sense. 

Firm evidence that the mathematically precise definition of continuity 
adopted does accord well with intuitive geometrical ideas is given in 
Section 5.3. In this section several fundamental properties possessed by 
all continuous functions are proved. The theorems themselves are of 
independent interest, since they form part of the theoretical basis for 


31 


132 CONTINUOUS FUNCTIONS 


/ 


(a) f(x) = 2 (b) g(xy= 1-2 (c) A(x) = sinx 


Figure 5.1} 


many of the practical applications of numerical analysis; a subject con- 
cerned with the development of efficient algorithms for solving a wide 
range of mathematical problems. In particular, the intermediate value 
property (5.3.2) leads directly to the bisection method for locating roots 
of a real polynomial (see Question 1 of Exercises 5.3). The intermediate 
value property was first formulated and proved by Bolzano (1781-1848), 
one of the founders of modern analysis. 


5.1 Limits 


The first task in this section is to extend the idea of the limit of a converg- 
ent sequence in order to analyse the behaviour of a function f: A-R 
whose domain A contains arbitrarily large positive real numbers x. First 
note that a sequence (a,,) may be regarded as a function f: NR, with 
domain 'V, given by the formula f() = a,. The graph of such a function 
consists of an infinite number of isolated points, as indicated in Figures 
3.1 and 3.3. Hence in Chapter 3 the behaviour of f(72) was investigated 
for increasingly large positive integral values of #. In contrast, the func- 
trons graphed in Figure 5.1 have domains that include an interval of real 
numbers of the form [a,©)} and whose graphs are (or appear to be) 
unbroken curves. As x increases through real values, the behaviour of 
these three functions is very reminiscent of the behaviour of sequcnccs as 
n tends to infinity through integral valucs. This similarity is examined in 
the following example. 


BB EXAMPLE 1 
Figure 5.1(a) gives the graph of the function f:R—R where 


f(x) =x?; as x increases, the graph rises more and more steeply 
and the values f(x) become larger and larger. 


5. | 
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Figure 5.1(b) gives the graph of the function g:8' +R whcre 
g(x) =1-—1/x; as x increases, the graph rises but the values p(x) 


always remain less than one. 


Figure 5.1(c) gives the graph of the function 4: R—R where 
A(x)=sinx; aS x increases, the graph oscillates between the 


values +1. 


If the domains of f, g and A are restricted to the set N of 
natural numbers then the resulting sequences are respectively di- 
vergent (to infinity), convergent to 1 and divergent (though 


bounded). 


It is now tempting, for example, to write | — l/x31 as x to 


describe the behaviour of the function g as x increases. Since x is now a 
real variable, this will be permissible once the following formal detinition 
has been madc. 


5.1.1 Definition 


lect f: A— Rf be a function whose domain A contains the in- 
terval [a, <) for some fixed real value of a. Then f(x) tends to 
/. as x tends to infinity, if for every ¢ > 0 there exists a real 
number X such thatx > ¥ >|f(x)-—L <e. 


This is denoted by lim,_,. f(x) = L or f(x) L asx, 


Se EXAMPLE 2 


Prove that lim, j (1 ~ 1/x) = 1. 


Solution 


For positive x 


Poe 


Let X =1/e. Then x > X implies that 


1 


Xx 


In other words, 1 — 1/x >lasxro™. 


If the domain of f contains an interval of the form (—%, b] for some 


belR then its ‘mirror image’ g given by g(x) = f(—x) contains the in- 
terval [b, ©). Sec Figure 5.2. Then f(x) tends to J. as x tends to minus 
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y = f(x) 


Kigure 5,2 


infinity if and only if g(x) = f(-—x)—> L as x. This ts denoted by 
lim,,« f(x) = Lor f(x) ~ L asx -&. 

Having extended the language of limits to analyse the behaviour of a 
function f: A—R of a real variable x as x takes increasingly large posi- 
tive or large negative values, it is now natural to focus attention on the 
function values f(x) for x close to a fixed real number a. To this end, 
assume that f(x) is defined for all real values of x close to a, but not 
necessarily at a. In other words, assume that the domain of f contains the 
set (a — 6, a) U(a,a +5) for some 56>. The reason for excluding x = @ 
is that it is the behaviour of f(x) as x tends to a that is required, and not 
the particular value of f(x) at x =a. Indeed, as the following example 
demonstrates, f(x) may tend to a limiting value as x tends to a, even 
though f(a) is undefined. | 


SM EXAMPLE 3 


a function defined only for x #0. Calculation gives 


f(0.1) = 0.998 33417 
f(0.01) = 0.999 983 33 
F(0.001) = 0.999 999 83 


It is the case that, as x > 0, (sin x)/x — 1 (see Example 3, Section 
6.2), even though f(0) is undefined. a 


Hence in the definition of the limiting value of f(x) as x tends to a 
care must be taken to exclude x = a@ when x tends to a. Now the condi- 
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a—%o a a~—d ‘x-a <6 
a—oé a a+sé 0<|x-al <6 
Figure 5.3 


tion ix —a|<6 describes all x in the interval (a—6,a+ 5), called a 
neighbourhood of «a. To exclude x =a, it must be written that 
O<|x-a,<6, and this describes the deleted neighbourhood 
(a — 6,a) U(a, a+ 4) of a. See Figure 5.3. 

Let f: AR be a function whose domain contains a deleted neigh- 
bourhood of a. | 


5.1.2 Definition 


f(x) tends to the limit £ as x tends to a if and only if for every 
¢ > 0 there exists a 6 > 0 such that 


0<|x-—al<6=>/|f(x)- Li<e 


This is denoted by lim,_,, f(x) = L or f(x) > Las x—- a. 

If for some given function f it is required to prove that f(x}— L as 
x — a then for cach positive ¢, however small, a 6>0 (depending on e) 
must be produced such that f(x) is within a distance ¢ of L for all x 
within a distance 6 of a (excluding x = a, of course). In Figure 5.4 the 
points of the graph lying in the horizontal strip from y=L-—e to 
y= L +e all satisfy |f(x) — L, < e. Since the graph is a continuous curve, 


y= f(x! 


a—Oo a a+é 


Figure 5.4 


136 CONTINUOUS FUNCTIONS 


these points also lie in a vertical strip of width 26 centred on x = a..In 
other words, there is a 6> 0 such that |x — al < 6 forces | f(x) — L| < «. 


MB EXAMPLE 4 
Prove that lim,_,2 (3x — 1) =5. 


Solution 
What is required is that for every « > 0 there can be found a 6>0 
such that 


O<|x -—2)< 67> iG3x-1)-S|<e 


But |(3x - 1) —5{<e is equivalent to |3x — 6) < ¢, which can be 
rewritten as |x —2!<4¢. Hence, whatever value is assigned to 
¢ > 0, it suffices to choose 6 = 4¢. Then 
O< |x —-2)}<6>0< |x -—2|< fe 
> |3x -6|<e 


= |3x -l-—5|<e 
In other words, lim,_,2 (3x — 1) =5. iz 


In the preceding example it was relatively easy to obtain the restric- 
tion on |x ~ 2| guaranteeing that |(3x — 1) — 5| was less than eé. It is not 
always so straightforward, as the following two examples illustrate. 


@@ EXAMPLE 5 
Prove that lim, _,3 (x7) =9 


Solution 


What is required is that for every ¢ > 0 there can be found a 6>0 
such that 


O< lx —3)< 5+ lx? -A<e 


Now |x? — 9| < e is equivalent to |(x + 3)(x — 3)| < €, which can be 
rewritten as |x +3||x — 3|<.e. In order to obtain a suitable re- 
Striction on |x — 3], it is necessary to consider the effect such a 
restriction has on |x +3]. First observe that, once a suitable 5 has 
been obtained, any positive number less than 6 could also be sub- 
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stituted for 6. It is thus permissible to assume that 6<1. If 
O<'ix-—3/<1 then 2<x<4, and so 5<x+3<7. Hence 
|x + 3| <7. In other words, 


O< x —3)<1—>|x + 3] |x — 3) <7|x - 3] 
=> |x? -9 <7\x -3| 


Therefore the inequality |x*—9|<e will hold provided that 
7jx —3|<e. This latter inequality is clearly equivalent to 
ix —3|< Ze. So, given any € > 0, choose 6 to be the minimum of 1 
and 4, Then 


O< x —3|< 6= |x + 3] |x — 3) < 7k - 3! 
© > |x? — 9] < 7x — 3] 
=> x? —~ 9) < 7(4e) 
six -I<e 


In other words, lim,_,3(x”) = 9 fs 


EXAMPLE 6 
Prove that lim,_,; (x? — 5x +7) =3 


Solution 


What is required is that for every ¢ > 0 there can be found a 56> 0 
such that 


O< |x -— 1) < d= |(x? -S5x+7)-3/ <e 
Now 
(x? — 5x +7) -3.= |x? —S5x +4 
= |(x — 1)? - 3x - 1) 


«|x ~— i]? + 3x — 1], 


using the triangle inequality 
Hence, if 0< |x -1]<1, 
Ix —1,° ~ 3|x -1| <4|x - 1 
So, given ¢ > 0, choose 6 to be the minimum of 1 and j¢. Then 
O<|x-—l<S=> (x? -5x+7)-3\<¢ 


In other words, lim, ,; (x? — 5x + 7) =3. a 
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Resorting to es and ds in order to establish limits such as those- in 
Examples 5 and 6 ts clearly technically demanding. A far better approach 
is to derive rules that can be used to evaluate such limits more easily. 
Application of these rules will require knowledge of the limits of certain 
simple functions — limits that must be veritied by appealing to Definition 
5.1.1. ‘The definition will ot course be instrumental in proving the rules. 


5.1.3 Rules 


Suppose that lm, _,, f(x} = £ and lim,_,, g(x) = M. Then the 
following rules apply. 


Sum rule 


ae Co ae a 


Product rule 
lim f(x)g(x) = LM 


Quotient rule 

L 
lim ; * gs provided that M@ #0 
XY o"”g 4 


The sum and product rules are proved below, the proof of the quotient 
rule being left as an exercise. 
Proof of the sum rule 
Given ¢ > 0, there exist 6,, 6, >0 such that 
O<|x—-—al<6,>!fix)-L < te 
and 
O< x — al < d= |g(x) — Ll < je 


Let 5 be the minimum of 6, and 6:. Then for x satisfying 
0 < |x — al < dit follows that 


f(x) + g(x) — (EL + M) = f(x) — L] + g(x) -— M| 


<fet+fe=e m1 


Proof of the product rule 


If ¢e=1, there exists a 6>0 such that 'g(x)- M|<1 for all 3 
satisfying 0 < |x — a'< 6. Hence for such x 


5.1 
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(e(x)| = g(x) ~ M+ M| =|g(x) — M| + [M| <1 + |M| 


Given any ¢ > 0, let 


€ E 


"= 2a4¢)mp 2° 8" a0r sD 


Now there exist 6,, 6) > 0 such that 


gE 
0< = < r}— <¢, = 
and 
E 
O<|x-a Oe BC) = ME E2 i Sr aay, 


Now choose 6; to be the minimum of 6,, 62 and 6. For all x 
satisfying 0< |x — a < 6, it follows that: 
If(x)g(x) — LM, = if(x)a(x) — Le(x) + Lg(x) - LM 
= |g(x)i |f(x) — L| + |Lilg(x) — M| 
<(1+ Me, + |Lle, 


. E 
=(1+ M)) a1 + |M)) 
| E 
+ L|———: < 
L| 2(|L] + 1) 
Therefore lim,_,, f(x) g(x) = LM. C 
EXAMPLE 7 
Evaluate 


2x? ~3x+4 
im —3,————- 
xol X° +5x4+1 
Solution 
Since lim, ,;x =1, the product rule gives tim,_) x?-1 and 


lim,;X? = 1. Since the constant function f(x) =k, for all x, is 
such that lim,_,, f(x) = k, the sum and product rules give 


lim (2x7 — 3x + 4) = 3 
x1 
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and 


lim (x* + 5x +1) =7 
x—1 


Finally, the quotient rule gives 


2x7 -—3x +4 


3 
m == i 
yol X° +5x4+1 7 


5.1.4 Sandwich rule 


Let f, g and & be three functions satisfying A(x) = f(x) < g(x) 
in some deleted neighbourhood of x = a. If 


lim A(x) = lim g(x) = L 
A—@ r~>tl 


then 
lim f(x) — L 
A—2 
Proof of the sandwich rule 


Given ¢ > 0, there exist 6,, 6, > 0 such that 
0< |x — al < 6, = |A(x) -— L| <e 
and 
O< |x -— al < 6. > ig(x) -— Ll <e 


Now jf(x) — L| does not exceed the maximum of |A(x)— L| and 
|g(x) — L|, and so, with 6 equal to the minimum of 6, and 52, 


O< |x - al <d=>|f(x)- Ll <e 


as required. rl] 


MR EXAMPLE 8 


Consider f(x) = x? (sin 1/x), x #0. Since |sin t| < 1 for all real ¢, 


x? sin (=) 
x 


<= |x] forall x 


5.1 
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f(x) = x? sin(1/x) 


h(x) = —x? 


Figure 5.5 


in any deleted neighbourhood of 0. If A(x) = —x?* and p(x) = x? 
then A(x) <= f(x) § g(x) tor all x in any deleted neighbourhood of 
0). Since 


lim A{x) = lim g(x) = 0 
xf) x—»0) 
then, by the sandwich rule, 


lim [32 sin (2 = () 
x of xX 


The graph of f appears in Figure 5.5, and it is clear that f(x) is 
indeed ‘sandwiched’ between +x? at the origin. a 


The final rule involves the concept of a continuous function. and so its 
proof is deferred until Section 5.2, where continuous functions are dis- 
cussed. 


5.1.5 Composite rule 


If lim,_.,. f(x) = 7. and g ts a function that is continuous in 
some neighbourhood of x = /. then 


him (g ° f(x) = g(L) 


EXAMPLE 9 


Show that lim,_,); V x7 4+1= V2. 


142 CONTINUOUS FUNCTIONS 


Solution 


From the sum and product rules, lim,_,, (x? +1)=2. Assuming 
that the function g(x) = Vx _is continuous for positive x, the 
composite rule gives lim,_., Wx* +1= V2. a 


This section concludes with a discussion of the notion of one-sided 
limits. If x is allowed to tend to @ while x >a throughout then the 
right-hand limit, lim,.,. f(x) is obtained. In  e¢-d _ terms, 
lim,—o+ f(x) = L means that for every ¢ > 0 there exists a 6>0 such that 


a<x<at+6d->|f(x)-Ll<e 
If, on the other hand, x is allowed to tend to @ while x < a, the left-hand 
jimit, lim,.,— f(x) is obtained. This has the obvious ¢-6 definition. 
These definitions reveal the following result. 
5.1.6 Theorem 
lim f(x) = = lim f(x) = hm f(x) = L 


X 0 ~dl— xu 


MM EXAMPLE 10 


Consider f(x) = x]. Since 


lim |x! = lim x =0 
x0 x—U+ 


and 


lim |x| = lim (—x) =0 
x-0- x—-0- 


it can be deduced that lim,_,y ‘x| = 0. - 


MB EXAMPLE 11 


If x is a real number then there exists an integer nm such that 
x-1l<a=x; a is called the integer part of x and is denoted by 
[x]. Consider f(x) = x — [x]. The graph of f appears in Figure 5.6. 
Clearly 


lim f(x) = lm (« -— #) =0 


Yar X— P+ 


and 
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Figure 5.6 


lim f(x) = lim (x-—nt+1)=1 


XN~ 
Hence lim,_,, f(x) does not exist. = 


One-sided limits arise naturally when investigating the behaviour of 
functions as x tends to +*, as the following example illustrates. 


SM EXAMPLE 12 


Consider the function given by 


3x7 + 1 
fa) =~ wet 

2 eae 
Let t = 1/x and g(t) = f(x) = f(1/t), where x, « #0. Then 
3/?+1 43 


iz — 4 a for ¢#0, +1 


g(t) = 
and so lim, , g(t) =3 via 5.1.3. By 5.1.6, lim,.o4, g(t) =3. In 
other words, for any € > 0 there exists a 6 > 0 such that 

0<t<d=>|g(t) —3) <e 
Let X = 1/6. Then 


ee > 
t Oo 


=>-Q<t<6 
=> |g(t) — 3) <e 
=> |f(x) - 3] <e 


Hence hm,_.x f(x) =3. A similar analysis using the left-hand limit 
lim,—o- g(f) soon gives lim,_,_., f(x) = 3. bai 
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1. Determine the behaviour of the following functions as x ~ +o: 


74ey +] 
(a) fx) = 


(c) f(x) = [x]/x, where [x] denotes the integer part of x 


(b) f(x) =e* sinx 


ZL. Given an €—6 proof of the fact that 


lim 2x sin (=) = 0 
x 


x—0 


3. Prove the quotient rule for limits of functions (see 5.1.3). 
4. Use the rules for limits to evaluate the following. 
ie | 
a) li b) im-, -— 
ene ea ei 


TX ] 
A ween Hi 2 
(c) an COS (- ‘a (d) lim x* cos {2 


x 0 


5. Evaluate the following one-sided limits. 


1 , 
(a) lim ———— __ (b) lim [Wx] (c) lim [Vx] 
xa1l+ {x] ae L4t x—-4- 
6. Let f(x) be defined on an interval (0, a) and let ¢ = 1/x. Prove that 
if either of the limits lim,_,y, f(x) or lim, f(1/t) exists then both 
exist and have the same value. 


5.2 Continuity 


Naively, a function f: A—K is continuous if its graph is a continuous 
curve. In particular, if the domain of f contains a neighbourhood of a 
fixed real number c then the graph of f can be drawn through the point 
(c, f(c)) without removing the pen from the paper. The desired behaviour 
at (c, f(c)) can be arranged by insisting that, for all values of x sufficiently 
close to c, f(x) is close to f(c). Before giving the official definition of 
continuity at x = c, it is helpful to look at the graphs of a few functions. 


5.2 CONTINUITY r45 


\ / “ 
4 4 
iy(x) = K* S2{x) x [x] 
ar “A 
sin Xx 
S3{x) = er 
a 
‘ 
/ 
f 
_ fl 
f4(x) >- in( =) 
Figure 5.7 


SH EXAMPLE 1 


Refer to Figure 5.7. 
(1) f\(x) =.x° appears to be a continuvus curve for all x. 
(2) fo(x) =x — [x] has finite jumps at integer values of x. 


(3) f3(x) = (sin.x)/x, f4(x) = sin (1/x) and f5(x) = 1/x (x #0) are 
all undefined at x = 0; however, they exhibit completely differ- 
ent sorts of behaviour near x = 0. 


If f: A— R is a function whose domain contains a neighbourhood of c 
then the following definition is made. 


5.2.1 Definition 
f is continuous at c if and only if lim,_,. f(x) = f(c). 


Note that this definition demands three things; first that lim,_,. f(x) ex- 
ists, secondly that f(c) is defined, and finally that the previous two values 
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are equal. Look at the functions in Example 1 and think about these three 
requirements as x > 0. Our ¢-6 definition of lim,_, f(«) = LE (5.1.2) can 
easily be adapted to give the following e—6 definition of continuity at c. 


5.2.2 Definition 


f is continuous at ¢ if and only if for every ¢-> 0 there exists a 
6 > 0 such that 


x—e|<d>/f(e)- fle) <e 


EXAMPI.E 2 


Use the ¢-6 definition of continuity to prove that f(x) =x? is 

continuous at c = 0. 

Solution 

For any ¢ > 0 determine those x for which | f(x) — f(0)| < «. Now 
fx) — FQ) = x? - Of = [x2 <e 


provided that |x|/< We. So let d= Ye. If [x—0|< 6 then 
f(x) — f(0)|<¢. In other words, lim, . f(x) =0, and, since 
f(0) =0, lim,_4o f(x) = (0). Hence f is continuous at 0. a 


If a function f is continuous for all x in the range a < x < 6 then it can 
be said that f is continuous on the interval (a, >). If f is continuous for all 
x in its domain, it can be simply said that f is continuous. If hm,_.+ f(x) 
exists and equals f(c) then f is called right-continuous at c. and if 
lim,.- f(x) exists and equals f(c) then f is called left-continuous at c. 
The ¢—6 formulations of the last two definitions are not difficult to write 
down. Moreover, the following result holds. 


5.2.3 Theorem 


A function f is continuous at c if and only if f is both left-con- 
tinuous and right-continuous at c. 


Note 


If a function f is only defined on the closed interval [a, b| and it 
is claimed that f is “continuous on [a, b]’, what is meant is that 
f is continuous on (a, 6), right-continuous at @ and left-continuous 
at , 


Soon, Tules that cnable the building up of complicated continuous 
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functions from a given list of standard continuous functions such as sine, 
cosine, exponential and so on will be established. That these standard 
functions are indeed continuous follows from their power series defini- 
tions and the fact that the sum function of a power series 1s continuous for 
x inside the interval of convergence of the defining power series. See the 
Appendix. 

Returning to Example 1, the following comment applies to the discon- 
tinuities observed there. The following example distinguishes between a 
discontinuity, where a function is defined but is not continuous, and a 
singularity, where a function is undefined. 


MM EXAMPLE 1 (Revisited) 


(1) f3(x)=(sinx)/x for x #0 has what is called a removable 
singularity at « = 0, since, defining further f,(0) = 1, the new 
f3 is continuous not only for x #0 but also at x = 0. 

(2) The discontinuities of f2(+) = x — [x] are called jump discon- 
tinuities. This is because the Ieft- and right-hand limits of f> at 
integer values of x exist but are unequal. In fact, f> is right- 
continuous but not left-continuous at integer values of x. 

(3) f4(x) = sin(1/x), x #0 has an oscillating singularity at x = 0. 
The oscillations are bounded. 

(4) f5(x) = 1/x for x #0 exhibits what is termed an infinite singu- 
larity at x = 0. 


Neither f, nor f; can be extended to give functions continuous on 
the whole of R. i 


MG EXAMPLE 3 


Dirichlet’s function is defined by 


= if x = P is a rational in its lowest form 
f{*)=4 4 
0 if x is irrational 


Restricting our attention to the interval (0,1), and starting to con- 
struct the rather bizarre graph of Figure 5.8 gives the following: 


f(x) =3 when x = 4 

f(x) =} when x = 3 or § 

f(x) =} when x = jor} 

f(x) =3 when x = tor 2or2or? 
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Figure 5.8 


and so on. Now f(x)#1/q for fractions of the form x — m/g, 
O< m <q. There are at most 49(q — 1) such values of x. For any 
&>0 Iet g be a positive integer satisfying 1/g<e. For any c, 
0<c<1, there exists a 6>0 such that the interval (c — 6,c + 5) 
contains none of the finitely many x satisfying f(x) = 1/q (apart 
possibly from x = c itself). Hence 


f@)l = f(xy < 2 <e 


for all x satisfying 0< ix —c|<6. Thus lim,_, f(x) =0 for all 
c € (0,1). So f is continuous at every irrational and discontinuous at 
every rational in (0, 1)! a 


5.2.4 Rules 


Sum rule 

If f and g are continuous at c then f + g is continuous at c. 
Product rule 

If f and g are continuous at c then f: g 1s continuous at c. 
Reciprocal rule 


If f is continuous at c and f(c) #0 then 1/f is continuous at c. 


Peter Gustav Lejeune Dirichlet (1805-1859) was principally in- 
terested in number theory, and his name arises in connection with 
many areas of both pure and applied mathematics. His main interest 
in analysis was in its applications to physical problems and number 
theory. As early as 1837, Dirichlet suggested a very broad definition 
of a function, not dissimilar to that presented in Chapter 1.3. To 
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illustrate the generality of this definition and to exhibit very ‘badly 
behaved’ functions, he invented functions such as that in Example 3. 


The proofs of the above rules and of the following sandwich rule are left 
as exercises. They all follow immediately from the corresponding rules for 
limits of functions and the definition of continuity (see 5.1.3, 5.1.4 and 
Di2aL) 


5.2.5 Sandwich rule 


lict f, g and # be functions such that h(x) = f(x) = g(x) for all 
x in some neighbourhood of c and such that A(c)= 
f(c) = g(c). If # and g are continuous at c then so is f. 


5.2.6 Composite rule 
Let f and g be continuous at c and f(c) respectively, such that 
the composite g o f is defined. Then go f is continuous at c. 
Proof of the composite rule 


Let f{c) =d. Since g is continuous at d, for every ¢>0 there 
exists a 6, > 0 such that 


je — d| < 6, > |g(t) - g(d)i ce (1) 
Since f is continuous at c and 6; > 0, there exists a 6) > U such that 
Ix — c| < dy > [f(x) — fle) < 4; 
Now let ¢ = f(x) in (1) to deduce that 
Ix — c] < d) => |g(f(x)) — (fle) < € 
Hence for any ¢ > 0 there exists a d= 6, > U such that 
ix — ec] < d= |(ge f(x) -— (ge flo) <e rT] 


So far, an arbitrary function has been denoted as f: A—R, where A 
is the domain of f. For particular functions, f(x} has been additionally 
specified tor x € A. Whenever the domain of f is clear from the context, 
the alternative notation x' > f(x) will often be used. 


MM EXAMPLE 4 


Given that the identity function x+>x, the constant func- 
tions x > & and the trigonometric functions sine and cosine are all 
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continuous (on R), the following are proved to be continuous func- 


tions. 
242x -3 

(a) oe eT (b) x > x7 cos x? 
xsin(l/x) if x #0 

Ao) 2 § if x =0 

Solution 


(a) 


.(b) The functions xx? and xx 


(c) 


Remark 


The given continuous functions and 4.2.4 are used. By the 
product rule, x+>x? and x++2x are continuous. Hence 
xtox? +2x -—3 and x x? +x + 1 are continuous by the sum 
rule. Now 


x?+x+1=(x+ 4)? 4+3>0 forall x 
and so, by the reciprocal rule, 


1 


ta ae, ERE 
x°+x+1 


is continuous. Finally, the product rule shows that 
x? +2x -—3 
- eee 


am 2 
x‘+xt+]1 


is continuous. 
3 


are continuous by the pro- 
duct rule. By the composite rule (5.2.6), x > cos x? is contin- 
3 2 


uous. Hence, by the product rule, x +> x° cos x* is continuous. 

Cail the given function f. For x #0, x+>1/x is continuous by 
the reciprocal rule. So, from the composite and product rules, 
x>xsin(1/x) is continuous for x #0. In other words, f is 
continuous for x #0. At x =0 the sandwich rule (5.2.5) must 
be used. Since lim,_,o |x| =0 by Example 10 of Section 5.1, the 
function x +> |x| is continuous at x = 0. By the product rulc, 
x->—|x| is also continuous at x=0. Let g(x) =|x| and 
h(x) = —|x|. Now h(x) = f(x) = g(x) for all x, and h and g 
are continuous at 0. Hence, by the sandwich rule, f is also 
continuous at x = 0. a 


A rational function is one of the form «+> P(x)/Q(x) where P(x) 
and Q(x) are both polynomials in x. Such a function is only de- 
fined for those x for which the denominator Q(x) #0. Now P and 
@ are polynomials that are everywhere continuous, from liberal 
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use of the sum and product rules. Also, 1/Q(x) is continuous for 
those x for which Q(x) #0, by the reciprocal rule. Hence, by the 
product rule, every rational function is continuous on its domain. 
Example 4(a) is just a special case. 


Recall that a function f: A— B where A and B are intervals ts a 
bijection if, for every 6 € B, there exists a unique ae A with f(a) = 6. In 
this case the inverse function f-': B— A, given by f~'(b) =a, is de- 
fined. If f: A— B is cither strictly increasing, in which case 


for all a;,@,¢ A, a, > az => f(a)) > faz) 
or strictly decreasing, in which case 
for all a;,42€ A, a, > ay => f(a1) < f(a2) 


and £ is the image of f, then f will be a bijection. (Why?) The next rule 
enables us to increase our fund of known continuous functions. 


5.2.7 Inverse rule 


Suppose that f: A — B is a bijection where A and B are in- 
tervals. If f is continuous on A then f~? is continuous on B. 


This result can be proved at the end of Section 5.3, since for the proof the 
interval theorem (5.3.3) must be invoked. 

The next example assumes that the sine and exponential functions are 
continuous. By suitably restricting the domains and codomains of these 
functions, continuous bijections can be derived whose inverses are thus 
continuous. 


MM EXAMPLE 5 


Each of the functions in Table 5.1 ts a continuous bijection, and so 
by the inverse rule has the spccificd continuous inverse. Note that 
ht is clearly strictly increasing on its domain. Example 2 of Section 
6.2 shows that g is strictly increasing on R, and the Appendix 
shows that f is strictly increasing on [—}7, 42]. 


It is now possible to prove the composite rule for sequenccs (3.1.4) 
and the composite rule for limits (5.1.5). 
Proof of 5.1.5 


Suppose that lim,_,, f(x) = L and g is a function that is continuous 
in some neighbourhood of x = L. Since g is continuous at L, for 
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Table 5.1 
Function Inverse 
fi [-4a, 3x] > [~1, 1 f--:[-4, > [-$2, 3a] 
f(x) = sinx f-'@) =sin7'x 
g: R-» (0, ») g7': (0,2) »R 
g(x) = e* g'(x) = log, x 
h: (0, 2) — [0, =} h 3; {0, 00) — [0, «) 
h(x) = x? Aix) = Vx 


each € > 0 there exists a 6, > 0 such that 
lt — L| < 6; > |g(t) - g(L)! <e 

For this 6, > 0 there exists a 6) > 0 such that 
O< |x - al <& => [f(x) — L|< 6 


since lim,.,, f(x) = L. Now put t = f(x) to deduce that for e>0 
there exists 2 6 = 6, > 0 such that . 


0 <|x — al <5 = [g(f(x)) — g(L)| <e O 


Proof of 3.1.4 


Suppose that a, — L and that f is continuous at £. For any e>0 
there exists a 6 > 0 such that 


jx — L|< 6>|f@x) - f(L)l <« 


For this 6 > 0 there is a natural number N such that, for all 2 > N, 
la, — L| <6. Immediately then 


f(a.) — f(L)i<e forall 2n>N Oo 


Exercises 5.2 


I. Fach of the following expressions defines a function whose domain 
is the whole of R except for finitely many cxccptions. In cach case 
find these exceptional points and discuss the type of singularity 
exhibited. 

2 
(a) fa(x) = WAG)=3—= Of) =7— 
5 aaa jx* — 1 


x*-41 


5.3 
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Discuss the continuity of the following functions: 


ops ] if x 1s ratronal 
(a) f(x) = i if x is irrational 


fx if x iS rational 
(b) a(x) = [l-—x  ifx is irrational 
Suppose that f: K— R satisfies |f(x)| M4-x! for all x eR, where 
M is a fixed positive real number. Prove that f is continuous at 0. 


Given that the identity function, constant functions, exponential 
function and the. sine and cosine functions are continuous on k, 
use the rules for continuous functions (5.2,.4-5.2.7) to prove that 
each of the followimg are continuous at the points indicated: 

2 


A) eS for x #2 


(b) xe x? + e799" forall x EIR 


x~ cas (1/x) if x #0 
(c) x for allx eR 
if x =0 


(d) xr Vx for x= 


(e} x cosh"! x for x 21 


(flint: The bijection function cosh: [0,©)—-[1, %) is defined by 
coshx = 3(e* +e *).) 


Suppose that f: A— 8B is strictly increasing, where A and & are 
intervals and B = f(A). Show that f' ': B— A is strictly increas- 
ing. Hence prove that the function x x'", x >Q and neN, is 
continuous. 


5.3 Theorems 


The important results tn this section show that the algebraic definition of 
continuity leads naturally to the intuitive geometric interpretation that is 
used when sketching the graphs of continuous functions. The results are 
also of independent intcrest, since some of them form the theoretical 
basis of useful techniques in numerical analysis. The statement of cach 
theorem will be accompanied by a graph and a brief commentary 
intended to give a ‘feel’ for the result. The proofs are naturally ngorous 
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and bring into play the underlying properties of the real number system 
R. Of particular importance will be the completeness axiom (2.2.3). 


5.3.1 The boundedness property 


Let f be continuous on the interval [a, b]. Then 


(1) f is bounded on [a, 5], 


(2) f attains both a maximum value and a minimum value 
somewhere on |g, b]. 


Commentary 


Part (1) of this result claims that there exist real numbers m and @ 
such that m< f(x)<M for all x e[a,6]. Part (2) makes the 
stronger claim that f attains both a maximum value and a mini- 
mum value on [a, db]; in other words, that there exist c and d in 
[a, b] such that f(c) = f(x) = f(d) for all x € [a, b]. See Figure 5.9. 


Proof of the boundedness property 


The proof is in three parts. 


Preliminary observation 


The proof of (1) requires the key observation that if a function f is 
continuous at c then f 1s bounded on an interval of the form 
{c — 6,c + 6) for some 6>0. This can be deduced from the e-d 
definition of continuity (5.2.2), which states that for every «> 0 
there exists a 6>0 such that |x —c|<d=>|f(x) — f(c)|<e, by 
letting € = 1 (other values of ¢ could equally well be chosen). For 


Figure 5.9 


5.3 
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this value of ¢ there is a 6 > 0 such that 


Ix — ¢} < 6 = [f(x) — f(o)| <1 
=> If)| = 1+ [fC 


Hence f is bounded on the interval (c — 6,c + 6). This argument 
can easily be adapted to show that, since f is right-continuous at a, 
f is bounded on an interval of the form [a, a + 5’) for some 6’ > 0. 


Proof of (1) 


Let B = {x:x €[a, b] and f is bounded on [a, x]}, with the aim of 
proving that B =,{a, b]. First, ae B, and so B ts a non-empty set 
of real numbers; secondly, B is bounded above by b. So, by the 
completeness axiom (2.2.3), B possesses a least upper bound. Let 
c= sup B be this least upper bound. All that is now required is to 
show that c = 0. 

Since f is right-continuous at a, f is bounded on [a, a + 6’) for 
some 6’>0, and so f is bounded on [a,a+46']. Hence 
c2a+ 50'>a. Suppose by way of contradiction that c <b. Since 
c>a, f is contmuous at c, and so f is bounded on (c — 6,¢ + 4) 
for some 6>0. From the definition of c, f is bounded on 
[a,c — d]. Hence f is in fact bounded on [a,c +6) and, since 
5>0, f is bounded on [a, c + 3d]. Hence c + 46 B, contradicting 
the fact that c is the supremum of B. Therefore c = 5. 

All that is now required is to show that be B. Since f is left- 
continuous at b, f is bounded on (6 — 6*, b] for some 6*, where 
0<d*<b—a. But b=sup B, and so f is bounded on {a, a] for 
any d, b— 6*<d<b. For such a d, f is also bounded on [d, 5], 
and so f is bounded on fa, b], as required. This establishes (1). 


Proof of (2) 


Let A= f((a, b]) = {f(x):asx<b}. Since f is bounded on 
[2, b], A is bounded both above and below. Let m=infA and 
M = sup A. What is now required is to show that m and M are 
both values of the function f. To this end, suppose by way of 
contradiction that there is no value of x for which f(x) = M. De- 
fine a new function g by 


oS 
M — f(x) 
for x €[a, b]; g is defined on [a, 6] and continuous on [a, b] by the 


sum, product and reciprocal rules (5.2.4). Hence, by part (1), g is 
also bounded on [a, 6]. In particular, there exists a real number 
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K >Osuch that g(x) = K for all x €[a, bJ. But 


Bay is 
ho) Naame TES = K 


SMH fx) 


= f(x) <M-= 


This contradicts the fact that M is the least upper bound for f on 
[2, b], so the assumption that M is not a value of f is false. Hence 
f attains a maximum value somewhere on [a, 5}. 

A similar argument shows that f attains a minimum value 
somewhere on [a, d]. a 


5.3.2 The intermediate value property 


Let f be continuous on the interval [a, 6] and suppose that 
f(a) =a and f(b) =f. For every real number y between av 
and § there exists a number c, a<c< 6, with f(c)= y. 


Commentary 


This result claims that if a continuous function f takes the values a 
and 3 at the endpoints of some interval {a, b] then f must take all 
possible values between w and f. See Figure 5.10, where it has 
been assumed that ~< £, andsoa<y< fs. 


Proof of the intermediate value property 


The result will be proved when a<b and a<y<f, the cor- 
responding proofs in other cases being similar. The essence of the 


| 
{ 
[ 
a c b 


Figure 5.10 
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proof is to consider the set of xs for which f(x) is strictly less than 
y and show that if c is the supremum of this set then f(c) = y. 

So, let 

§ = {x:x €[a, b] and f(x)<y}, where a<xy<f 
The set § is non-empty, since it contains a, and it is bounded 
above by 6. Hence, by the completeness axiom (2.2.3), S$ posses- 
ses a least upper bound. Let c= sup $. Then ach. 

[In fact, the condition a <c¢< 6 holds true. To see why this is 
the case, note that, since f is left-continuous at a, for e= y — aw > 0 
there exists a 62> 0 such that 

O<x -a< d= (f(x) - fla)|<e 
In particular, |f(at+46)-f(a)|<e, and so f(a+46)- 
f(a)<v—a. Since f(a)=a, this gives f(at+46)<y, and so 
u+36e€S. This means that a<e. 


To establish that c< 4, let e= S/— y>0. Then the right-con- 
tinuity of f al 5 guarantecs that there cxists a 6 > O such that 


~8<x-—-b<0S(f(x) — f(b) <e 


In particular, {f(b — 46) — f(b)|<e, and so f(b) — f(b — 46) < 
B~y. Since f(b) = B, this gives f(b — 46) > v, and so b—- 16S. 
This means that c < b. 

Since a<c¢< b, f is continuous at c, a fact that is now used to 
show that the possibilities 


(i) f(c) < y and 
(iil) f(c) > + 


are both impossible. 


Case (t) 


If f(c) < y then ¢ = y — f(c) > 0. Since f is continuous at c, there 
exists a 6 > (0 such that 


Ix —e, <6 > |f(x) — fle) <e 


Choose 6 such that 6< max(c—4,6-—c), so that the condition 
|x —c <6 guarantees that x € |a, 6], the interval under considera- 
tion. Then, in particular, 


(ce + +5) — fic) <e 
and so 


fle + 38) - fle) < 7 - fe) 
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But then f(c + 46)<y, and hence c+ 46e€S, which contradicts 
the fact that c is the supremum of S. Hence f(c) < y is impossible. 


Case (it) 


If f(c)>y then ¢ = f(c)— y>0. Since f is continuous at c, there 
exists a 6 > 0 such that 


ix ~ c] < 6 => |f(x) — f(c)i <e 


Again, choose 6 such that 6< max(c ~ a,6-—«c). Therefore, for 
any x satisfying c-—d<x<c, 


f(*) — fle) < fle) -— 


and so f(x) > y. Hence, none of the xs in the range c-— d<x<c 
lie in S$, which contradicts the fact that c 1s the supremum of S. 
Hence f(c) > y is impossible. 

Therefore the only conclusion that can be drawn is that 
f(c) = y, and so y is a value of f,, as required. 0 


The intermediate value property has many applications, and Example 
1 illustrates one of these. However, one immediate consequence follows 
if the result is applied to the continuous function xx? on the interval 
[1,2]. Since x+> x? takes the value 1 at the left-hand endpoint of [1, 2] 
and the value 4 at the nght-hand endpoint, and 1<2< 4, there exists a 
real number between 1 and 2 such that x? =2. This establishes the exist- 
ence of \/2 in a far less painful manner than that presented in Section 
2.3. By considering the continuous function x > x” where n is a positive 
integer, the intermediate value property can be used, in a similar vein, to 
deduce that every positive real number a has a positive nth root. 


@@ EXAMPLE i 
Any polynomial of odd degree has at least onc real root. 


Solution 


Let P(x)=a@got+ayx+...+a4,x", where nm is odd, and without 
loss of generality let a, = 1. We know that P is continuous. Define 


r(x} by 
P(x) 


r(x) = a -1 (x #0) 
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Now 
rosy] = 2 - ! 
t 
ix 
Qy-1 a ay 
7 oe es x” 1 x" 
- 'Gn—| i ay ga 
— | x e yal ee 


by the tnangle inequality (see Section 2.2, Example 8). If M is the 


maximum of |@,2;|,.-., |@ then 
* il 4) 71 
r(x)| = M> ae M >, ler 
r=] 2] r=1 |* 
M/\x| M 


(=a) aoa xe 


Hence |r(x)|<1 for !1x}>1+M. In particular, 1+ r(x) >0 for 
lx] >1+ M. Hence P(x) =x"[1+ r(x)] has the same sign as x” 
for |x| > 1+ M. Since nv is odd, there exist a, Be R with P(a) > 0 
(choose w>1+ M) and P($)<0 (choose B<-(1+ M)). By 
5.3.2, P(v) =0 for some v, |y|<1+M. Incidentally, this shows 
that P has a zero in the interval (-(1 + M), 1+ M). In fact, all the 
real zeros of P lic in this interval. a 


An immediate consequence of 5.3.1 and 5.3.2 is the following result. 


5.3.3 The interval theorem 


Let f be continuous on J/=|a,b|. Then f(J) is a closed 
bounded interval. 


Commentary 


The claim here is that continuous functions map intervals onto 
intervals. This means that the intuitive picture of a continuous 
function as one having a continuous praph is sound. See Figure 
Sell. 


Proof of the interval theorem 


By the boundedness property (5.3.1), there exist numbers c and d 
in J such that f{c)= om and f(d)=M and ms f(x) = M for all 
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IV) 


Figure 5.11 


x € J, Suppose for simplicity that c= d. Apply the intermediate 
value property (5.3.2) to f on the sinew [c, d] to deduce that 
f takes all possible values between f(c) =m and f(d)= M. In 
other words, f(/) =[m, M]. 2 


5.3.4 A fixed point theorem 
Let f: [0.1]— [0, 1] be a continuous function. Then there is at 


least one number c that is fixed by f. That is, f(c) =e. 


Commentary 


This result says that on proceeding continuously from (0, f(0)) to 
(1, f(1)) then the line py = x must be crossed. See Figure 5.12. 


Figure 5,12 
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Proof of the fixed point theorem 


Let g: [0,1] R be defined by g(x) = f(x) — x. Since the identity 
function x+>.x is continuous, the sum and product rules (5.2.4) 
can be applied to deduce that g is continuous on [0,1]. If f(0) =0 
or f(1)=1 then there is nothing to prove. So it is assumed that 
f(O)#0 and f(1)#1. Since f maps onto [0,1], g(0)>0 and 
(1) <0. The intermediate value property (5.3.2) applied to g on 
the interval [0.1] implies that g(c)—0O for some c, O<ec< 1. 
Hence f(c) =c. 7 


Before proving the inverse rule (5.2.7) whose proof has been delayed 
since the interval theorem is required, some examples will be given to 
demonstrate that if the hypotheses of the theorems in this section are 
violated, the conclusions will not hold. 


MG EXAMPLE 2 


(1) The function f(x} =1/x is continuous on the open inicrval 
(0,1), but it is not bounded on (0,1). MWence the boundedness 
property holds only for functions continuous on closed inter- 
vals. 

(2) The function f(x) = x — [x] is not continuous on the interval 
(0, 2]. It is bounded on [0,2], but it does not possess a maxi- 
mum value on (0, 2]. 

(3) Consider the function 


if x <0 


fey = {75 if x = 0 


x‘. 


Now f is not continuous on the interval [—1,1}. Although 
f(-1) = —-2 and f(1)— 2, f does not take any of the values 
between —2 and 2 on the interval [—1, 1]. a 


Proof of 5.2.7 


Consider the continuous biection f: A— B where A and B are 
intervals. First it 1s shown that f is either strictly increasing or 
strictly decreasing. If f is neither strictly increasing nor decreasing 
then, without loss of generality, there are numbers a@,, a. and a; 
such that a, < a,<a3 and f{a,) < f(a3) < f(a). Apply the inter- 
mediate value theorem (5.3.2) to f on the interval |[a,,a2| to de- 
duce that f(c) = f(a3) for some cc (a), @2). This contradicts the 
fact that f is a bijection. For the rest of the proof it is assumed that 
f is strictly increasing, the proof for the strictly decreasing casc 
being similar. 
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By Question 5 of Exercises 5.2, f~? is strictly increasing. Let 
be B, where 6 1s not equal to either of the endpoints of the 
interval B, and suppose that f-1(b)=a, so that f(a)=6. For 
every €>0 such that a+ée lies in the interval A, f maps the 
interval J = [a — £, a+ #] onto some interval f(J) = |[m, M] by the 
interval theorem (5.3.3). Since f is strictly increasing, m<b< M, 
so let 6 be the minimum of 6 — m and M — 6. Clearly 6>0. 

Now [b — 6,5 + 6] is a subset of [», M]= f(J), and so f7! 
maps [b — 6,b + 4] into J =[a—&,a+ €]. Thus, given any e>0, 
there exists a 6 > 0 such that 


lx — b| < d= |ftec) — fl) < € 


This shows that at all points of B, except the endpoints, 
f-!:B—A is continuous. Minor changes are required in the 
above proof to establish the one-sided continuity claimed for the 
endpoints of B. 

Hence f !: B= A is continuous on B, as required. m7 


Exercises 5.3 


Let P(x) =x°—3x +1. Calculate P(0) and P(1). Which theorem 
now guarantees that P has a root in [0,1]? Calculate P(0-5), and 
hence describe a method whereby the root of P lying in [0, 1] can 
be calculated to any degree of accuracy required. 


For each of the following continuous functions f and closed inter- 
vals J calculate f(/). The interval theorem is useful. 


(a) f(x) = age j= f=; 1] 

(b) f(x) =3sinx, J = [0, ga] 
(c) f(x)=x4+ [x], J = [-1,2] 
(d) f(x)=x*-x*, J=[0, 1] 


Let P(x) =ant+aix+...+ a,x", where n is even and a, =1. If 
aig <0, use the method in Example 1 to prove that P has at least 
two real roots. 


Let f: JJ be a continuous function where J = [0,1]. Show that 
the function g, given by g(x) =[f(x)]’, is a continuous function 
from J into J. Hence use the fixed point theorem to show that 
there is anumber c,0=c <1, with f(c)= Vc. 
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Problems 5 


Give e-6 proofs of the following. 


(a) lim(x + 1)3 =1 
x0 


(b) im ( i= 2) - —5 


(Hint: for (b), if |x —11<1 then 3<|x ~3: <5; draw the corre- 
sponding intervals to verify this fact!) 


Let 


f(x) = (x #0) 


an 
x + [x] 
Determine the following: 


(a) im f(x) ‘(1 an integer) (b) lim f(x) ( an integer) 


- 00+ 


(c) ~~ f(x) (d) ie f(x) 


Sketch the graph of y = f(x). 


Evaluate the following limits. 


(a) iim (=F (b) To +2 
{c) _ (1. — — ; (d) lim sina sin (+) 


ios2x — 
cee I a (flint: cos2x = 2 cos? x — 1) 
cos2x — | 


(e) lim 

(a) Prove that if f=g+h, g is continuous at c and f is not 
continuous at c then # is not continuous at c. 

(b) Find three functions f, g and A such that f= gh and f and g 
are continuous at c, but # Is not continuous at c. 

(c) If, in (b), g(c) #0 then show that no such functions f, g and A 
can be found. 


Given that the identity function, constant functions, exponcntial 
function and sine function are continuous on R, use 5.2.4—5.2.7 to 
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prove that the following functions are continuous on R: 


(a)x+>|x|+2sinx (b)xr 


1 + sin? x 
—fy2 ‘ 
Veet. 25 ee” if x #0 
(c)x-e +x (d)x jo if y= 0 


x*-1 ifx>2 
(e)xroixt|x—1| if O< x <2 
x +1 if x <0 


The sign function, sgn: R— R, is defined by 


1 ifx>9O 
sen(x)= 4 0 if x =0 
—1 if x <0 


Show that lim, ,9sgn{x) does not exist. 

Discuss the continuity of the following functions. 

(a) x — sgn (sin x) (b) x +> cos [sgn (x)] 
ee senf[sin(1/x)] if x #0 

(c) x '> x sgn (x) (d) x 0 if x =0 

Let f be continuous on [a, b] and suppose that f(x) = 0 whenever 

x is rational. Prove that f(x) = 0 for all x € [a, b]. 


(a) Prove that if P(x) is a polynomial of odd degree then the 
equation P(x) = sin x has at least one solution. 

(b) Find a polynomial Q(x) of odd degree such that Q(x) =sinx 
has only one solution. (Ffint: |sinx|< |x| for x #0.) 

(c) Find a polynomial R(x) of even degree such that R(x) = sinx 
has no solutions. 


For each of the following continuous functions f and closed inter- 
vals J calculate f(/): 


(a) f(x) = cosx + sinx, J =(-$7, 0] 
(b) f(x) =x? + sin’ x, J=[-1, 1] 
() f&)==> J = (0, 3] 


(dq) f(x)=ix-1t|xtl, F=[-2,2) 


Suppose that f is continuous on [a, 6] and let K = f(x,) + f(x2), 
where a<x;<x.< 6. Prove that there exists ac, a<c<b, such 
that f(c) = 5K. 


CHAPTER SIX 


Differentiation 


Differentiable functions 

Theorems 

Taylor polynomials 

Alternative forms of Taylor's theorem 


oe ON 
WN 


Differentiation originated in the problem of drawing tangents to (smooth) 
curves and in finding the maximum and minimum values of functions. 
Although the Greeks were concerned with such problems, and indeed 
invented some very cunning methods for their solution, it was not until 
the seventeenth century that new methods were developed that, in turn, 
led to the discovery of differential calculus. The English scientist and 
muthematician Sir lsaac Newton (1642-1727). one of the greatest mathe- 
maticians the world has yet produced, invented the differential calculus in 
1666 and recorded it in his Method of Fluxions in 1671. However, this 
work was not published until 1736, by which time the German mathemati- 
cian Gottfried Wilhelm Leibniz (1646 -1716) had discovered differential 
calculus independently and published his findings in 1684. Their dis- 
coveries had a profound effect on the mathematical community, and by 
1700 calculus formed part of the undergraduate curriculum. Applications 
of calculus were pursued with, as has becn previously mentioned, little 
regard for its logical foundations. ‘This came later and is, as is the case in 
this chapter, based firmly on the theory of limits. 

The account begins in Section 6.1, where the geometric concept of a 
tangent line to a graph is formalized as a limit whose value (if it exists) 
vives the slope of the tangent Jinc. The standard rules for differentiation 
are established, which, together with the limit definition of differentiabil- 
ity, show that the class of differentiable functions includes polynomials, 
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trigonometric functions, the exponential function and combinations of 
these elementary functions. 

Section 6.2 discusses the properties of functions differentiable on an 
interval and proves some powerful results about derivatives, many of 
which can be described easily in geometric terms. Some applications 
of these theorems are given, including the use of calculus in establish- 
ing inequalities between functions and in evaluating limits of the form 
lim, +a [f(%)/g(x)] in the awkward case where f(a) = g(a) = 0. 

Power serics expansions of functions form the substance of Section 
6.3, where it is shown that, under suitable restrictions, certain polyno- 
mials, known as Taylor polynomials, can be used to approximate the 
values of a given function. Moreover, a precise estimate is given for the 
accuracy of such approximations, a subject pursued further in Section 6.4. 

The application of differential calculus to the problem of finding the 
maximum and minimum vyalucs of a function is a recurring theme 
throughout this chapter. An early result, in Section 6.1, establishes the 
fact that local maxima and minima of differentiable functions occur only 
at points where the derivative is zero. The increasing—decreasing theorem 
in Section 6.2 shows how the sign of the derivative aids the problem of 
determining local extrema. Finally. in Scction 6.3, Taylor senes expan- 
sions are uSed to obtain a classification theorem for local extrema. 


6.1 Differentiable functions 


Intuitively, a function f: A— R is ditferentiable at c € A if a tangent can 
be drawn to the curve at the point P = (c, f(c)}. The slope of the chord 
PQ in Figure 6.1 is 


F(x) = fee) 


P eccome 


and. as Q moves closer to P, it 1s required that the slope of PQ approach 
the slope of the tangent line at P. This geometric idea motivates the 
following formal definition. 


6.1.1 Definition 


A function {: A — R is differentiable at c if and only if 


in LE LO) 


x—c¢ ein 6 


exists. The value of this limit, called the derivative of f at c, is 
denoted by f'(c). 
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y= f(x) 


Figure 6.1 


An alternative form of the limit im 6.1.1 is obtained by setting 
x=c+h. Then 


_, f=) ~ £0) _ fle +b) — 0) 


ror XA—~—C p30 


Either form may be used. 


M@@ EXAMPLE 1 


The function f(x) = x? is differentiable for all x. 


Solution 
Consider 
i forany x #c 


where c is fixed. Now 


re A a DODO wigs = lim (x + c} = 2¢ 


xk-e ee x—C xo XC 


Hence f is differentiable at ¢ and f‘(c) = 2c. Since ¢ was arbitrary, 
the derived function f' can be defined by f’(x) = 2x. 2 


MB EXAMPLE 2 


The function f(x) = |x/ is not differentiable at c = 0. 
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Solution 


Consider 


f(x)-fQ)_ ix! _f[ 1 ifx>0 
1 


x-0 ae ifx<0 
Hence 
mn L9=10 _ 
a x — 
but 
£9-1O . ; 
x0 - ia 


and, since these right- and left-hand limits differ, f is not differen- 
tiable at Q. It is easy to show that f is differentiable for all « +0. 
The graphs of f and its derived function are shown in Figure 6.2, 
where it 1s geometrically obvious that a tangent linc cannot be 
drawn at the origin. a 


Points on the graph of a function f where f is not differentiable can 
often be detected by cxamining the left- and right-hand limits of 


f@) =~ £() 


X— C 


as x — c. The limit 


im FO) — Ae) 
xXoc— X—-C 
\ / _ 


S (x) = |x 


Figure 6.2 
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is called the left-hand derivative of f at c and 1s denoted by f‘(c). 
Similarly, 


im £6) - FO 


Y ou7 X—-C 


is called the right-hand derivative of f at c and is denoted by f%4(c). 
Clearly f'(c) exists if and only if f.(c) and f{i{c) both exist and are 
equal. The next result establishes the fact that only continuous functions 
can be differentiable. 


6.1.2 Theorem 


If fis differentiable at c then f is continuous at c. 


Proof 


Define the function F,. by 


f(x) — Me) 


F(x) = =e 


{(c) ib ae eer 


fre 


Therefore the function F, gives the slope of the chord PQ in 
Figure 6.1 for P # Q and the slope of the tangent line when Q =P. 
Since fis differentiable at c, 


lim JL) 7 Hey 
x-C 


xc 


= f'(c) 
Hence F, 1s continuous at ¢. Now 
f(x) = fle) + Fix)(x — cc) forall x 


Since F,. and the identity and constant functions are all continuous 
at c, f 1S continuous at c, using the sum and product rules for 
continuous functions (5.2.4). LI 


Note that Example 2 shows that there are continuous functions that 
are not differentiable. Table 6.1 gives certain elementary functions and 
their derivatives. The first two entries can be obtained directly from the 
definition of differentiability (6.1.1). The remaining three entries can be 
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Table 6.1 
ee ries a 
f(x) = &, aconstant f'(x) =0 
f(x)=H x", ne NY f(x) — yyto! 
F(x) = sin x f(x) = cosx 
{(x) = cosx f(x) = —sinx 


obtained from the power series definitions 4.3.3-4.3.5 and depend on the 
fact that the sum of a power series is a differentiable function whose 
derivative is the power serics derived from the power series for f by 
tcrm-by-term differentiation. This fact is proved in the Appendix (sec 
A.2). 


SB EXAMPLE 3 


Let f(x) = x", where 2 € '\. Consider 


fyHIO:_ 2 =o" 


Benes x —C 


Bg te ch kOe ae See) 


Hence 


. f(x) - fle 7 A oe 
Te ces eC) LO ae eee Se ee iad A CO ae oa 
X %€ xX —C XE 


n-1 


= HC 


Thus f is differentiable at c for any c, and so the derivative is 
given by f'(x) = nx”. aa 


To extend the list in Table 6.1 and to develop some of the well-known 
techniques of calculus, it is established, from the definition of differen- 
uiability, that the following rules hold. Application of these rules leads to 
the results in ‘Table 6.2. | 
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6.1.3 Rules 


Sum rule 


Let f and g be functions differentiable at c. Then their sum 
f + g is differentiable at c and 


(f + g)'(c} = fle) + a'(c) 


Product rule 


Let f and g be functions differentiable at c. Then their pro- 
duct f- yg is differentiable at c and 


(f- gy) = fledg'(c) + feygle) 


Reciprocal rule 


Let f be a function that is non-zero and differentiable at c. 
Then 1/f is differentiable at c and 


(Jo- or 


Proof of the product rule 


For x #c 
(f+ g(x) — Of gic) 
x-—c 
_ flx)g(x) — fate) 
x—c 
_ Fe) — fxjg(c) + flx)ate) — Mejgte) 
A= & 

— yyy 84) = ale) | fla) — fle) 

= f(x) SEO 4 SE a) 
ASx—c, 


LE) = JO, p44) ang LD=8O, p40 


x —- C¢ 


since f and g are differentiable at c. Since f is differentiable at c, f 
is continuous at c by 6.1.2, and so f(x}— f(c} as x oc. Now g(c) 
is a constant, and so, by the sum and product rules for limits of 
functions (5.1.3), 
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(f- a)(x) — GF gi{o) 


Xx —C 


— f'te)g(c) + fle)g'{c) 


Hence f° g is differentiable at c, and the product rule for differen- 
tiation is established. Cj 


The product and reciprocal rules can be combined as follows, to give 
the quotient rule. 


6.1.4 Quotient rule 


If f and g are differentiable at c and g(c) #0 then f/g is 
differentiable at c and 


( LY (@) = LOO = LO) 


g, [g(c))? 


EXAMPLE 4 


Use the above rules to prove that each of the following functions is 
differentiable at the points indicated: 


(a) f(x) =x? +sinx (x € R) 
(b) f(x) = x* sinx (x € R) 
(c) f(x) = tanx (x € Rand x #n + 57, n an integer) 


Solution 


For (a) and (b) note that xx? and x+> sin x are differentiable at 
any x, by Table 6.1. By the sum rule, x+> x? + sinx is differenti- 
able, and, by the product mule, x+> x? sinx is differentiable. For 
(c) x cosx is differentiable and non-zcro for x #n+ An, n an 
integer. Since x'~sinx is differentiable for all x, x --tanx is dif- 
ferentiable for the specified x by the quotient rule. The derivatives 
of the three functions are given by x > 2x + cosx, 

x > 2x sinx + x? cosx and x > sec” x respectively. a 


6.1.5 Sandwich rule 


Let f, g and &# be three functions such that g(x) = f(x) = h(x) 
for all x in some neighbourhood of c¢ and such that g(c)= 
f(c) = h(c). lf g and # are differentiable at c then so is f, and 


P(c) = g'(c) = h'(c). 
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Proof 


The given equalities imply that 


o(x) - ale) . FX) = flO). hx) — AO) 


*—C AOL X —C 


forall x >c 


and the inequulity signs are reversed for x < c. Thus 


g'(c) = hm a(x) — gc) 


KOC x —- ¢€ 


lim g(x) — g(c) 


X—-C°* x —C 
= lim “eta Be) 
xoet b roman & 
sags h(x) —- Ale) es 
x—C x Cc 
and 
ay — tie 804) — CO) 
ole aren 
— fm Se = 80) 
= WM 
x oa xX —C€ 
A(x) - : 
= Jim BOT) ee, 
xc ae, ore 
aa — Ate 


IIence g'(c) =/A'(c). The resuit now follows by the sandwich rule 


for limits of functions (5.2.5). _] 
Table 6.2 
ee re AAA AA + ine anes EN 8s ate as iG -: Se 
f(x )ax", ne ZnO fty= nm ax? x #0 
f(x) = secx f'(x) = secxtanx,x #n — $n 
f(x) = cosecx f'(x) — cosec x cot x, x # ar 
f(x) = tansy f'(2) = sec? x, keaton 
f(x) = cotx f(x) = —cosec* x, x # a7 
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The function 


1 
2 e =a t 
fx) _ jx sn] if x #0 
0 ifx=0 


can be sandwiched between h(x) = —x? and g(x) =x’? at x =O. 
Since g and ft are differentiable at O with common derivative of 
value 0, the sandwich rule gives that f 1s differentiable at x =0. By 
the other rules, including the forthcoming composite rule (6.1.6), f 
is also differentiable for x #0. Moreover, 


.~ . fi 1 
lx = 2x sin{ >] cos fxr #O 
0 if x =0 


Note that lim,_,9 f(x) does not exist, so that f’(0) exists but /’ is 
not continuous at 0, 


6.1.6 Composite rule 


Let f be differentiable at c and let g be differentiable at 
b = f(c). Then g< f is differentiable at c and 


(g°f)'(c) = g'Cfloy fle) 


Proof 
Let 
f(x) — f(c) . 
E(x) = ee — fxFe 
f'(c) ifx=c 


Then F, is continuous at x = c, and, for ail x, 


f(x) = fle) + (& — c) F(x) 


6. | 
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Then Gy, 1s continuous at y = b, and, for all y, 


g(y) = g(b) + (y — b)Gs(y) 


Now 
(g ° f(x) = gf()) 
= gly) 
= g(b) + (y — 8)Gi(y) 
= afc) + Lf) — FOIGALO) 
= g(f(c)) + (x — c) F(x) Ga(f(x)) 
SO 
82 DG) Mee DO) _ Fa) Gy(f(2)) (1) 


Xx —-C 


Since f 1s differentiable at c, it is continuous at c by 6.1.2, and, 
since G, is continuous at f(c), (G, ¢ f) is continuous at c by 5.2.6, 
But F.. is also continuous at c, and so, by 5.2.4, the function on the 
right-hand side of (1) is continuous at x = c. Hence 


lim 82° DO) = DO _ Fg, ¢F(6)) 


x0 ¥—e 
= FAlc)G,(b) = f'(e)g’(F(e)) 


as required. OJ 


The composite rule is often called the chain rule, and the formula it 


eives for the derivative of a composite is more suggestive in Leibniz 
notation. Let A =Ax and f(x + A) — f(x) = Ay; then 


f(x) = lim = lim 
hol) h 


fx + A) — fx) _ Ay 


Ax» AX 


The Leibniz notation for this limit is dy/dx. Write y = g(u). where 
u=f(x). Then f’(x)=du/jdx and g'(f(x))=dy/du and (ge f)'(x) = 
dy/dx. The chain rule can now be written as 


Oy ee 


dx du dx 


GM EXAMPLE 6 


Show that #(x) = sin x? is differentiable. 
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Solution 


Let g(x) =sinx and f(x)=x7; then hk = g¢f. Since f and g are 
everywhere differentiable, the composite rule gives that 4 1s dif- 
ferentiable. Moreover, 


h'(x) = g'(f(x))f' (x) = 2x cos x? a 


Gottfried Wilhelm Leibniz (1646-1716) was bor and grew up in 
Leipzig, where he studied theology, law, philosophy and mathema- 
tics at the university. He entcred the diplomatic scrvice, to which he 
devoted 40 years of his life. This proved to be a lucrative employ- 
ment that left Leibniz plenty of time to pursue his interests; these 
were diverse, and he produced scholarly work in Sanskrit, philo- 
sophy and mathematics. Leibniz had a keen appreciation of the 
importance of logical reasoning and of the need for an appropriate 
language and notation tn any ncw subject. It was he who, on 29 
October 1675, first used the sign { for integration; derived from the 
first Ictter of the Latin word swenma, meaning sum. By the time his 
paper on differential calculus appeared in 1684, Leibniz was writing 
differentials as we do today. Many of the standard rulcs for differen- 
tation were obtained by Leibniz, and the notation dy/dx is still 
associated with his name, as is Leibniz’ formula (see 6.2.6) for find- 
ing the nth derivative of a product of two functions. The last seven 
years of his life were spent in bitter controversy with Newton over 
who had priority in the discovery of calculus. When, in 1714, Leib- 
niz’ employer became the first Hanoverian king of England, Leibniz 
was left in Germany to spend his declining years as a neglected 
scholar. Newton, on the other hand, when he died tn 1727, was 
buried with pomp and circumstance in Westminster Abbey. 
However, the priority dispute itself alienated British mathematicians 
from their continental counterparts for much of the eighteenth cen- 
tury, much to the detriment of British mathemattcs. 


6.1.7. Inverse rule 


Suppose that f: A— B is a bijection where A and B are in- 
tervals. If f is differentiable at a ¢ A and f'(a) #0 then f~! ts 
ditferentiable at b = f(a) and 


] 
YN¢p cs 
fF YO) =475 


6. | 
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Preof 


For each a é€ A let 


fa)-flQ 8 
F(x) = ae ixFa 
f(a) if x=a 


Then F,, is continuous at x = a and, for alix € A, 
F(x) = fla) — (« — a) F(x) 
Given f(a) = 6 and letting f(x) = y for arbitrary x € A, 


5 
=a 
F(x) = ee for x #a 


Consider 
G,(y) = — for y #5 
Then 
x—-a l l 
3 = = = ‘th 
GO) xy — fla) ~ Fels) Fe fy)” 


Since f is differentiable, it is continuous (6.1.2), and so f ! is 


continuous (5.2.7). Also, f-'(b)=a, and F, is continuous at 
x =a. Hence F,° f~! is continuous at y = 6 (5.2.6). 
Now 


(Foe f *)(6) 


Fu(f °(b)) 
= F,(a) 
= f'(@) 
#0) 
by hypothesis, and so 
ae 
6 rs 


5 = Gol) 
eee 
(Facf\y)  (Faef *)) 
In other words, 


eG ot) a 
yh yb f(a) 


as yb 
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This rule can be written in Leibniz notation as follows. Let y = f(x); 


then x 


(f- 


Thus 
dx 


= f~!(y), and so 

ly: 0) = and f(x) = 2 
—— a 

~ dy/dx 


a highly memorable form. 


EXAMPLE 7 


The function [: (0, #}— (0, ©) given by f(x) =x? is a bijection. 
Its inverse function is given by f '(y) = Vy. 

Now f is differentiable for x > 0 and f’(x) = 2x #0 for x >0. 
By the inverse rule, f~' is differentiable for y > 0, and 


ii l 


t ee cee ee 
(fy) Fa) x Wy a 


EXAMPLE 8 


The function 8: (—47, gm) > (— 1,1) given by g(x) = sinx is a 
bijection with inverse given by g “'y) = sin™ y. Now g is dif- 
ferentiable and g(x) =cosx #0 for |x] <4. Hence, by the in- 
verse rule, g~! is differentiable for !y!<1, and 


o 1 
(6°) = = 


COS X 1 — sin’ x 


(since cos x > 0 for jx} < 57) 


— 


EXAMPLE 9 


The function 4: R— (0, ©) given by h(x) =e” Is a bijection with 
inverse given by h~'(y)=log. y.. Now A is differentiable and 
h’(x) = e* #0 for all x. Hence h~! is differentiable for y > 0 and 


yyy) ete L 
(A OS 7 = 
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SM EXAMPLE 10 

By contrast, the function k: RR given by k(x) =x? is a dif- 
ferentiable bijection, but its inverse k~!(y) = y!? is not differenti- 
able at 0. (Why not?) n 


Chapter 5 showed that the limit definition of a continuous function 
could be used to establish theorems that supported the intuitive notion 
that the graph of a continuous function is a ‘continuous curve’. The graph 
of a differentiable function can be dubbed a ‘smooth’ continuous curve. 
The theorems to support this idea are developed in the next section, but 
this section concludes with a result that helps to locate the local maxima 
and minima of a differentiable function. 


6.1.8 Definition 


A function f has a local maximum value at c if c is contained 
in some open interval J for which f(x) = f(c) for each x e€ J. 

If f(x) = f(c) tor each x e J then f has a local minimum 
value at c. 


See Figure 6.3 for a diagrammatic representation of these two types of 
local extrema. 


6.1.9 Local extremum theorem 


If f is differentiable at c and possesses a local maximum or a 
local minimum at ¢ then f‘(c) = 0. 
Proof 


Consider the case of a local minimum at x =c. There 1s an open 
interval J with centre c such that f(x) — f(c) =0 for all x e J. If 


Local maximum Local minimum 


Figure 6.3 
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x > c then 
fQ)-f0., 4 
xXx-c | 


and if x <c then 


fe) ~ FO) g 


xXx-C 


Thus fi(c)=0 and fi(c)s0. But f’{c) exists, and so 
fi.(c) = fic). Thus f’(c) = 0. O 


Note that, although f’ must vanish at a local extremum, this is not 
sufficient for such a point. For cxample, consider the behaviour of 
f(x) =x? at x =0. Here f'(0) =0, but (0,0) is neither a local maximum 
nor a local minimum. The next example shows that the local extremum 
theorem together with the boundedness property for continuous functions 
(see 5.3.1) enables the global maxima and minima of a differentiable 
function to be determined, since on a closed bounded interval these occur 
either at points where f’ = 0 or at the endpoints of the interval. 


MM EXAMPLE 11 


Determine the maximum and minimum yalues of the function 


f(x) = x(x — I — 2) 
on the interval [0, 3}. 


Solution 


First investigate the local extrema of f on [0,3]. Since f is a 
polynomial, it is differentiable on (0, 3]. Moreover, 


f'(x) = x(2x -— 3) + ( — 1) — 2) 


= 3x* -6x +2 


which has roots at x =1+1/1/3. The maximum and minimum 
values of f on (0, 3] lie in the function values f(0), f(1 —1/ V3), 
fa+1/ V3) and f(3). Hence the maximum value of f on [0,3] 
is f(3) =6, and the minimum value on [0,3] is f(1 + 1/ V3) = 
-28V3. | 


6.2 THEOREMS 18) 
Exercises 6.1 


iT Ise the limit definition of differcntiability to find the derivatives of 
the following functions: 


(a) f(x)=at+3x (by f(x) =1/x 


2. Prove the sum and reciprocal] rules (see 6.1.3) for differentiable 
functions. 


3. Tind the left- and right-hand derivatives of cach of the following at 
the point indicated: 


(a) f{x)=x- [x] at x - 2 
x 
Oe) fetta VF’ ges 
Q) if x =0 
4. For each of the following functions use the rules for differentiabil- 


ity to prove that f is differentiable. You may assume that the 
identity, constant, exponential and sine and cosine functions are 
differentiable on R: 


(a) f(x) =e* cosx +1 (b) f(x)= a, 


2 
(c) f(x) = al (d) f(x) —=tan?x (x #n+4 57) 


x COs (2 if x #0 
(e) fx) = 40 Ax (f) f(x)=x°P (x > 0) 
0 ix =0 
(g) f(x)=sih''x (Hint: The bijective function sinh: R —> F is 


defined by sinh x = 5(c* — e~*).) 


S; Calculate f" for each of the functions in Question 4, 


6.2 Theorems 


This section establishes some basic properties of differentiable functions. 
The main result is the mean value theorem, which will be proved by first 
establishing a special case of it known us Rolle’s theorem. 
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6.2.1 Rolle’s theorem 


Let f be differentiable on (a, b) and continuous on [a, b]. If 
f(a)=f(®) then there exists a c, a<e<6, such that 
f'(c) = 0. (See Figure 6.4.) 


Proof 


Since f is continuous on [a, 4], it attains a maximum value f(c,) 
and a minimum yalue f(c,) on [a, b] by the boundedness property 
(5.3.1). If f(e,) = f(ce2) then f is constant for all x € [a, 6], whence 
f'(x) =0 for all x ela, 6), and the result follows. lf f{c;) # f(c2) 
then at least one of c, and ¢2 is not at a or b. Hence f has a local 
maximum or minimum (or both) inside the interval [a, b]. By the 
local extremum theorem (6.1.9), f’ is zero at at least one point 
inside (a, b|. a 


Although Figure 6.4 seems to imply that Rolle’s theorem is obvious, it 
in important to note that the result is truc for any differentiable function 
and not just the idealized one depicted in Figure 6.4. 


Michel Rolle (1652-1729) was a French mathematician foremost 
among those who questioned the validity of many of the new infin- 
ilesimal methods derived from the calculus of Newton and Leibniz. 
Indeed, Rolle attacked the calculus itself as a collection of ingenious 
fallacies. It was attacks such as these by respected mathematicians 
that led to attempts to reconcile the new calculus with the morc 
ancient geometry of Euclid. This reconciliation concentrated on 
those (limiting) processes underlying the calculus and developed 
into the subject now known as mathematical analysis. Although 
Rolle exposed several absurdities that arose from the indiscriminate 


Figure 6.4 
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use of calculus, he was eventually convinced of the soundness of the 
developing analytical approach to the subject. Among several con- 
tributions to analysis is the theorem that bears his name, published 
in an obscure book in 1691. Its fundamental importance was not 
recognized at the timc. since it arose as incidental to methods of 
finding approximate solutions of equations. 


6.2.2 Mean value theorem 


Let f be differentiable on (a,b) and continuous on fa, d]. 
Then there exists ac, a <.c < b, such that 


ro ~ £0) Le 


Proof 


The result is illustrated in Figure 6.5. 
For the proof let g(x) = f(x) — ax, where A is chosen so that 
e(a) = g(b); that is, 


_ fl) — fla) 
b-a 


the slope of the chord joining (a, f(a)) to (6, f(6)). Now f is dif- 
ferentiable on (a, 4), as is the linear function x +> —Ax. By the sum 
rule (6.1.3), g is also differentiable on (a, 6). Similarly, g is con- 
tinuous on [a, 6]. The choice of a means that, in addition, 
g(a) = g(b). Applying Rolle’s theorem to g yields ac, a<c<b, 
such that g’(c) = 0. Hence f’(c) — A =0, so that 

_ f(b) — fla) 


a b-a _ 


Figure 6.5 
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An immediate consequence of the mean value theorem is the follow- 
ing result, which in turn gives a technique for analysing the graphs of 
differentiable tunctions. 


6.2.3 The increasing—decreasing theorem 


If f is differentiable on (a, b) and continuous on |a, b| then 


(1) f’(x) > 0 for all x € (a, b) => f is strictly increasing on [a, ]. 
(2) f’(x) <0 for all x € (a, b) => f is strictly decreasing on [a, b]. 
(3) f’(x) =0 for all x € (a, &) = f is constant on [a, b}. 


Proof 


(1) Let x1, x2 € [a@, b} with x; < x. Since f satisfies the hypotheses 

of the mean value theorem on the interval |x, x], 

f(%2) -— f(xy) , 

SE =O) 

X— X1 

for some c, x; <¢e< x. But f’(c) > 0, and so f(x2) > f(x,). In 
other words, f is strictly increasing on [a, 5}. 

The proofs of (2) and (3) are similar. a 


EXAMPLE 1 
Find and describe the local extrema of f(x) =x7e™*. 


Solution 
Now f is everywhere differentiable and continuous and 

f'(x) = 2xe7* ~ xe * =e 4*(2 — 2x)x 
Local extrema occur only when f’(x) = 0, and so x =Q or x =2. 

Since e~*e* = e* * =e9 =1, e* #0 for all x EK. Then e* >0 
for all x, otherwise the intermediate value property (3.3.2) implies 
that e* vanishes somewhere. 

Hence if x <0 then f’(x) <Q; if 0<x <2 then f'(x)> 0; and if 
x >2 then f’(x)<0. Thus f is decreasing on (—,0], increasing 
on [0,2] and decreasing again on [2,°%). This means that x = 0 
gives a local minimum, and x = 2 gives a local maximum of f. See 
Figure 6.6. a 


The use of the increasing~—decreasing theorem for finding and classify- 
ing local extrema seen in the previous example will be superseded in the 
sequel by crisper methods. However, 6.2.3 is extremely useful for estab- 
lishing inequalities between functions. 
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0 2 


Figure 6.6 


BR EXAMPLE 2 
Prove that e* 21+. for all x. 


Solution 

From the definition of e* (4.3.3), c* >1 for all x > 0. Hence if 
£1 <oXq then c*%# =e “'e* >e, Thus c* is strictly increasing on 
R. Let f(x)-—e* —1—-x. Then f is differentiable and f’(x)}= 
e* — 1. Hence f’(x) > U for x > 0, and so ff is strictly increasing on 
(0, ). Since e~* =(e*)7', c™* <1 for x > 0, and so f’(x)< 0 for 
x <Q. Hence f 1s strictly decreasing on (—,0). Since f(0) — 0, 
f(x) = 0 for all x, and so e* = 1+ for all x. | 


The next result, which is difficult to mterpret geometrically, will be 
necded to prove L’HO6pital’s rule. This is a rule that is well suited to the 
evaluation of limits of the form 


im £2) 
0 g(x) 


where f(xq) = g(%») = 0. 


6.2.4 Cauchy’s mean value theorem 


Let f and g be differentiable on (a,b) and continuous on 
(2, bj. Then there exists ac, a<.c< 4, such that 


s(e) _ f(b) — fla) 
gi(c) (6) — gla) 


provided that g’(x) # 0 for all x € (a, 5). 
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Proof 


First note that g(a) # g(b), otherwise Rolle’s theorem applied to g 
on [a,b] would mean that g’ vanished somewhcre on (a, b). Let 
h(x) = f(x) —Ag(x), where A is chosen so that A(a) = h(5); that 
1S, 
, - f(b) - $@ 
g(b) — g(a) 
By the sum and product rules for continuity and differentiability 
and our choice of A, A satisfies all the hypothcses of Rolle’s 


theorem. Hence there is a c, a<c<b, such that h’(c)=0. This 
gives f’(c) = 4g'(c), and the result now follows. 


v.2.5 L’H6pital’s rule (version A) 


Let f and g satisfy the hypotheses of Cauchy’s mean value 
theorem and let xo satisfy a < x9 < b. If f(xo) = g(%y) = 0 then 


ne 
X—Xy g(x) X—Xo g’(x) 
provided that the latter limit exists. 


Proof 


Apply Cauchy’s mean value theorem to f and g on the interval 
[xo,x], where x9 < x <6. Hence there exists a c, xy<c¢ <x, such 
that 


——e Pe —E—E—EEEE 


Now 
_ f(x). File)_ ,. fF) 
jim 2 = tim D2 = tim LX 
Sie g(x) foie g'(c) set g'(x) 


provided that the latter exists. A similar argument applied on the 
interval [x, xy], where a <x < XQ gives 


fe) G2) 
on ea eee 


again provided that the latter exists. The rule now follows. CJ 
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The Marquis de L’H6pital (1661-1704) wrote the first textbook on 
calculus, Analyse des infiniment petits, which appeared in Paris in 
1696. This text contains the rule with which his name 1s associated. 
However, the rule was in fact discovered by Jean Bernoulli 
(1667-1748), one of the dozen or so eminent Swiss mathematicians 
spawned by six successive generations of the Bernoulli family dunng 
the seventeenth, eighteenth and nineteenth centuries. Bernoulli in- 
structed the young Marquis in 1692 and, in return for a regular 
salary, entered into an agreement whereby L’H6pital received Ber- 
noulji’s mathematical discovenes and had permission to do with 
them as he pleased. The Analyse takes a Leibnizian approach to 
calculus, covers the basic rules of differentiation and makes usc of 
them in a wide variety of applications. The author pays due credit to 
both Leibniz and Bernoulli in his preface, and there is no doubt that 
some of the text was developed independently by L’Hd6pital, a fine 
mathematician in his own right. 


mgm EXAMPLE 3 
_ sing 
lim: -= 
xX 
Solution 
The functions f(x) =sinx and g(x) =x satisfy the hypotheses of 
L’HO6pital’s rule. Moreover 
am LD = tig 28% = 1 7 
x00 g(x) x0 1 


1 


@B EXAMPLE 4 
os sinh 2x s 
x0 log, (1 + x) 
Solution 
Let f(x) =sinh2x and g(x) =log.(1+ x). Then f’(x) = 2cosh2x 
and g’(x) = 1/(1+ x). By L’H6pital’s rule, 


tim £%) = fim 2(1 + x) cosh2x =2 7 
x30 g(x) x—0 


SB EXAMPLE 5 


lim (1 + x)? =e 
x0 
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Solution 


Now 


log, [lim (1 + xy] = _ [log. (1 + x)" | 


by the composite rule for limits of functions (5.1.5). By L’H6pital’s 


rule, 
log. (1 + x 
lim bind Ls an ( ) = |i : =] 
xf) x x0 1 Xx. 
Hence 


lim (1 + x)¥* = exp {lim [log, (1 + x)'*]} =e 
x—>U x >U 
by the continuity of log and exp. a 


Note 


The sequence ({1 + 1/n)”) was shown to be convergent in Exam- 
ple 3 of Section 3.4. Setting x = 1/n in Example 5 above shows 
that 


nn 
lim (1 + x)* = lim f + 4 
x0) xl) fai 


= lim t r 1) 
Noe nN 
and so e is the limit of the convergent sequence ((1 + 1/n)”). 


L’H6pital’s rule can be used to evaluate many seemingly indctermin- 
ate limits once they have been expressed as the limit of a quotient of 
differentiable functions; provided of course that 


Pee eS 


—— 


m 
X—>XQ g(x) 


can be evaluated. Often this final limit is ttself indeterminate (in other 
words f'(x9) = 9'(%9) = 90), and it may be tempting to apply I.’ Hépital’s 
rule again. But this requires that f’ and g’ themselves be differentiable. If 
the derived function f’ of a given differentiable function is itself differen- 
tiable, it is said that f is twice differentiable, and f” or f is written for 
its second derivative. In general, f is m-times differentiable 1f f is (#2 - 1)- 
times differentiable and its (mn — 1)th derivative is diffcrentiable. The nth 
derivative is denoted by f‘”. If, moreover, f is a continuous function 
then f is said to be n-times continuously differentiable. 
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EXAMPLE 6 


Consider 


_ [x? if x =O 
F(x) =) 3 ix <0 


For x > 0, f is differentiable and f’(x) = 2x. Similarly, for « <0, f 
is differentiable and f’(x) =3x7. At x =0 the calculation of left- 
and right-hand derivatives has to be resorted to. Hence 


7 . 0) ? 
lim F(x) — FO) = lim cone lim x = 
x—0+ x —Q x-0- X x—+)+ 
and 
| on. en 0 3 
fi ee a, 2 ee al 
r oo— ot iar! 9) x-»J- Xx x0 


Hence f is also differentiable at x = 0. The derived function f' is 
given by 


ers ize if x #0 
PO) = 1352 if x <0 
It is straightforward to show that f’ is everywhere continuous, and 
so f is continuously differentiable. Elowever, f’ is not differenti- 
able at x =O (in fact, f(0)=2 but f?'(0) =0, and so f is not 
twice differentiable at x = 0. B 


In the next example the functions considered are all infinitely differen- 
tlable (in other words, #-times continuously differentiable for all ae Ny). 
Repeated difterentiation enables the general formula for the nth deriva- 
tive to be obtained. This can of course be established by induction on a. 


EXAMPLE 7 


(a) If f(x) =x™, meN, then 


- me 
f(x) = 4 (m — ny! 


Q for “> m 


5 ii for 1sm 


(b) If f(x) = sin x then 


f° (x) = sin(x + dua) for n = 0 
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(c) If f(x) = log, x then 


an n—-l _ 
UMD soe ; 


fOR)= 


Now the successive differentiation of products of simple functions is 
investigated. Recall that 


(2g) = Fre ae og 
Hence 
(f- g) = (f-g'y + (f"-8)’ 
= fr gO + 2fi-g' + fer-g 
Similarly, 
(f+ g)®) = fe g®) +3f': g(?) + 3 f) “gl + f° -g! 


Generally the following formula applies. This can be proved by induction 
on 7. 


6.2.6 Leibniz’s formula 


Let f and g be n-times continuously differentiable at c. Then 
h = f+ gis also m-times continuously differentiable at c, and 


n 


A™(c)= > iy LO()g@-Ne) 


r= 


MM EXAMPLE 8 


Calculate A (x) when A(x) = x? sin x. 


Solution 
lf f(x)=x? then f'(x)=3x7, fx) =6x, fP(x)=6 and 
f(x) =0 for r2=4. If g(x)=sinx then g(x) =sin(x + 41m) 
for r =0. 

So 
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°, (6 
Ac) = 3 | Pogo 
r-O \F 
-(° eo anleee + e 3 sin (x + 22) 
AO} 2 ie ee 


+ 5 x sin |x 5 + 3, sin | x 5 


= x* (-sin x) + 18x?{cos x) + 90x(sin x) 
+ 120(—cos x) 
x(90 — x”)sinx + 6(3x” — 20) cos x | 


This section concludes with a generalization of I.’H6pital’s rule that is 
mercly the repeated application of the earlier version A. 


6.2.7 L’H6pital’s rule (version B) 


Let f and g be n-times continuously differentiable on the in- 
terval |a, b] and let xp satisfy a< xq <b. If 


f(xy) =g9(ixg)=0 forOsrsn-—] 
and 

g'" (xo) #0 
then 


F(x) f(x) 


lim —— = lim 
X- Xp g(x) LX5 gi) (x) 


provided the latter exists. 


Mm EXAMPLE 9 


T—cosx , 


lim 5 3 


xf) X 


Solution 

If f(x) = 1 —cosx and e(x) = x? then 
(0) = g(0) = 0 

Now f’(x) =sinx and g'(x) = 2x, and so 


f'(0) = g'(0) = 0 
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Now f"(x) =cosx and g"(x) = 2, and so 
g"(0) #0 


Finally, then, 


_ L—cosx |. cosx  , 
lim —— ,—— = hm 5 
x—9 x x 2 


MM EXAMPLE 10 


‘—cotx) = 0 


lim (x ~ 
x—) 
Solution 
lirst note that 
sinx — x cCOSxX 


1 


(x ‘ —cotx)= 


x sin x 
If f(x) = sinx — x cosx and g(x) = x sinx then 
FO) = g(0) = 0 
Now f'(x) = xsinx and e’(x}=sinx + x cosx, and so 
f'(O) = g'(0) = 0 
Thus f"(x) = g(x) and g(x) =2cosx —xsinx, and g’(0) 40. 
Finally, then, 


sinx + x cosx 


lim (x7! — cot x) = lim =5=0 a 
xf) 


x) 2COSX — x Sinx 


Exercises 6.2 


1. Use Rolle’s theorem to show that 
Pix)=x?t+axt+bh (a>0) 
has precisely one real root. 
2. Suppose that f:[0,1]— (0, 1] is differentiable on (0,1) and con- 
tinuous on [0,1]. By 5.3.4, it is known that there is at least one 


c€[0,1] for which f(c) =c. If f(x) #1 for x € (0,1), prove that 
there is exactly one such poiat c. (Hint: consider the function 
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A(x) = f(x) — x; suppose that f has two fixed points, and obtain a 
contradiction. ) 


Suppose that f is a twice differentiable function and that 
f(a.) = f(a) = fla) (a, < ag < a3) 


Prove that f"(c) = 0 for some c between a, and a3. 


Use the mean value theorem to prove the following: 
(a) sina — sin b| <5 |a— b| foralla, beR 


(b) 4< V83-9<4 


Use the local extremum theorem and the increasing—decreasing 
theorem to find all the local maxima and minima of f when 


(@) fix)ex+— 0) fix)=e" © fl) =— + log.2 


Establish the following inequalities: 
(a) x —4x?<log.(l+x) for x>0 


(b) tan7! x > for x > 0 


os 
1+ qa? 
(c) sinx<x<tanx for O<x<37 
Use L’H6pital’s rule to evaluate the following: 
3x? 1 


(a) lim fer — - (b) lim (cosec x — cot x) 


2 
(c) Wa (sin x re 2x (d) lim - 


Vlt+x-t1 
(e) im = — 
x—>U / | —~x-l 


Use Leibniz’s formula to find 


(f) lim (cosh x)**" 
x—D 


(a) the fourth derivative of x*e * 


(b) the sixth derivative of x? log, x 


6.3 Taylor polynomials 


Determining the value of a polynomial expression, such as 1 +x + 3x’, 
for any specified valuc of x involves only simply addition and multiplication. 
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Moreover, given x to any specified degree of accuracy, it is straightfor- 
ward to evaluate such polynomial expressions to a comparable degree of 
accuracy. When faced with the problem of evaluating sinx or e* to a high 
degrec of accuracy, especially when more decimal places are required 
than an electronic calculator can provide, the situation is not so clear-cut. 
For the elementary functions, one approach would be to use an mth 
partial sum of the power series defining the function, for a suitably large 
value of 2. This would be a polynomial of degree  — 1 whose value at 
any specified x provides an approximation to (he value at x of the 
clementary function under consideration. However, there is no obvious 
measure of how accurate such an approximation might be. For other 
functions there is also the question of whether or not they may be repre- 
sented by power series. This scction provides answers to such questions. 
In order to determine the form of those polynomials that may be used to 
approximate the values of a given function, and ultimatcly to derive a 
power series expansion of the function, it is first necessary to examine the 
cocfficients of powers of x in a general power series. 

Suppose that >7.9a,x" is a power series with radius of convergence 
R. Let f(x) be the sum of this serics for |x. < R. It is proved in the 
Appendix that f is differentiable and that 


(x) = S na, x"! for |x| < R 


=i 


Continually differentiating tn this manner leads to 


x2 


FOX) = SM n(n- ICH - 2+ (nm — + lax" © for |x) < PR 


OTF 


If x =0 then 
f°?(0) 


Ce aa for rp =1,2,... 


Thus the coefficient of x" in any power series is f'")(0)/n!, where f(x) is 
the sum of the given power series. Hence 
(1)(0 
f=) yee 2 c" for jx,< R 
Pam, 
For small values of x the sum function f(x) can be approximated by the 
polynomial 


pe Beare aes) ia. i ~@) 


{0}. 1! 9! saa as, NI! 


for any value of NV. 
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This section investigates how good an approximation this polynomial 
is when f(x) is an arbitrary function of x and not necessarily the sum of a 
given power serics. It shows that certain functions can then be expressed 
as the sum of suitable power series. This investigation begins with a 
definition. 


6.3.1 Definition 


Let f be an n-times continuously differentiable function at 0. 
The Taylor polynomial of degree 7 for f at 0 is defined by 


’ " (7 
TE(x) = f(Q) +iO, + re x7 +...4 ft) ae 


EXAMPLE 1 


Let f(x)=e*. Then f“(x)=e*% for r=1,2,..., and so 
fF (0) = 1. Thus 

Tof(x) = 1 

Tift) =l+x 

Tof(x) = 1 tx + $x? 
and so on. As can be seen from Figure 6.7, as increases, the 


Taylor polynomials become progressively better approximations to 
f(x) = e* near x =0. | 


Ty f(x) 


Figure 6.7 
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The first result in this section provides an estimate of the difference 
between f(b), the value of a given function at x = 6, and T,f(b), the 
value of its ‘Taylor polynomial of degree n at x = b. 


6.3.2 The first remainder theorem 


Let f be (7 + 1)-times continuously differentiable on an open 
interval containing the points 0 and 6. Then the difference 
between f and 7, f at x = D 1s given by 


pnt ~ | 
i) eae bale rere hala 


for some c between 0 and 8. 


Proof 


For simplicity, assume that b > 0. Let 


nf f(r) 
inte) = 110) - 2 [6-97] (ee fo. 6D 


Then 4,,(b) = 0 and #,,(0) = f(b) — T,, f(b). Let 
2 n=] 
g(x) = nix) (254) yl) €[0, BD 


Then g is continuous on [0,5] and differentiable on (0, 6), and 
g(0) = g(6). Hence, by Rolle’s theorem (6.2.1), g’(c) = 0 for some 
c between 0 and bd. 


Now 
(n-4 1) 
ni(x) = ~ ©) (6 — x" 
n 
after a straightforward calculation. Thus 
mix n+1)(b ~ 
g(a) = - 2p — nyt + SADE =O" 0 
and so 
ee eS ka "Oy, iy OS DESO 
(2 Ose Oa er gO) 
leading to 
(n+1) 
Bs 


as required. 
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Denote f(b) — 7,f(b) by K,f(b) and call it the remainder term at 
x=h, Thus f(>)— 7,f(b) + R,f(b), and so the error in approximating 
f(b) by T,f(b) is given by the remainder term R,f(b). Since f'') is 
continuous on an interval containing 0 and &, it 1s bounded on that 
interval. ‘I'herefore there exists a number M such that f“t(c) <M, 
and so 


ntt 


Je 3D 
|Raf(b)| =s l(n + 1)! M 


Thus, for fixed m, the remainder term will be small for b close to zero. In 
other words, Taylor polynomials provide good approximations to func- 
tions near x = 0. The next example illustrates this. 


M@ EXAMPLE 2 
When f(x) = sinx, calculate 
(a) Tof{x) — (b) R7f(x) 
(c) sinQ.1 accurate to 12 decimal places 
Selution 


First, f'?(x) = sin (x + 4r7) for r = 0. 


f (Uy) iy 
@) Trftx) = Y Ow = ¥ * sin( 27 


r-—0 
Thus 
3 5 7 
X x Xx 
BNE d eae ap ome 


(b) R>f(x) = («°/8!) sinc for some c between U and x. 
(c) By the first remainder theorem, 


1)" : 


| 0.19% 18 
If(0.1) ~ T7f(0.1)| = |Rof(0.1)| = a Ete foe MOLE. 


o! 
Now 


0.133 (0.195 (0.197 
T7f(0.1) = (0.1) - ee ie ee I) 


= 0.099 833 416 646826... 


198 DIFFERENTIATION 


and 


(0.198 | 
IR«f(0.1) < A a = 2.48 x10 8 


0.099 833 416 646 826, < 2.48 x 1073 


Therefore sinQ.1 = 0.099 833 416647 correct to 12 decimal 
places. a 


[t can now be shown how Taylor polynomials can be used to generate 
power series expansions for functions f that are infinitely differentiable 
on an open interval containing 0 and x. For cach real number x 


f(x) ~ Thf(x) + Rf) 


Now 


ro) 


lim Tf(x) = > (as “-~“y" for x|<R 


where RF is the radius of convergence of the resulting power series. If it 
can be shown that lim,_,.. &,f(x) = 0 for |x} < R’ < R for some R’ then 


fx)= > i) au x’ for |x| < R’ 


This power series is called the Maclaurin series for /(v). 


Colin Maclaurin (1698-1746) was a Scotsman who ranks as one of 
the finest British mathematicians in the generation after Newton. 
Although principally interested in geometric curves, he 1s best 
known for the series that bears his name. These appeared in his 
Treatise of Fluxions in 1742, and had been anticipated by some half 
dozen earlier workers. In fact, this series 1s only a special case of the 


‘more general Taylor series published by Brook Taylor (1685-1731) 


in his Methodus incrementorum directa et inversa. Taylor, a Cam- 
bridge graduate, used his serics to solve equations numerically by 
obtaining successively closer and closer approximations. In fact, the 
general Taylor series expression was known to Jean Bernoulli vears 
before it appeared in print in Taylor’s Methodus incrementorum. 
History, as usual, is fickle in the matter of attaching names to 
theorems. 
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EXAMPLE 3 


Derive the Maclaurin scries for f(x) =e’ 


Solution 
First, 
eg n 
Mj 4y4— 4... = 
2! n! 
and 
n=l 
R, f(x) = Git n° 


for some c between 0 and x. Now >? 4 x’/r! is absolutely con- 
vergent for all x by the ratio test (4.2.3), so for any fixed real 
number x 
lo 4 y’ 
lim T,f(x) = > i) 


Rr» r=f 


By the vanishing condition (4.1.2), x"/n!— 0 as n> 0. Thus 


| yr l 
(n+ 1)! 


e|530 asnou 


Raf(x)| = | 


for fixed x. Hence, for any x, hm, ,. R,f(«) — 0. Hence 


» f Z B73 


to. +..., valid for all x 
r 0 r! 2! mn! 


Notice that the Maclaurin series for e* is quite naturally the power 
series used to define e*. ba 


Power Seri¢cs can be generated in a similar manner for all the standard 


functions. In each case the power series is just lim,_.. T,,f(x). and the 
range of validity is precisely those x for which: 


(a) the resulting power series converges, and 
(b) the remainder R,f(x)—-+O0as n> &, 


In deriving the following list (6.3.3) the trickiest part 1s establishing (b). 
‘The form of the remainder found in the first remainder theorem ts called 
the J.agrange form. Alternative expressions are sometimes necded. See 
Section 6.4 for further details. 
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6.3.3 Standard series 


x? = r 
(1) e* cae le valid for all x 
3 m ry 2rt! 
i 
(2) a ie waite” etree Te valid for all x 
x2 a (—1)'x?” oy 
(3) cosy = 1- Sot. = On!” valid for all x 
SC ee 
(4) Q+xynite+ SoD yry where 1 ¢ \ 


See 
valid for -Il <x <1 


(5) log, (1 +x) =x - 4x74. 


Sf _ayr-lyr 
= >» ee , wWahd for -I<x«=1 


Algebraic and calculus techniques can now be used to generate from 
these standard scries the series for other functions such as sin~! x, cosh x, 
sec x and so on. See Exercises 6.3. 

The first few terms of the Maclaurin senes for a given function f 
provide a good approximation to f(x) for x close to 0, but what if 
approximations for x close to some other real number a are required? 
Polynomials must then be considered not in powers of x but in powers of 
x— a, 


4.3.4 Definition 


At f be n-times continuously differentiable at a, a fixed real 
1umber. Define the Taylor polynomial of degree 7 for f at a 


ry 
f vo 


(x -— a)? +... 


Trial (x) = f(a) + f'(@x — a) + 


( 
LO (ay 


The first remainder theorem can now be peneralized. 
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6.3.5 Taylor’s theorem 


Let f be (1+ 1)-times contmuously differentiable on an open 
interval containing the points a and 4. Then the difference 
between f and T,,,,f at & is given by 


(b = ayes 


(n+ 1)! pee) 


LCP) — Traf(b) = 
for some c between « and A. 


Proof 


This result is restated as 6.4.1(2) and 1s proved in Section 6.4. UO 


From 6.3.5, the error in approximating f(x) by the polynomial 
T,,.f{%) is just the remainder term. 


{x — a"! 


nay FO 


Raaf(X) <— 


where c lics between a and x. The approximation ts good for x close to a. 

Just as before, power series can be gencrated in powers of x — a called 
Taylor series, for suitable functions of x. The range of validity is again 
those x for which 


(a} the resulting power series converges, and 
(b) Rauf(x) 20 as no, 


A form of Taylor’s theorem much used tn numerical analysis is de- 
rived below and used to round off the investigation of local extrema of 
functions begun in Section 6.1. 

From Taylor’s theorem, 


f(x) = Tal (X) + Rial (X) 
= f(a) + (x —a)f'(a)+...+ Se ~ 2 Ka) 


teas ntl 
erea ia =H fo-D(o) 


for some c between a@ and x. 

Let x -a=hh. Then c lies between a and a+ A. Thus, whether / is 
positive or negative, c=a+t @hA for some 0< 6< 1, which immediately 
gives the following. 
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6.3.6 Result 
bh" 


flat h)= f(a) t+ hf'(a)t+...4 f(a) 
+ BN pong + 0h) 
{n+ 1)! 


forsome 6,0<@<1. 


This expression emphasizes that the value of f at a + # is determined by 
the values of f and its derivatives at a, with @ measuring the degree of 
indeterminacy. Note that @ depends on 4; it is not a constant that works 
for all values of A. 

When the nature of a function f that has a stationary point at x =a 
(that is, f’(a@) =0) is investigated, it is required that the sign of f(a + h) 
— f(a) for all small A be examined. The expression in 6.3.6 relates 
f(a + h) — f(a) to the derivatives of f at a, thus enabling the following to 
be proved. 


6.3.7 Classification theorem for local extrema 
If f is (2 + 1)-times continuously differentiable on a neigh- 
bourhood of @ and f(a) = 0 for r= 1,2,..., 2 (in particular, 
f'(a)=0 and so x=a 1s a stationary point of f) and 
f"")(a) #0 then 


(1) n+1 even and f("t)(q)>0= f has a local minimum at 


x=a 
(2) n+1 even and f"*))(a) <0= f has a local maximum at 
x=a 


(3) n+1 odd=f has neither a local maximum nor a local 
minimum at x =a 

Proof 

Since f(a) =Qforr=1,2,....%, 


f(at+ h) = f(a) + hf'(a) +... + = f(a) 
Ari 
(n+ 1)! 


n+l 
= f(a) + ree f(a + Oh) 


forsome 6,0 <@< 1] 


+ fea + Oh) 
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Hence 


= ne (n+l) 
fla +h) fla) = Tay fea + Oh) 
where 0<0<1. Since f@*t)(a) #0 and ft” is continuous, 
there is a 6> 0 such that f'"~-"(x) #0 for |x — al < 6. Thus, for all 
h satisfying h| <6, f*)(a + 6h) has the same sign as f""'(a). 
So f(a + h) — f(a) has the same sign as A”*! £("*)(q) for all A, 
|A| <6. 


(1) If 2 +1 is even and f')(a)>0 then f(a +h) — f(a) >0 on 
the open interval (@—6,a+ 56). Hence x =a gives a local 
minimum of f 

(2) If 2 +1 is even and ft (a) <0 then f(a + A) — f(a) <0 on 
the open interval (a — 6,a +6). Hence x =a gives a local 
maximum of f. 

(3) If n +1 is odd, the sign of f(a+ h) ~ f(a) changes with the 
sign of A. It is said that x = a gives a horizontal point of inflec- 
tion. O 


EXAMPLE 4 


Determine the nature of the stationary points of 
f(x) = x®° — 6x4 


Solution 
Since f is a polynomial function, it is infinitely differentiable. Now 
f'(x) = 6x° — 24x39 = 6x7 (x? - 4) 
Thus f has stationary pomts at x=0 and at r=+2. Now 
f"(x) = 30x* — 72x%, and so f’(+2)=192>0. Thus f has local 
minima at x = +2. 
However, f"(0) =0. Since f(x) = 120x3 - 144x, f(0) =0. 
Now f(x) = 360x? — 144, and so f(0) = —144<0. Thus f has 
a local maximum at x = 0. See Figure 6.8. a 


The above rather simple cxample can be analysed without resorting to 
derivatives higher than the first, but it serves to illustrate the use of the 
classification theorem. The theorem is not, however, a universal panacea. 
For example, it cannot be applied to the function f(x) =e Ur y £0, 
f(0) =0, where f'")(0) = 0 for all » and f has a stationary point at x = 0. 
In this case the Maclaurin series does not converge to f(x) for any non- 
ZeTO xX. 
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Figure 6.8 


Exercises 6.3 


1. Determine the Taylor polynomial 7>f(x) for f(x) =log,(1 + x). 
Estimate R;f(b) when (4) 6'=1 and (b) 6=0.1. Hence find 
log, 1.1 accurate to four decimal places. 


2. Find the Taylor polynomial 7;f(x) for f(x) =cosx. Evaluate 
T;5f(0.1) correct to nine decima) places, and hence use the first 
remainder theorem to determine cos0.1 accurate to eight decimal 
places. 


3. Show that 


fo 6) | 1 
rent) YT! omin 
Deduce that 
7t 
nce 1 2 1 
r=0 r! nin 


Hence prove that e is irrational. (/fint: let e = p/q and choose 
n= q inthe sccond inequality above.) 


4, Using standard senes (see 6.3.3), determine the Maclaurin series 
of (cosh x) log, (1 + x) up to the term in x®. Hence evaluate 


(cosh x) log, (1 + x*) — x? 
Feline ica SSR oe es 


li : 


x—0 x 


5. If f is twice continuously differentiable in a neighbourhood of a, 
use 6.3.6 to show that 


f(a th) + f(a — h) — 2f(a) 


"(a) = lim 
f (a) pee he 


6.4 


ALTERNATIVE FORMS OF TAYLOR'S THEOREM 


Find the stationary points of each of the following functions and 


determine their nature: 


(a) f(x)=xte* — (b) f(x) =x? log,x — (c) f(x) = 20% — e?* 


Sketch their graphs. 


6.4 Alternative forms of Taylor’s theorem 


This section presents proofs of three ditferent versions of Taylor's 
theorem, each giving rise to a different form of the remainder term. The 
third version requires the use of the fundamental theorem of calculus, 
which is one of the maim results in Section 7.1. 


restated as follows. 


6.4.1 Taylor’s theorem 


Let f be (n + 1)-times continuously differentiable on an open 
interval containing the points @ and x. Let T,,,f(x) be the 
Taylor polynomial of degree a» for f at @ and define R,, f(x) 
by 


F(X) = Trafl%) + Raaf(*) 


Then 
(411) 
(1) Ryafte) = (x ~ ey" = a) 
for some c between a and x 
(+1) 
Q) Rnaftx) =F ow ~ ayn 
for some ¢c between a and x 
x p(ntl) 
(3) Raaf(x) = i, fi A (x — t)" dt 


(The c in (2) may be different from the c in (1).) 


Proof 


lor each ¢ between @a and x 


(x — t)" + F(t) 


(n) 
fla) = (N+ fle N+... + 


where F(t) = R,,, f(x). Differentiating with respect to ¢ gives 


‘Taylor’s theorem can be 
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0=F() +4 MO @ = | 
v (3) 
Jt LO pogo 
fe) a. pr ' ; 
[fit rnyrt s+. — 1)"| + F(t) 


Cancellation now gives 


(a+1) 
Fi) = -2 — Oi 


= t)” 

(1) Apply the mean value theorem (6.2.2) to the function F on 
the interval with endpoints a and x. Hence there exists a c 
between w and x such that 


F(x)- F@) _ py FONE) \n 

peg, ea) 
Hence 

Rax fC) = Rr af (x) oer (ae “(6) (x - cy" 

x—a n! 
and, since R,, , f(x) = 0, 
(+1) 
Rrafle) = Dee - oye - a) 


This 1s called Cauchy’s form of the remainder. 

(2) Apply Cauchy’s mean valuc theorem (6.2.4) to the functions F 
and G on the interval with endpoints a and x, where G(f) = 
(x —1)"~'. Thus there is a number c'between a and x such 


that 
F(x) — Fla) _ Fife) _ — [fF (c)/ni(x — ¢)” 
G(x) - Gla) Gc) —(1 + 1)(x - c)” 
Hence 


Rnaf(e) fc) 


(x-—a)""! (n+ 1)! 


and so 


SE NO... oxen 
Rial (x) = (11 ef 1}! x at) 


This gives Lagrange’s form of the remainder. 
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(3) By the fundamental theorem of calculus (see 7.1.7), 


Xx xX (+1) 
F(x) — F(a) =| F’(t)dr = — i} f ore — 1)"dt 
Hence 
xX p(n+)) 
Rraftz) = | EO —yrae 


LJ 


This is called the integral form of the remainder. 


Joseph Louis Lagrange (1736-1813) was born in Turin, and in 
mathematical stature ranks with Euler. He was the first to recognize 
the parlous state of the foundations of analysis and, accordingly, to 
attempt to provide a rigorous foundation for calculus. This attempt, 
Théorie des fonctions analytiques contenant les principes du calcul 
differentiel, which appeared in 1797, was far from successful. La- 
grange’s key idea was to represent a function f(x) by its Taylor 
series and realize f’(x), f"(x) and so on as coefficients in the cor- 
responding Taylor expansion of f(x + A) in terms of A (sce 6.3.6). 
The notation f’(x) in use today is due to Lagrange. However, insuf- 
ficient attention was paid in Théorie des fonctions analytiques to 
mattcrs of convergence and divergence — matters that were success- 
fully laid to rest by Cauchy in the early nineteenth century. La- 
grange is better known for his contribuuons to algebra and number 
theory, where his concise style and attention to ngour proved much 
more successful. 


Section 7.1 discusses the cstimation of integrals, and so the integral 


form of the remainder proves useful in practice. The Lagrange form has 
already been seen in action in the derivation of the Maclaunn scries for 
e* in Section 6.3, Example 3. 


The binomial expansion aad the series for log, (1 + x) are best derived 


using the Cauchy form of the remainder. 


MM EXAMPLE 1 


Let f(x) = log, (1 + x). Now 


(prt = 2) 


for r21 
(1+ x)’ 


f(x) = 
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and so 
x2 x? ~1)"—hy" 
T,f(x)=x- 4° tO + R, f(x) 
where 
FI" Vc) —{o) 


Ry f(x) = Rnof(x) = (x — ¢)"x 


c lying betwcen 0 and x. Write c = @x,0<A<1. Thus 


(~1)"n! (—1)"x"!} 


——_—__———_ (x — 8x)"x = 
(1 + Ox)"t" nl ( ae (1 + Ox)?! 


R, f(x) = (i — 4)" 


For x>-1, the domain of f, choose k>Q such that 
-1<-k<x. Since 0< 6<1, 


O<1-@<131+ 6x and 1|-kK<1-@k<1+ Ox 


Hence 


ty(eel 1—86 eh 
R,f(x)| = = dT 0 
Raf] Gee * oe 
as n—o for |x| <1 


Also 


6\"” 1 
IR,f(1)| = red, hae as n—> x 


So, for -1< x <1, it follows that R,, f(x)» 0 as n— &. Since 
yy 
r=1 Fr 


has radius of convergence 1, it can be deduced that 


2 x 


leg See Set ang valid for -Il <x <1 


Note that putting x =1 in this series gives that the sum of the 
alternating senes 


(-1)""! 


r=1 vr 


is log, 2. SB 
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iF Determine the Taylor series for f(x) =sinx in powers of x — 47 
using the Jlayrange form of the remainder. 


2. Use the result of Question 1 to write down the Taylor polynomial 
of degree four for f(x) =sinx at 27, and the corresponding La- 
grange form of the remainder. Henee find a value for sin 32°, and 
determine its accuracy. 


3. (a) Use the Maclaurin series for log,(1+ ¢) to find the Taylor 
series for log. x in powers of x — 1. 
(b) Use the Mactaurin’s series for 1/(1—1) to find the Taylor 
series for 1/x in powers of x + 2. (Hint: try t = 3(x + 2).) 


Problems 6 


1. Calculate the left- and right-hand derivatives of cach of the follow- 
ing functions at their points of non-differentiability: 


(a) f(x)= x|+|x-2| (b) f(x) — ‘sin x! 


(¢) f@)= (a) f(x) =e! 


=e 
|x| + } 


Z. For each of the following functions use the rules for differentia- 
bility to prove that f is differentiable. You may assume that the 
identity, constant, exponential, sine and cosine functions are dif- 
ferentiable on k. 


(a) f(x) =e* cos? 3x (b) f(x) = a 


cosh x 
_ fsinxsin(1/x) if x #0 
()I@I= | 9 if x =0 
(d) f(x) = V1tx? (©) f(x) =x? log. 7? + 2) 
3. Use Rolle’s theorem to show that 
fix) =x? - ee +A, ER 


never has two zeros in [0, 1]. 


4, Suppose that f: K—> R is differentiable and that |/’(x)| =: © for all 
x EWR. Prove that f(x) — f(y)| = M|x — y forall x, veER. 
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5. 


10. 


11. 


Suppose that f is differentiable on [0,1] and that f(0)=0. Prove 
that if f’ is increasing on (0, 1) then f(x)/x is increasing on (0, 1). 


Establish the following. 


(a) f(x) =x — sinx is increasing on [}7, 47]. 

(b) f(x) =x"e * is increasing on [5,2 —1]. n> 1. 
(c) {(x) =x log, x is increasing on [1, ~). 

(d) f(x) = 1/1 + x) is decreasing on [1, 0). 


Find the maximum and minimum values of each of the following 
functions on the interval [0,2] (Note that endpoints nced to be 
considered): 


(a) f(x)=!x*—x| — (b) f(x) =xe * 
(c) f(x) = 2x +.1|—j2x —1! 4+ |2x - 3) 


Establish the following inequalities: 


(a) 4x4ex+3 forO<x<1 
(b) 1-1/4 <log.x for x = 1 


Use L’HGpital’s rule(s) to evaluate the following: 


sinh (x + sin x) 


(2) ar sin X 
(b) tian (6x +3) - (x + 1) 
x >l (x = 1) 
sinhx — x 
lim - —;- 
(c) pa, sin x* 


Let f be differentiable on [a, 6], where 0 < a < b. Prove that there 
exists a number c, a <c< 6 such that 


f(b) ~ fla) = ef (tose 2) 


By taking f(x) = x" nan integer, a = 1, deduce that 


lim n(a’" — 1) = log.a 


ei—> 


Let f(x) = sin(msin=! x), m an integer, |x; <1. Show that 


(a) (1— x?) f"(x) — 2f'(x) + m? f(x) =0 


13. 


14, 


15. 
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(b) (Lx?) FO) — rn + Daf P(x) + (rm? = 0?) f(x) =, 
n2=Q 


(Hint: differentiate both sides of (a) 7 times) 


Hence show that 


sin(msin ’ x) = mlx + ———x 


2 
+ Came" am) 84 


and deduce that if m is odd, then sin(msin™' x) is a polynomial of 
degree im. 


Use standard senes to determine the Maclaurin series for each of 
the following functions up to the term in x°: 


coshx 


(a) f(x) = 
(b) f(x) =log.(l+x+x*) (Hint: factorize 1 — x*) 


Determine the nature of the stationary points of each of the fol- 
lowing functions: 


Ze 2 
(a) f(x) -| (b) f(x) = sinx — tanx 


1+x 
(c) f(x) =x? —sin’x — (d) f() ae x : 


Determine the Taylor polynomial 74 ,/(x) of degree 4 for f at a 
for each of the following functions: 


(a) f(x)=(1+ x), a=3 
(b) f(x) =cosx, a= 47 
(c) f(x) =log, (1 +x), a=2 
Let | 


f@=r 5 @F-3) 


Show that the Taylor polynomial of degree 3 for f at 2 approxi- 
mates f(x) to within 10~* for all x € [2, 3]. 


CHAPTER SEVEN 


Integration 


7.1 The Riemann integral 
7.2 Techniques 
7.3 Improper integrals 


Historically, the idea of integral calculus developed before that of dif- 
ferential calculus. Whereas differentiation was created in connection with 
tangents to curves and maxima and minima of functions, integration arose 
as a summation process for finding certain areas and volumes. Archi- 
medes in the third century sc had devised the ingenious method of equi- 
librium for finding the areca of a planar region by subdividing the region 
into a Jarge number of thin strips, and then hanging these pieces at one 
end of a lever so that cquilibrium was established with a figure whose 
area and centroid were known. This idea was rediscovered in Europe in 
the seventeenth century and formulae for the areas between many 
standard curves were obtained. When Newton discovered the calculus in 
1666, the inverse link between finding areas under curves und construct- 
ing tangents to related curves was firmly established, and Newton appears 
to be the first mathematician to formally treat integration as the reverse 
process to differentiation. 

Section 7.1 begins by defining (indefinite) integration as ‘antidifferen- 
tiation’. This is followed by a rigorous definition of the Riemann integral 
(or definite integral), the modern analytic analogue of Archimedes’ 
method for finding areas. The twin concepts of antiderivative (or primi- 
tive) and the Ricmann integral are related by the triumphant fundamental 
theorem of calculus (7.1.11), first stated by Newton in somewhat more 
flowing language as 
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(the) metbod of tangents ... extends itself not only to the drawing of 
tangents to any curved lines ... but also to the resolving ... of problems 
about areas, lengths, centres of gravity etc. 


Principia 1687 


In Section 7.2 two of the standard techniques of integration are estab- 
lished: integration by parts and change of vanables, which are respect- 
ively the reverse of the product rule and the composite rule for differenti- 
ation. 

The definition of the Riemann integral (see 7.1.1-7.1.3) was coined in 
the nineteenth century, and has been followed in this century by more 
general notions of integration. The Riemann integral requires that the 
function in question be (at least) defined and bounded on a closed 
bounded interval. In Section 7.3 the effect of relaxing one or both of 
these two boundedness conditions is explored. The resulting improper 
integrals, which are limits of sequences of (proper) Riemann integrals and 
arise in areas including mathematical physics and probability theory, are 
referred to as convergent or divergent integrals depending on whether or 
not the limit in question exists. 


7.1 The Riemann integral 


Given a function f: A—K, where A is an interval, any differentiable 
function F: A —R such that F’ = f is called a primitive of f. If F’, and F> 
are two, possibly different, primitives for f then Fj(x) = F3(x), and so 
(F, — F,)'(x)=0. By the increasing-decreasing theorem (6.2.3), 
F, — F2 is constant on A. Hence any two primitives of f differ by a 
constant. Therefore the process of finding a primitive of a given function 
f, if one exists, determines a function F that, up to an additive constant, 
is unique. The notation F = [f will be used whenever F is a primitive 
of f. 


SB EXAMPLE 1 


The knowledge of simple differentiable functions and their deriva- 
tives enables a table of elementary functions and a corresponding 
primitive to be written down (Table 7.1). i 


M@@ EXAMPLE 2 


\ 


Show that sin! x + cos7! x = jz, for x € (—1, 1). 
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Table 7.1 
f =| 
etl 
f(x) > x" (n € NS) R(x) = 
n-~ 1 
f(x) = cosx F(x) = sinx 
f(x) = sin x F(x) = —cosx 
flx)= ee F(x) = e* 
f(x) = cosh x F(x) — sinh x 
f{x) = sinhx F(x) = coshx 
_ 1 vA eee ee 
F(x) 14g K(x) = tan”' x 
f(x)= Fri (x)= sinh *x 
rtl 
f(x) = 0 (te BR, t # -1) F(z)=—— (x € (0, ®)) 
t+] 
f(ixy= + F(x) = log, !x| (x # 0) 


l 


OO Vie 
1 
f(x)=- WaT F(x) = cosh7'x (xc (1, «)) 


F(x)-sin“'x (x e (- 1, 1)) 


Solution 
Example 8 of Section 6.1 showed that the derivative of sin™' x is 
1/V1—x* for |xi<1. An analogous argument applied to the 
bijection from (0,7) onto (—1,1) given by x cosx yields that 
cos”! x has derivative —1/VW1 — x? for |x| <1. 

Thus Fy(x)=sin7' x and F(x) = —cos' x are both primitives 
of 


fa)= Gaz (el<0 
Thus 
F,(x) — F2(x) = sin7! x + cos7' x 
is constant for |x’ < 1. But sin7! 0+ cos"! 0 = 0+ 47. Hence 


sin 'x +cos'x= $a for x €(-1,1) aa 


Two questions arise concerning primitives. First, given a function 


f: AOR, does f possess a primitive? Secondly, if f has a primitive, how 
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Figure 7.1 


is it calculated? Techniques relevant to the second question are discussed 
in Section 7.2. In order to tackle the first, it is necessary to digress to a 
discussion of area. It seems reasonable to suppose that there is a well- 
defined area enclosed by the graph of a continuous function, the x-axis 
and the ordinates x = a and x = b (see Figure 7.1); this will turn out to be 
the case for any reasonable function. It is intended to give one form of 
the definition of the Riemann integral J ai (x} dx, which will assign a value 
to the aforementioned area. The definition mvolves the areas of rectan- 
gles and applies to a wider class of functions than continuous ones. 


7.1.1 Definition 


Let [a, 5] be a given finite interval. A partition P of [a, b] isa 
finite set of points {xg,11, ..., x,} Satisfying a= xy<x«,< 
<x, = b. 


Suppose now that f is a function defined and bounded on [a, b] (if f were 
continuous on (a, 4], this would certainly be the case by 5.3.1). Then f is 
bounded on each of the subintervals [x;_,, x;]. Hence f has a least upper 
bound M; and a greatest lower bound 7m; on [x;-), x;]. See Figure 7.2. 


Figure 7.2 
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7.1.2 Definition 


The upper sum of f relative to P is defined by 
n 
U(P) = > Mi(x, — x;-1) 
in] 
where 


M; = sup (f(x) :4,-1 = 4 ¥ x4} 


The lower sum of f relative to P is defined by 


L(P) = mi(x; — xi-1) 
i=] 


where 


m; = int {f(x):xj-1 Sx = x;} 
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As can be seen from Figure 7.3, the area under the graph ot f between 
x =aand x = 6 lies between L(P) and U(P). Now f is bounded above 


Figure 7,3 
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and below on the whole of [a, b]. So there exist numbers M and m with 
m <= f(x) < M for all x €[a, 6). Thus for any partition P of [a, 5] 


L(P)< MS (x — X).1) = M(b - a) 
i=l 
and 
U(P) = m> (x — X;-1) = m(b — a) 
i=] 


Hence the set 
L = {L(P): P is a partition of [a, b]} 
is bounded above and the set 
U = {U(P): P is a partition of [a, b]} 
is bounded below. So £=sup L and U = inf UV exist. 


7.1.3 Definition 


A function defined and bounded on [a, b] is Riemann inte- 
grable on [a,b] if and only if =U. This common value is 
denoted by [3 f(x) dx. 


The reason for introducing this notion of integrability is that there arc 
functions, as will be seen later, for which £4#%. Luckily, as will be 
proved in due course, there are large classcs of functions for which 
£=%U, including continuous functions and monotone functions. A func- 
tion f is monotone on an interval [@, b| if f is either increasing on the 
whole of [@, 6] or else decreasing on [a, 5]. Before looking at some exam- 
ples, the intuitively obvious fact that £<% for a bounded function is 
established. 


Georg Bernhard Riemann (1826-1866), a German mathematician, 
was one of the leaders of the ninetcenth-century drive towards 
greater abstraction and generalization in mathematics. His doctoral 
thesis in 1851 Jed to the concept of a Riemann surtace, and in a 
famous lecture in 1854 he laid the foundations necessary for a uni- 
fied view of geometry. This resulted in generalized ideas of space, 
which in tum generated the modern conccpt of an abstract space 
and the subject now known as differential geomctry. In his relatively 
short life Riemann made contributions to virtually every area of 
pure mathematics, notably in analysis, where he was the first to find 
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necessary and sufficient conditions for a bounded function to be 
integrable; in honour of this, the Riemann integral is named after 
him. This notion of integrability was generalized during the twen- 
tieth century but Riemann integration still dominates the under- 
graduate mathematics curriculum today. 


7.1.4 Theorem 


If f is defined and bounded on [a, 6] then $< U. 


Proof 


Let P be a partition of [a,b] and P’ be the partition PU {y}, 
where x,.1<y<x, for one particular 7, 1<r<sn. In other 
words, P’ is obtained by adding one more point to P. It is now 
shown that L(P) < L(P’) and U(P) = U(P’), Let 


M* = sup {f(x):x,-1 Sx = y} 
and 

M? = sup{f(x):y <x = x,) 
Clearly M‘). <= M, and M) < M,. Hence 


r-1 


U(P') = 2, Mix — xj-1) + Mi(y — x;-1) 
i= 


+ My(x%,— y) +. >, sane — xj-1) 
i=r+ 


r-] 


< > Mx; ~ x11) + MQ - -1) 
j=] 


t—r+ 


+ M(x,-y)+ > Mil; - x-1) 
1 


= 2.MAxi — X;-1) = U(P) 


in a similar fashion it can be shown that L(P) <= L(P’). 

It now follows that if P’= PU {y1, y2, ..+> ¥n}, where the y,; 
are distinct numbers in [a,b], then L(P)= L(P") and U(P)= 
U(P’). Now suppose that P; and P, are two partitions of [a, 5] 
and let P;= P, UP. Thus L(P,)s L(P3) and U(P2) = U(P3). 
Since L(P3) < U(P3), it can be deduced that L( P|) = U(P2). In 
other words, the lower sum relative to a given partition of [a, 5] 
does not exceed the upper sum relative to any partition of [a, 5]. 
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Hence every lower sum is a lower bound for the set of upper sums. 
So L{P) =‘ for all possible partitions P. But then “ is an upper 


bound for the set of lower sums. Thus & = %. 


EXAMPLE 3 
Prove that f(x) =x is Riemann integrable on [0, 1). 
Solution 


For each n EN let P,, be the partition of [0, 1] given by 


1 
P= {03.25.03} 
(oe 3 


Z 


Thus P, subdivides [0, 1] into 2 subintervals each of length 1/n. 
Hence m; = f(x;-1) = i - 1)/n and M; = f(x;)) = i/n. Now 


n— 1 nti 
2n ie 2M 
and, by letting n— ©, it can be deduced that =U 


words, f is Riemann integrable on [0, 1} and fox dx 


1 
3° 
EXAMPLE 4 


Show that 


ree 1 if x is rational 
Q if x is irrational 


is not Riemann integrable on any interval [a, 5]. 


+. In other 
eB 
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Solution 


For any partition P it follows that L(P)=0 and U(P)=b-a, 
since any interval of real numbers contains infiniicly many ration- 
als and irrationals. Hence #=QOand%=h-—a,andsol+‘u. 


In Example 3, the difference between the upper and lower sums rela- 
tive to the partition P,, — {0, 1/n,2/n, ..., 1} is given by 


n+ti n—] 
U(Pa) — E(Pa) = a 


es 
n 


The fact that 1/n—-0 as n= was sufficient to enable the condition 
£ = to be established. This suggests that in order to establish that a 
bounded function is Riemann integrable on [a, b], if indeed it is, it should 
suffice to show that for any ¢ > 0 there is a partition P of the interval 
[a,b] such that U(P) — L(P)<«. This turns out to be a necessary and 
sufficient condition for a bounded function to be Riemann integrable on 
|a, b}, as the following theorem demonstrates. 


7.1.5 Riemann’s condition 


Let f be defined and bounded on [a.4]. Then f is Riemann 
integrable on |a, 4] if and only if for every ¢ > 0 there exists a 
partition P of [a, b] such that U(P)—- L(P)<e. 


Proof 


Suppose that f is bounded and Riemann integrable on [a. |, and 
#> 0 is given. Since L=sup(L(P): P is a partition of [a, b]} 
exists, there is a partition P, of [a, &| such that 

L(P)) > £— he 


Since WU = inf {U(P): P is 2 partition of [@, b]} exists, there is a 
partition P, of [a, &] such that 


Let P= P,U Po, another partition of [a, 6]. Then, arguing as in 
the proof of 7.1.4, 


U(P) = U(P2) 
and 


L(P) = L(P)) 
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Hence 
U(P) — LE(P) = U(P2) — L(P1) 
< (UL + $e) — (£ — 36) 
=F 


since £ =U. | 
For the converse, assume that for a given ¢ > 0 there is a parti- 
tion P of [a, b] such that U(P) — L(P) < ¢. Then 


L(P) <= £<UK< U(P) 


Hence 
0O<U-F 
= U(P) -— L(P) 
<5 


Since € is arbitrarily small (see Question 6, Problems 2), ¥ = %, 
and so f is Riemann integrable on [a, d]. J 


Riemann’s condition can now be used to prove that monotone func- 
tions are Riemann integrable. 


7.1.6 Theorem 


If f is monotone on [a,b] then f is Riemann integrable on 
[a,b]. 


Proof 


Suppose that f is increasing on [a,b] and let P, be the partition 
given by 


@=XAg< 4X, <...0%, = O 
where the x; are chosen so that x;—x;.1=(6—a)/n for i= 1,2, 
.., 2. In other words, P partitions [a,b] into # subintervals of 
equal length. Since f is increasing on each subinterval [x; 1, x,], 
M; = sup { f(x): x;-1 Sx = xj} = f(x) 


and 


m; = inf (f(x) ixi 1 <x <x) = f(x; 1) 
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Hence 


U(Pn) — LCP) = Qf) — FO VNG ~ #21) 


= Df) - fo; 124 


f=1 ft 


b — ft 
i. . DFC) — f(xi 1)] 
_ (b= al[f(b) = f(a)] 


i 


Given any £ >, 


(b ~ all f(b) — fad] 


n 


provided that 


., (6 = al f(b) — FC) 


a 
é 


By the Archimedean postulate (2.3.1), there is an integer N ex- 
ceeding (b — a)| f(b) — f(a)]/e. Hence for the partition Py 


U( Px) = LCPwN) SE 


By 7.1.5, f is Riemann integrable on [a, b]. as claimed. (The proof 
in the case that f is decreasing is similar. ) = 


Another important consequence of Ricmann’s condition is that all 
continuous functions are Riemann integrable. The proof of this result will 
also require some deeper properties of continuous functions than those 
covered in Chapter5. Recall that if a function f is continuous on an 
interval [@,6] then it is continuous for cach x’, a<x’< 6, and it is 
right-continuous at a and left-continuous at 6. So for every x’, 
a<x'<b, and for every € > 0 there exists a 6 > 0 such that 


jx — x" < b= f(x) — f(x’) <e (*) 


If x' =a or 5, minor adjustments are required to (*) in order to ensure 
that x c[a, 6]. The 6 depends of course on the ¢ given, but it also 
depends on the x‘ under consideration; for a fixed ¢ > 0 cach different x’ 
may require a different 6>0 in order for (+) to be satisfied. This is a 
direct consequence of the definition of continuity adopted in Section 5.2, 
where it was the concept of continuity at a point that was first formulated. 
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If a function f is such that (*) holds, where the 6 can be chosen indepen- 
dently of x’, then f is said to be uniformly continuous on [a, db]. 


7.1.7 Definition 


A function f defined on the interval [a, 6], is uniformly con- 
tinuous if for any given ¢ > 0 there exists a 6>0 such that for 
all x, y €[a, dD} 


Ix — yl <6 = |f(%) - fo) <e 


The 6 in this definition depends on c, but it does not depend on x or y. 
The concept of uniform continuity is therefore stronger than the concept 
of continuity in the sense that all functions that are uniformly continuous 
on [a, b] are automatically continuous on [a,b]. What is surprising is that 
for a closed bounded interval [a, b] the two concepts are in fact equiva- 
lent. 


7.1.8 Uniform continuity theorem 


Let f be defined and continuous on [a, b]. Then f is uniformly 
continuous on [a, b]. 
Proof 


The proof is by contradiction. Suppose that f is continuous on 
[2,6] but not uniformly continuous on [a,b]. Then, the negation 
of Definition 7.1.7, implies that there cxists an e > 0 such that for 
every 6 > 0, there are x, y € [a, b], depending on 6, such that 


Ix -—y| <6 and |f(x)- f(y) ze 

In particular, when 6 = 1, there exist x1, y; €[a, b] such that 
Ixy —yil<1 and |f(x))— f(y)| Ze 

When 6= 3, there exist x2, y2 € [a, 5] such that 
Ix2— yol< % and |f(x2) - f(y2)| > « 


In general, for every integer n = 1 there exist x,, y, €[a@, 6] such 
that 


tn — Ynl< 3 and |f(x,) — f(yn)| > € (*) 


Consider the sequence (x,,). Since each x, € [a,b], the sequence 
(x,) iS bounded. Hence, by the Bolzano—Weierstrass theorem 
(3.4.2), (x,) contains a convergent subsequence (x,). Suppose 


7.1 
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that x, cas r+, Since x, — y,,|<1/n,20 as r>%, it also 
follows that y, oc as ro, Now f is continuous at c, and so 
lim, .« f(%,,) = f(c) and lim, fy,.) = fe), by the composite 
rule for sequences (3.1.4). (If c = a or 4, the left-continuity of f at 
6 or the right-continuity of f at @ allow the same conclusions to be 
drawn.) Hence tor the € in question there exists an integer fm, such 
that 


fn) — fle)|< fe and 'F(¥,,) — fc)| < de 
But then 


In) — FO nd) 


Fn) — fe) — FOr) — FOI 
Fn) — AO + [fOr — Fed 


<setge=ze 


iA 


But this contradicts the condition (*), and so the onginal assump- 
tion that f is not uniformly continuous is false. Hence continuity 
on [a, 6] implics uniform continuity on [a, 5]. O 


It is worth mentioning at this point that if the closed bounded interval 


[2,6] in 7,1.8 is replaced by an infinite interval such as [0, %) then the 
result is false. For example, it can be shown that the function x x°, 
which is certainly continuous on [0, ©), is not uniformly continuous on 


[O, 0). 
The uniform continuity theorem and Riemann’s condition play a key 


role in the next result, which establishes the fact that continuous functions 
are Riemann integrable. 


7.1.9 Theorem 


If f is continuous on [a,b] then f is Riemann integrable on 
[a, b]. 
Proof 


Let ¢>0 be given. Then, for a<h, eb —a)>0. By 7.1.8, f is 
uniformly continuous on [a,b], and so there exists a 6>0 such 
that for all x, y €[a, bl 

E 


x — y]<0> f(x) ~ fy), <p 


Choose a partition P of [a,b] in which x;—- x;_, <6 for i= 1,2, 
..., 4. Then 


U(P) — L(P) = 2M, — m)(X%; — *;-1) 
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where 
M, = sup (f(x): x); Sx = x;} 
and 


m; = inf {f(x):x;-1 Sx = x;} 


Since LS has ron 


E 
f(x) - fy) < ae for all x, y ¢ Dy; 1, xi] 
THlence 
é ; 
Mi> im, S for i=1,2,....7 
Therefore 


U(P) - L(P) <j — 2G = i) 


& 
b-@ 


< (b-aj)=e 


By Riemann’s condition (7.1.5), f is Riemann integrable on [a, b]. 
[| 


7.1.10 Properties of the Riemann integral 


If f and g are Riemann integrable on [a, 6b] then all the follow- 
ing integrals exist and have the indicated properties: 


wh) a 


b 5 
(1) | [oCF@x) + Bgle)de = af fOc)dx + BY gfx) de 


; (a, B € R) 
b c b 
(2) | fejde | faydrt | faydr (asc <b) 
b b 
(3) If f(x) = g(x) on [a, b] then | f(x)de = [ g(x) dx 


b 
(4) < | [f(x)|dx 


[ f(x) dx 
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Note The Riemann integral [ ? f(x) dx is only one way of assigning areas 
to bounded regions. There are others, notably the Lebesgue integral; all, 
however, give the same ‘answer’ for areas under the graphs of continuous 
functions. The propertics detailed in 7.1.10 are essentially properties of 
areas. Property (1) is described as the linearity of the integral and (2) is 
called the additive property. 


Proof of (2) 


Let P, and P2 be partitions of [a.c} and [c, b] respectively. Then 
P= P,U Pisa partition of [a, b]. Clearly, 
L(P)= L(P,) + L(P2). Let 


Ff, = sup{L(P,): P; is a partition of [a, c]} 
and 
Ff. = sup {L(P2): P2 is a partition of [c, b]} 
By definition, 
b 
L(P;) + 1(P2) =f f(x) dx 
Hence 
b 
L(P,) < | f(x) dx — L(P2) 
and so 
b 
e,<{ f(x) de — L(P2) 
Hence 
b 
L(P2) < | f(x) dx - £, 
and so 


b b 
g, < | f(x) dx — £1, or £4 2,<] f(x) dx 
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Now consider upper sums and observe that 
U(P) = U(P,) + U(P2). Let 


“UL, = inf {U(P,): P; is a partition of (a, c}} 
and 
U. = inf {U(P2): Pz is a partition of [c, b]} 
By definition, 
b 
U(P)) + U(P:) = | f(x) dx 


Hence 


b 
U(P:) = |. f(x) de - UCPy) 
and so 
b 
Y= [ f(x) dx -— U(P,) 
Hence 
b 
U(P2) = i f(x) dx — U, 
and so 
b b 
aly = | flx)dx —%, or My + Uy > Riok: 
a a 
Thus 
b 
£,+ 4, < | fx) dx =U, + % 
Since f is Riemann integrable on [a@, b], Riemann’s condition 
(7.1.5) gives that, for any ¢>0, P can be chosen such that 
U(P)— L(P)<e. By adjoining c if necessary, it can be assumed 


that P contains c. Then P; = PM{[a,c} and P2= PN [c,d] are 
partitions of [a, c] and [c, b| respectively. Now 


[U(P,) — L(P;)] + [UC P2) — L(P2)] = [UCP 1) + U(P2)] 
— [L(P,) + L(P2)} 
= U(P)- L(P)<e 
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Hence 0% U(P,)- L(P,)<e and 05 U(P2)— LCP) <e. By 
7.1.5, f is Riemann integrable on both [a,c] and |c, b]. Hence 


C D 
£,=%, =| fla)de and %)=%y = | f(x) de 
a c 
and the additive property now follows from the inequalities 
) 
Fy + £5 = [ f(x) dx x “U4 ae UM 


The proofs of (1), (3) and (4) are similar. See Exercises 7.1. C 


The concepts of antiderivative (or primitive) and the Riemann integral 
may now be formally related in the central result of this section, the 
fundamental] theorem of calculus. 


7.1.11 The fundamental theorem of calculus 


If f is Riemann integrable on [a, 6] and F(x) = { af (ft) dé then 
F is continuous on [a, 6]. Furthermore, if f is continuous on 
(a, b] then F is differentiable on [@, 6] and F' = f. 


Proof 


Since f is integrable, it is bounded on [a, 6]. So there exists some 
number M with |f(t)| = M for all ¢ € [a,b]. For fixed c €[a, b| 


Fa) - Fol =| | fey dr— | far 


by 7.1.10(2) 


7 ia dt 


=e 
-<— 


ot 


by 7.1.10(4) 


Se 
= 


¥C 


LM i by 7.1.10(3) 
Since the constant function x' > M has 
U(P) = M|x — cl 
for the trivial partition P of the interval with endpoints x and c, 


|F(x) — F(c)i = Mix —! 
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Now, given ¢ > 0, choose 6= ¢/M., Hence 
x—cl<d=>|F(x) - F(c)!<e 


In other words, F is continuous at c, and, since c was arbitrary, F 
is continuous on [a, DI. 

Now assume further that f is continuous on [a,b]. Let 
¢ €[a, b] and consider x € [a, b]. Then 


froar-[ roa 
“~*~ xe 


| FQ) - mei he _ 


Xx — x-c 


[ ra) di 
-—-~ f(c)} by 7.1.10(2) 


= | 


x—C 


[UW - fold 


X—-C 


since f(c) is a constant 


[ lft) — flop! di 
5 -| by 7.1.10(4) 


iN 


Xx aa c 


Given €>0, there exists a 6>0 such that (f(t) — f(c)'<e for 
it —c| <6. Hence for 0< |x -—c! <6 


[no -3 flc)) dt {ear 


| F(x) — Fc) | 
oo 


— 


xXx —C AC 


<E 


In other words, F‘(c) = f(c). (The derivative ts one-sided if c= a 
or hb.) Hence f is differentiable and F' = f. O 


This ts a theorem par excellence, since it not only states that every con- 
tinuous function possess¢s a primitive, answering one of the questions 
posed earlier, but it gives a method for evaluating the area (OF (x) dx. 
Suppose then that it is required to evaluate I of (t} de, where X41, 
x7 € [a, b} and f is continuous on [a, b]. Now 


[ro ar=[poar- [roa 
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using the additive property (7.1.10(2)). By the fundamental theorem, 
[ fle) ds = FO) — Fen) = [FONE 


where F(x) = [4f(1) dt. Since any two primitives of f differ by a constant, 
F may be chosen, in fact, to be any primitive of f and not just the 
particular one atising m 7.1.11. Note that this method of evaluating defin- 
ite integrals hinges on the ability to determine a primitive of f. Unfortun- 
alcly, most functions do not possess primitives expressible in terms of the 
elementary functions alone. In such cases it is necessary to settle for 
numerical estimates. 


MM EXAMPLE 5 


Determine the area bounded by the function f(x}— x7 +2, the 
x-axis and the ordinates x = 0 and x = 1. See Figure 7.4(a). 


Solution 
1 al 


Arca = i f(x) dx = |, (x? + 2) dx 
= (yxt =2xh= 4-0-3 : 


A note of caution is in order here. The definition of the Riemann 
integral involved rectangles whose ‘heights’ were given by certain values 
of the function f. If any of these yalues are negative, the rectangle in- 
volved contributes negatively to the upper or lower sum being calculated. 
The result is that the Riemann integral counts areas below the x-axis 
negatively. 


(a) (b) 
Figure 7.4 
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MM EXAMPLE 6 


Determine the area betwecn the graph of f(x) = x? — x, the x-axis 
and the ordinates x = —1 and x = 1. See Figure 7.4(b). 


Solution 
First, 
5 
[feo de = ($x? - x2], = 2 
and 
1 
more = (fx? - Jeb = 2 
and so the required area is 1. a 


The next result is useful for estimating the value of an integral when 
the analytic techniques surveyed in the next section fail. 


7.1.12 The integral mean value theorem 


Let f and g be continuous on [a,6} with g(x)=0 for 
x € [a,b]. Then there exists a ¢ between a and 6 with 


.b b 
[, FOdg(a) dx = flo] g(x) dx 


Proof 


By the interval theorem (5.3.3) applied to f on the interval [a, bf}, 
m= f(x) <= M for all xe [a,5], where m is the infimum and M 
the supremum of f on [a, b]. Since g(x) = 0, 


me(x) = f(x)g(x) = Me(x) forall x € [a, b| 
By 7.1.10(1) and (3), 


a) 


m{ g(x) dx =  fla)g(x) de <M g(x) aa 


If Jagtx). dx =0 then [2f(x)g(x)dx =0 also, and the result fol- 
lows. If Jag(x) dx #0 then 


[ flxye(x) ax 
K =—j——-E [m, M] 


[ ee) ax 
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Now, by the intermediate value property (5.3.2) applied to f on 
the interval [a@, b], there cxists a c between a and } with f(c) = K. 


Hence 
by 
|, F)g@) de 
fle) = h 
[ e(x) dx 


and the result now follows. 


7.1.13 Corollary 


If f is continuous on [a,b] then there exists a c e[a, b] such 
that 


b 
I f(x) dx — f(c)(b - a) 


Proof 
Pul g(x) = 1 in the integral mean value theorem. Zz 
This section concludes by providing the proof of the integral test for 
scries (4.2.5). 
Proof of 4.2.5 


Suppose that f:R7~ >R* is a decreasing function. Then 
f(r +1) f(x) = f(r) for all x e[7, r+ 1}, r an integer. Since f ts 
monotone, f is Ricmann integrable on [r,r +1], by 7.1.6. By 
7.1.10(3), 


tt 


| 


Hence 


r+l r+] 
frtiydx= | fixjde=] f(r)ax 
att 
fr+Ne] f@)dr =f) 


and so 


atl 


re 1 i 
SMM=Vre+yne] payde= DO 
r=2 reel r-l 


Now let a, = f(”) and j, = (Tf) dx. Then 


ie n—1 
>, a: = jn = >» 4, 
r—2 r=] 


n+ 
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If (j,) converges then the nth partial sums of >) 1a, are increas- 
ing and bounded above. By 3.4.1, S| 3-14, iS a convergent serics. 
Conversely, if >! 71a, is a convergent series then (j,,) is increasing 
and bounded above, and hence ts a convergent sequence. O 


Exercises 7.1 


1s Find primitives of the following functions: 
(a) f(x)=x7+3x-2  § (b) f(x)=1+.c0s3x 
I 
c) f(x) =e* cosh2x Vf y= Q{(q 
(ec) f(x) =x 
Ze Let f(x) =x? and P,, be the partition {0, 1/n,2/n, ..., 1} of [0, 1]. 
Calculate L(P,) and U(P,). Hence prove that f is Riemann in- 
tegrable on [0, 1]. 


3. Given that f(x) =1/x is Riemann integrable on [1,2], calculate 
L(P,,) and U(P,), where 


P= {1,14 Kats, 
it n 
Deduce that 


I n 1 
nmt+1 nt+2 


+ + ] 2 as a 
i. one 
ay OP. ‘t—_ 


4. Prove Propertics (3) and (4) of 7.1.10. 


5; Let 
1 F 
1 Sin 7.x 
* 9 JO 1 + x? 


Use the properties of the Riemann integral to show that |J,| 5 
7/4n. Hence evaluate lim, Jp. 


6. What is wrong with the following argument? By the fundamental 
theorem of calculus, 


2 2 


1 1 
I ae Festh aie 
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(a) (b) 
Figure 7,5 


7. If f(x) = g(x) on the interval [a@, b], show that the area between 
the graphs of f and g and the ordinates x = a and x = 6 is given by 
eLF(x) — g(x)] dx. Hence calculate the areas shown in Figure 7.5. 
8. Let f be continuous on [0, 1] and 


va , 
Jy aa | n(x) dx 


0 1+ n?x? 
— | _ f(a) 
2 SUV 1 + nx? 


Use 7.1.12 to prove that 
J, = flc,) tan™! Vn 
Jy = f(d,)(tan7! n — tan7' Vn) 
where 0<c, < UVa <d, <1. Deduce that 


Ceos reo) 


are > dx — 3nf(0) as n— x 


7.2 Techniques 


In applications of integral calculus it is necessary to find primitives (when 
such primitives exist and are expressible in terms of simple functions). 
Various techniques exist for determining primitives, and this short section 
looks at two of the most important: mtegration by parts and change of 
variables. 
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7.2.1 Integration by parts 
Let f and g be functions continuously differentiable on [a, bd]. 
Then 
b b 
[ Fee") dx = [FON - [fee ax 


Proof 


The function h — f+ g is differentiable and its derivative h’ is con- 
tinuous on [a, 6]. The fundamental theorem of calculus (7.1.11) 
applied to A’ on the interval |a, 6] gives 


b 
[ h'(x) dx = [h(x)]” = [f(x)g(x)]° 


By the product rule for differentiation (6.1.3), 
hi(x) = f(x)a'(x) + F(x) ge) 
Hence 
& 
[ ene’) + fa] dx = Let! 


From the linearity of the integral (7.1.10(1)), it follows that 
b h 
[ fone") ax = @ eo} - | ’@)e@e) dx “1 


The value of this formula lies in the hope that the mtegral on the right- 
hand side is easier to evaluate than the unginal integral. 


BMH EXAMPLE 1 
Show that jjxe™* dx = }e7(3e? - 1). 


Solution 


Let f(x) =x and g(x) =4e* (so g'(x) =e"), and integrate by 
parts. 
2 2 
[ xe™ dx = [x(de*)]? — fa “Se dy 
= (c* — je?) — [fe**]} 
= (e* 2s te) = qd ay. te?) 


= 4e7(3c" — 1) a 
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Sm EXAMPLE 2 


Many so-called reduction formulae can be established by repeated 
integration by parts. For example, let 


i= |cos” x dx 
Then 
i { (cos” 1y cos.x) dx 


1 


= (cos””* x sinx) + (n — 1) (cos? x sinx sin.x) dx 


= {cos” 1x sinx) + (n — 1)| (cos? x (1 — cos’ x) dx 
= (cos”"! x sinx) + (n — 1)J,_-2 — (n - 1)4, 

Hence 

1 


nf, = cos” *xsinx ~(n-1)J,-. for n #2 


This formula, together with the fact that Jy- x and J, =sinx, 
leads to the evaluation of H cos" x dx for any ac WN. i 
7.2.2 Change of variables 


Let f be continuous and xg be continuously differentiable. 
Then 


b B 
JF) dx = | Fe gi(dg'(n) ae 


where g(a) =a and g{f) = 5b. 


Proof 
Jct F(x) = [2fQ) d¢ and G(t)=(* ¢ g)(t). By the composite rule 
for differentiation (6.1.6), G’(t) = F’(g(t))g'(t). But, by the 
fundamental theorem of calculus (7.1.11), F’(x) = f(x). Thus 
G'(t) = F'(g(t))a'() 
= f(ate)a'@) 
= (f= g)(t)g'(*) 
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Hence 


B B 
[vege d= | oat 
= [G(n)|f 
= G(B) — G(a) 
= (Fe g)(B) — (Fo gia) 
= F(g(B)) — F(g(@)) 
= F(b) - F(a) 


b 
= [Fx = | fO) dx 


SB EXAMPLE 3 


Evaluate {j¢?-V 1? —1 de. 


Solution 


Let f(x)= Vx and e(t)}= 0-1. Then g’(t) = 327, and there. 
fore, by 7,2.2, 


4 
< 


(2) 
[ve- [)3r2ar =f Vx de 


a(1) 
Hence 
2 7 
[eve — 1 d¢=3{ Vx dx 
= 41327" 
s= 4.116 a 


Mm EXAMPLE 4 


Fvaluate 


ei 
[ — dx 
2 x log. x 
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Solution 


Let f(x) = 1/(x log. x) and g(t) =e’. Then g'(t) =e', and so, by 
DieiZs 


4 4 loge 
| dx = | == edt 
2 x log, x lox 2 elf 


lope’ 1 
loge? f 


= flog. ¢]/985 


log. 4 
pees = 4 " 


$ 


The change of variables formula is often called integration by substitu- 
tion, where x = g(t) gives the substitution to be used. It is extensively 
used in elementary calculus books, where trial substitutions that depend 
on the form of the integrand are suggested. 


Mm EXAMPI.E 5 


Show that 


1 | 
—— -—dx =} tan '(ftan4x 
Cer é C a) 


Solution 
Let 


1 
53+ 3cusx 


f(x) = 
and 
x = g(t) =2tan”'# 


Hence 


Cry = - > 
a) is 


and, after some trigonometric manipulations, 


COS XxX = 
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Therefore 


1 
F + Secon 7 


—— 


an~! (2 tan 3x) a 
The last integral above requires substitution for the variable $1. 
The final two examples detail some of the algebraic techniques that 
are often needed when evaluating integrals. 


S@ EXAMPLE 6 


Show that 


{- ae ey = sin! $(x - 1) 
V3 + 2x — x° 


Solution 
Completing the square of 3+ 2x — x? gives 4-(x — 1)”. Hence 


ogra t= |e ss 
J 34+2x —x? (x - parr 
ibeaiagth 
V4 —- uv? 
via the substitution « = u + ] 


via the substitution u = 2sin t 
= sin7? 3(x — 1) bl 


MM EXAMPLE 7 


Show that 


——— dx = 4x* - log, !x| + tan x 


a +x—] -] 
x? +X 


7.2 
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Solution 
By division, 
ie eo xe-—x +1 
ia as 
By partial fractions 


x —x+1_ A Bx+C 


. as 
yi¢y x xr + | 


leading to A =1, 8 =O and C = —1. Hence 


ae -" 1 
JE tear = flx-4+ ; | ax 
Ee ae 4 x £° > 1 


$x° — log, |x| + tan! x a 


Exercises 7.2 


1. 


Evaluate the following: 


2 7/2 
(a) [a —x + 3) dx (b) I, sin 3x dx 
9 | 
OLtmem* Oat 
(c) { l2x — 3] dx (f) [x cos x dx 


Prove that if f is continuously differentiable on [a@, b] then 
b 
| f(x)cosmxdx 30 as n> 
a 


( ffint: use integration by parts) 


Let f, f’ and g be continuous on [a, 6], with f' #0. Show that 


b 
I, f(x)gQ) dx = f(b)G() — { f'(x)G(x) dx 


where G(x) = [<g(r) dt. Apply 7.1.12 to the integral on the right- 
hand side of the previous equation to deduce that 
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b c bh 
[ Fodee)dx = fla] g(xax + (6)], g(x) ax 


for some c é€{(a, 6). This result is called the second mean value 
theorem for integrals. 


4, Prove that if f(x) = 1/x and g(x) =sinx, and0<a< bd, then 


: sin x 


a ex 


(7Tint: use Question 3.) Find the value of 
n+] 


lim { 
naw Jit 


sIn x 


dx 


7.3 Improper integrals 


The definition of the Riemann integral applies only to bounded functions 
defined on bounded intervals. This section relaxes these conditions and, 
in so doing, defines improper integrals. First, however, the integration of 
a wider class of functions than continuous ones is examined. 


7.3.1 Definition 


A function f is called piecewise-continuous on [@. | if there 
exists a partition P = {x9,41,..., x,} of [a, b] and continuous 
functions f; defined on [x;-,,x,], such that f(x) = fx) for 
Xj) SX <X,, f=1,2,.. 5 Ht. 


A partition GY can be chosen that contains the points x9,%,, .... Xp. 
Then 


Oa Pi UP Ua Py 


where P; is a partition of [x;_,, x;]. Hence 


L(Q) = 2 L(P)) 


where L(Q) is the lower sum of f relative to Q and, for each i, L(P;) is 
the lower sum of f, relative to P;. Thus > 7_,L(P;)< &, where & is the 
supremum of all the lower sums for f on [a, b]. Since f; is continuous on 
[x;-1, x;], f; is Riemann integrable on |x; .;, x;]. Hence 


>([ F(x) ax| a 
1\e | 
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In a similar fashion 


w= 3f fee 


where % is the infimum of all the upper sums for f on [a,b]. Hence, 
using 7.1.4, 2=U. 

In other words, a piecewise-continuous function is Riemann integrable 
and 


6 x) X2 Xn 
[reax=[ A@eart | f@art...+ [fryer 
Moreover, there exists a kind of primitive for f, in the sense that there is 
a function F defined and continuous on [a, 5], differentiable for x # x; 
with F’ = f for x #x;. 
MM EXAMPLE 1 
The function given by f(x) =x — [x] is piecewise-continuous on 


(0, 3]. This can be seen by observing that f;(x)=x on [0,1), 
fo(x) = x-—10n[1,2) and f3(x+) =x — 2 on [2, 3). See Figure 7.6. 
| 


MOB EXAMPLE 2 
Calculate [ af(x) dx for the function f of Example 1 


Solution 


Now 


2 1 2 
ie — [x])dx = | xax + [@ — 1)dx 
= [}x2]} + (hx? - x7 


— 1 Lc 
=14}=1 
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A suitable ‘primitive’ of f on [0,2] is given by 


ty? for Osx <1 


F(x) = 
ces 5x? — x+] forlsx=2 


Note that {ocx —[x]) de = (F(x) JA. ue 
The ‘integral’ of a function defined and bounded on an interval that is 


not bounded can now be defined. This is called an improper integral of 
the first kind. 


7.3.2 Definition 


Let f be a function bounded on {a, 2) and Riemann integrable 
on [a, 5| for every b > a. If timy_.» |! jaf (x) dx] exists, it is said 
that |¢ ’ f(x) dx converges. Otherwise, la a f(x) dx diverges. 


A completely analogous definition holds for integrals of the form 
[? «f(x) dx. Since it is necessary to preserve the additivity of the integral 
for improper integrals, the following is defined: 


imo dx = { 7) dx + [psy ax 


provided that both the improper integrals on the right-hand side con- 
verge. 


BB EXAMPLE 3 


The integral 


~~ 
| 5 Ux 
o41+x" 


converges to 47. 


Solution 


The function f(x) = 1/(1+ x’) is defined and bounded on [0, ©), 
and since it is continuous for x = 0, tt is Riemann integrable on 
[0, b} for any b > 0. Now 


b 
i f(x) dx = [tan x]§ =tan“} bo 17 as bo & 
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Hence 


= +s) 
—— 
oO L+ x 
converges to 57. 
EXAMPLE 4 


The integral 


converges to 1. 


Solution 


245 


The function f(x) = 1/x? is defined and bounded on [1, ©). Since 
it is continuous for x = 1, itis Riemann integrable on [1, 6] for any 


b >1. Now 


-b _| b 
| f@) dx = i 


=1- 51 as b+ x 


1 


y a) 
Hence }7(1/x*) dx converges to 1. 


EXAMPLE 5 
The integral ir 1/ Vx) dx diverges. 


Solution 


Since f(x) = UV x is continuous on [1,), tt follows that for 


b> 


i 


1 
[ Vy oF Ve]? = 2b — 1) 


This has no finite limit as 6 ~ ©. Hence eee Vx) dx diverges. 


EXAMPLE 6 


The integral |~,.sin x dx diverges. 
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Solution 
Now 


b 
[ sinx dx =[- cos x]é = I-—cosbh 


which has no limit as b—, In fact, fe asin x dx also diverges. 
From the definition of {*..sinx dx, it follows that |*..sinx dx di- 
verges. However, 


b 
lim {| sin xX ax] = 0) 
b—x* ~b 


a 


In such cases limp. (J > f(x) dx) is called the Cauchy principal 
value of the integrul. 


The ‘integral’ of a function over a bounded interval where the function 
is not bounded can now be defined. This is called an improper integral of 
the second kind. 


7.3.3 Definition 


Let f be a function defined on (a, b] and Riemann integrable 
on [a+ £, 6] forO<e<6—-a. If 


b 
lim [ f@) dx 


f->{+ 


exists then it is said that |? f(x) dx converges. 


EXAMPLE 7 
F m1 f 
The integral | (1/V x ) dx converges to 2. 


Solution 


The function f(x) = UV x is defined for x > 0 and is continuous 
on [é, 1] for 0 < ¢<1. However. f is not bounded on (0, 1]. Now 


1 
| pede = PVE =20- Ve)—2 as E—> (+ 


Hence /9(1/V x ) dx converges to 2. a 
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EXAMPLE 8 


The integral 


(sy 
eee a 
0 1— <x? 
converges to iT. 
Solution 


In this case the bad behaviour of 


[2) =.= 


1° 
1 -— x? 


occurs at the right-hand endpoint of the interval [0,1]. So to estab- 
lish convergence of the given integral, it is observed that f is 
defined on [0,1) and is Riemann integrable on [0,1 —e] for 
O<¢< 1 and that 


1 ¢€ 
| ; al ey Peer 
[ Wx dx = [sin bal 
=sin-!(1— ¢) > 37 as e€—> 0+ & 
EXAMPLE 9 
The integral [2i1G/x) dx diverges. 


Solution 


Write 
1 0 I 
1 i l 
| =ax = | Hd + | = NX 
1 x | x 0 x 
Now [o(1/x) dx is divergent since 
‘41 
| —ax = flog, |x{]} = — loge « 
EX 


which has no limit as ¢ > 0+. Hence [L(1/x) dx also diverges. 


The next example shows how the additivity of the integral is used to 
handle integrals of mixed type. 
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Be EXAMPLE 10 


The integral |¢(1/ V x) dx diverges. 


Solution 
Write 
« ] m | l Oo 1 
| Vi I ee a ge 
and observe that, although faca/ Vx)dx =2 by Example 7, 
{P/V x } dx diverges by Example S. a 


As with infinite scrics, improper integrals with infinite integrands and/ 
or infinite intervals of integration can be investigated using various con- 
vergence tests. One such test is proved bclow as an illustration. 


7.3.4 Comparison test for integrals 


Let f and g be defined on [a, «) and Ricmann integrable on 
|a, 6] for every b > a. Suppose that 


(a) Os f(x) = g(x) for all x 2a, and 
(b) |2g(x) dx converges. 


Then |z f(x) dx also converges. 


Proof 


Now 
” n 
O< i; f(x) dx < [ e(x)dx by 7.1.10(3) 


Since 055 f(x) < g(x), | ng(x)dx increases to its limiting value as 
n—o, Hence |7f(x)dx is increasing and bounded above. By 
3.4.1, {of(x) dx is a convergent integral. L) 


A comparison test for improper integrals of the second kind is easily 
formulated and proved in a similar manner to 7.3.4. See Question 5 of 
Exercises 7,3. 
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M@ EXAMPLE 11 


The integral 
{ e Xx 
O1+x? 


converges. 


Solution 


Let 


x 


e 
fe)= ag and gz)=e 


Now 0 = 7) = <= 9(x) for all x = 0. By Example 3 [9 7 g(x) dx con- 
verges Lo 37. Hence, by the comparison test, lo f(x) \dx converges. 
a 


Many of the important functions of mathematical physics are defined 
using improper integrals. This chapter finishes by briefly examining one 
of them, the gamma function I(x). 


7.3.5 Definition 


For x« > 0 define 


x 


rx) = |. t be ‘dt 


Now 
Fe 1 


[ Mo te'd: - | eo le‘dr +{ ele ds 
0 0 1 


a sum of integrals of the second and first kinds respectively. Consider 


Leg 
i tle dr 
Now 
¢ 
ef >— for t>0 
n} 
and hence 


_ n! 
O<e Soe for t > 0 
t 
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If b, :>O0 then 


| 
O<e? as 
a hee hd 
and so 
n! 
O< fe" < - 
pe? 


—bt 


for all a@. Choose n >a and let t—» © to deduce that He ” > 0 for all @ 


and all 6 > 0. Hence, for fixed x and large ¢, 
po! ett = (Pe? Je “H2 a t/2 


It is easy to show that | re @ dt converges (to 2), and so, by the compari- 
son test for integrals (7.3.4), [['¢*~'e~‘ dr converges for all x. 
Now consider 


| ple-td 
0 


Since # te! < #7! for O<¢ <1 and for ‘dr converges for x >0 (see 
Question 4 of Exercises 7.3), the comparison test for integrals of the 
second kind (sce Question 5 of Exercises 7.3) gives that [js*~le7! dt 
converges for x > 0. 

Hence [(x) = jor @* dt is well defined for x > 0. The properties of 
the gamma function can be deduced from its integral definition. 


MM EXAMPLE 12 


Prove that [(n + 1) =2! form =0,1,2,... 


Solution 


First, for x = 0, 
b b 
i ei dt = [-re "|? + xf. tle-f adr 


by integration by parts. Since lim,,...e~'=0, it follows that 
F(x +1)=xI(x). By induction on 2, [(n4+1)= ”'T(1). But 
T'(1) = [oe dt = 1. Hence Mia+1)=a! a 
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Exercises 7.3 


1, Find [raf (x) dx in the following cases: 


(a) f(x) =x + [x] 


_jode if -2<=x<0 
) Fa) = | x if 0<x<2 


2s Decide which of the following improper integrals converge and 
evaluate those which do: 


CO ii co ‘ 
(a) | a dx (b) { sin* x dx 
(c) i e-* dx (d) [__sech x dx (Hint: substitute u = e*) 


J Decide which of the following improper integrals converge and 
evaluate those that do: 


1 
x-l 


1 2 
(a) [ tog. x dx (b) i dx 


af2 


(c) : (secx — tanx)dx 


4. Prove that | ot 1 dt converges for x > 0. 


5. Let f and g be defined on (a,b] and Riemann integrable on 
{a + €, b] for 0< ¢< b — a. Suppose that 


(a) O< f(x) < g(x) for all x € (a, bd] 
(b) {2g(x) dx converges. 


Prove that [? f(x) dx converges. 


@ 


6. Use the comparison test for integrals (7.3.4) to show that the 
following integrals converge: 


2) 


oy 2 
(a) f, a oe AON) ae 


(c) [e# dx 
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7. Use Question 5 to discuss the convergence of the following inte- 
grals: 
eee ee 1/x 
(a) | ae dx (b) fe dx 
1 1 
C | = dx 
©) 09 V tanx 
(Hint: e* = 1+ x forall x and sinx <x <tanx for0<x < $7.) 
8. Given that I'(3) = V7, show by induction on vn that 
2n)!IV a 
PCa + jae iT for n2=0 
4" »! 
Problems 7 
1. Show that all the following functions are primitives of 
f(x) =sechx, Ix! < da: 
(a) F\(x) = tan! (sinhx) (b) Fo(x) =2 tan e* 
(c) F3(x)=sin7'(tanhx) = (d) F4(x) = 2tan~! (tanh 3x) 
2. Let 
yi jl-x f0O<x<1 
Fx) -| 2 ifx=1 
and let P,, be the partition {0, 1/n,2/n, ..., 1} of [0, 1]. Calculate 
L(P,) and U(P,,). Hence prove that f is Riemann integrable on 
{0, 1] and evaluate fo f(x) dx. 
3. Prove that 


ese l+x if OS x <1 and x is rational 
1-x if OS x <1 and x is irrational 


is not Riemann integrable on [0, 1]. 
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Suppose that f and g are Ricmann integrable on [a, b]}. Prove that 
h(x) ~ max (f(x), g(x)) is also Riemann integrable on [a, 5]. 


(Hint: max (f(x), g(x)) = s1f(x) + g(x) + F(x) = g(x)I]) 
The function f(x) = 1/(1 +x)? is Riemann integrable on [0,1]. 


Calculate /.(P,) and U(P,). where P,, is the partition {0, 1/n,2/n, 
.., 1} of [0,1]. Hence evaluate 


lim 7° ———— 


eee r-1 (n? +r Yr =)? 
Let f, f’ and g be conuinuous on [a@, ob] with f>0 and f’ <0. If 
ms le “e(x) dx = M for all c €[a, b}, prove that 


b 
mf(a) = | flx)e(x) dx < M fla) 


Deduce that 
b d 
[ Fixye(e)ax = f(a) g(x) de 
for some de€(a,b). This result is called Bonnet’s form of the 
second mean value theorem for integrals. 
Let f(x) = |x] +1 and F(x) = /§ f(t) de. Find explicit formulae for 


F(x) when 0 = x = 2, and show that F’(1) # f(1). Explain why this 
does not contradict the fundamental theorem of calculus. 


(a) Use the inequality sin x| = |x: for all x € R to prove that 


1 3 
| —~—- ax « <= i log. 2 
02—-—sin*x 


(b) Use the fact that cos x = 0 on [0, 57] to prove that 


rl2 1 


x — 57 
0 2t+tcosx | 


(c) Use the inequalities 1-x?<e **<1-—x7+4x4 for all xeR 
to prove that 


254 INTEGRATION 


9. 


10. 


Decide which of the following improper integrals converge. and 
evaluate those which do. 


(a) = —— dx (b) [ex sin dx 


O 1+ x? 


1 


1 
easel =2/3 
© | » ] + 3coshx = (d) js 2 


7/2 


(e) I, tan x dc (f) if T= dx 


Use the comparison tests (7.3.4) and Question 5 of Exercises 7.3 
to determine which of the followimg integrals converge: 


x? fon) 
(a) ; ae (b) { sin x* dx 
oer sin? x 
(c) I e*' dx (d) hae 5 dx 


l 


i 1 
©) J, Wes “edie Gea) 


{ Hfint: For (e) consider the intervals [0, 1] and [1, 2°) separately.) 


APPENDIX 


The Elementary 
Functions 


The end of Section 4.3 gives the power series definitions of the functions 
sine, cosine and exponential. The arithmetic of power series (4.3.2) en- 
ables the derivation of many of the arithmetical properties of these func- 
tions. The purpose of this appendix is to establish that sine, cosine, ex- 
ponential and other functions defined in terms of them are (at least) 
differentiable. By 6.1.2, these elementary functions are thus continuous, 
and hence, by 7.1.9, they are Riemann integrable. 

Consider the power series >)%_oa,x”" and suppose that its radius of 
convergence is R > Q. Now consider the power senes 


2% fo 4] 
Si na,x") and > 


n=1 n=0 7 td 


ay 
yt 


obtained respectively from >)? a,x" by differentiating and integrating 
term by term. The following theorem will be proved. 


A.1 Theorem 


® 


x” 

a 

4 — ry ft 

By na,x"' and =n yt tl 
am—t n—Q ft t | 


hoth have radius of convergence R. 


Proof 


Suppose that }'? jna,+""+ has radius of convergence R,. Let 
x <R and choose a real number c such that |x| <c< R. Then 
Dy n0d,c” is convergent, and so, by the vanishing condition 


255 
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(4.1.2), a,c” +» 0 as n— . Hence there is a number M such that 


la,c"| = M for n=0,1,2,.... Now 
ait ait | M x a-l ; M ey 
|na,x"—"| = |a,c*j—|—-! 9 = ——anl—-| Sar 
Cle: c lc c 


where 0 =r <1. By the ratio test (4.2.3), eon” "-l converges, 
and hence >)? -;na,x°—' is (absolutely) convergent for |x|< R by 
the first comparison test (4.2.1). Hence R, = A. 

Suppose that A; > RK and let y be any real number satisfying 
R<y<R,. Then ee na,y"—' is absolutely convergent. Now 


n— 1 


la,y"| = |na,y"""|— = y|nany 


and so, by the first comparison test (4.2.1), 


» any” 


2 
: Y n=] 


8 


is convergent. By 4.1.4, >) 7-oa@,y” converges, and this contradicts 
the definition of R. Hence R,>R is false, and so R;=R as 
claimed. 
Now consider 
ww an 
—-———X 
nen N+ SI 


n+i 


Suppose that this series has radius of convergence R2. Term-by- 
term differentiation gives the series >’ ;-9@,,x", which has radius of 
convergence &. By the first part of the proof, R = Ro. CJ 


The key theoretical result of this appendix can now be established. 


A.2 The calculus of power series 


If > 7 =0@,x" has radius of convergence R then, for |x| < R, 


(1) fix) = >7-9a,x" is differentiable and 
f'(x) = 2, Mant 
A= 


(2) f(x) = >) 7-0a,x” possesses the primitive 


[pyar = 5 


2eaG 
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Proof 


Vor (1) let ¢ € (—R, R) and choose r € (0, R) such that c € (-7,r). 
Now consider all non-zero fA satisfying [kj <r—|c|. In other 
words. c+Ahe(-r,r). Now 


EAs ae AC) = na,” | = aL S a,l(c + hy” 
h n-l h n= 
—c" — hnc"™"} 


Taylor’s theorem (6.3.5) applicd to the function x+>x” on the 
interval with endpoints c and c + # gives 


(c+ A)” =c* + rhe"! + a(n — Wh (c + Oh)" 
for some 7,0< 6< 1. Hence 


fle +h) — fle) | S a.c 1 
hh n=1 


< 3 h| X 'an|n(n —-l)c+o0h" ? 
i 


Hf 


3|hi Dd layla — Ayr"? 


th 


By A.1, S%-1na,r”~' has radius of convergence R, and hence so 
does Soni Dex m2 Hence S® conta a” 2 is abso- 
lutely convergent, and so 1s a fixed finite number. Thercfore 


[AE M= MO) _ § pay 


ash 


This proves (1). 
To establish (2), let 


ie 8) 


an 
[On se 


nao n+) 


and apply (1) and A.1 to deduce that F’(x) = f(x). O 


It follows immediately from A.1 and A.2 that if 5) ?-9a,x" is a power 
serics with radius of convergence R then f(x) = >) ,-0@,x" is infinitely 
differentiable on (—R, R). 

Recall now that the exponential, sine and cosine functions are defined 
as follows. 
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A.3 Definition 


The exponential function exp: R— R is given by 


ce mt 


expx = >, 


n=) n! 


A.4 Definition 


The sine function sin: R— & is given by 


(ee as 1)"*x 2n+1 
Pers (2n + 1)! 


A.5 Definition 


The cosine function cos: RR is given by 


o =1)"x"" 


Since the above power series converge for all x € R, the functions exp, sin 
and cos are infinitcly differentiable. In particular, they are continuous 
and Riemann integrable. Term-by-term differentiation of the power 
series involved confirms the entries in Table 6.1. Theoretical results con- 
cerning differentiable functions can now be used to establish the familiar 
properties of the elementary functions. Tor example, a far easier proof of 
the identity cos? x + sin? x = 1 than that given in | Example 3 of Section 
4.3 may now be furnished. Let f(x) = cos” x + sin’ x, a function differen- 
tiable for all x by virtue of the sum and product rules for differentiation. 
Differentiating gives 


f'(x) = -2cosxsinx + 2sinxcosx =0 


Hencc, by the increasing—-decreasing theorem (6.2.3), f(x) =k, a con- 
stant. Since f(0)=1, this constant & is unity. In other words, cos? x + 
sin? x =1 for all x ER. Additionally, sin and cos have the properties 
suggested in the graphs in Figure A.1. 

To establish these, note that 


Oe (ae Si re (oe 
sm x x7 31 +. 5! 7 + 


5 
x x 
= 376 —**) + 7 G2 — x) +... 
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Hence sinx >0 certainly for 0<x <2. Since the derivative of cosx is 
—sinx, it can be deduced from the increasing—decreasing theorem (6.2.3) 
that cos is strictly decreasing on [0,2]. Now cos0=1, and inspection of 
the power series defining cosx soon gives that cos2<0. Hence, by the 
intermediate value property (5.3.2), cosx vanishes somewhere in (0, 2). 
Since cos is strictly decreasing on [0,2], there is a unique value of x in 
(U, 2) satisfying cos x = 0. Hence, $7 is defined to be this unique value of 
x. In other words, cos 2m = 0. Using cos? x + sin? x = 1 and substituting 
x = 4m quickly gives sin 57 = 1. Now cosx > 0, 0< x < 47, and so, by the 
increasing—decreasing theorem, sin is strictly incrcasing on [0, 37]. Since 
sin(—x) = ~—sinx and cos(—x)=cosx (Question 4(a) of Exercises 4.3), 
the graphs of y =sinx and y =cosx on the interval [—37, 47] are as 
described in Figure A.1. 
To complete the graphs, it must be established that 


sin (x + $7) = cosx 
cos(x + 47) = -sinx 
sin(x + 27) = sinx 
and 
cos (x + 27) = cosx 
for all x € R. These all follow from the addition formulae 
sin(a + b) =sinacosb + cosasinb 
and 


cos(a + 6) = cosacosb — smasinb 
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which will now be established. Let 
f(x) = sin(a + x)cos(b — x) + cos(a + x)sin(b-—«) for x eR 


Now f is differentiable on R, and, after a straightforward calculation, 
f'(x) =0. Apply the increasing—decreasing theorem (6.2.3) to f on the 
interval [0,5] to deduce that f(x) is constant on [0,5}. Hence 


f(b) = f(0). Thus 
sin(a + b) = f(b) = FO) 


= sinacos6 + cosasind 


The second addition formula is proved similarly. 

‘Thus the key analytic properties of elementary functions such as sin 
and cos can be established from their power scrics definitions. Note also 
in the above that the number 7 is defined analytically via cos 57 = 0. 

This definition of 7 coincides with the more familiar geometric defini- 
tion that 7 is the ratio of the circumference of any circle to its diameter, 
and that, as a consequence, a circle of radius r has area ar’. To see this, 
first note that the equation x7 + y* = 1 represents a circle of unit radius, 
centre (0,0). The portion of this circle in the positive quadrant (x = 0 and 
y 20) has equation y= VYW1-—<x?. Now the arca of this quarter-cirele is 
given by the integral 


1 
ie V1 - x? dx 
The substitution x = sin @ gives 
l ) 
[ V1i— x*dx =| -sinev 1 — cos“ @ dé 
a 


since cos@—1 and, using the analytic definition of 7 given above, 
cos 57 = 0. Hence 


[ Vin wax = [. — sin@ V1 — cos? @ dé 
0 
= [_ (sin? 0} dé using the formula 
cos? 0 + sin? 6 = 1 
= [ Keos 26 — 1)dé using the addition 


formula for cosine 
= [}sin26 — 36] 


7 


Fale 
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where 7 is defined analytically. But the area of the circle x7 + y? =1 is 
given by 7())* =7. using the geometric definition of 7. Hence the area of 
the quarter-circle is also 47, where 7 is the geometric ratio of the circum- 
ference of a circle to its diameter. Therefore the two definitions of 7, the 
geomctric and the analytic, do indeed coincide. 

Now the following rigorous definitions can be made. 


A.6 Definition 


Si 
t =< - - | 1 : 
ank=~ (x # 3(22 4+ 1)z) 


A.7 Definition 


co 
cotx =. - (x & ann) 
SIN X 


A.8 Definition 


eh ee lop 2 
secx = (x # 4(2n + 1)7) 


A.9 Definition 


1 | 
cosecx = —— (x* #nn) 
Sin x 


By the quotient rule (6.1.4), these functions are differentiable on their 
domains and possess the derivatives quoted in Table 6.2. It is easy now to 
see that successive derivatives exist and hence that A.6-A.9 define infin- 
itchy differentiable functions. 

As shown in Example 2 of Section 6.2, exp: R—- RF is strictly increas- 
ing and exp x > U for all real x. Hence the function g: K—K* given by 
e(x) = exp x ts a bijection. 


A.10 Definition 


The logarithm function log,: 8" > K is defined as the inverse 
of exp. 


By 5.2.7, log. is continuous and, by Question 5 of Exercises 5.2, it is 
strictly increasing. Since 


g(x) =e #0 
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6.1.7 shows that log, is differentiable. As shown in Example 9 of Section 
6.1, 


d rt 
ax (log. x) for x >0 


Since xx", ne Z, n<O, is infinitely differentiable for x > 0, log, its 
infmitcly differentiable. Jts mth derivative is given in Example 7(c) of 
Section 6.2. 


The logarithm function can now be used to define powers of real 
numbers, including irrational powers. 


A.11 Definition 


If a> Oand x € R then define a* = exp (x log, a). 


By 6.1.6, x > a” 1s differentiable, and its derivative is given by 
Dy sg ; , 
aS (a*) = exp (x log, x) log. a = a* log. a 


Thus the key analytic propertics of the elementary functions used 
throughout the book can successfully be established. 


Solutions to Exercises 


Chapter 1 
Exercises 1.1 
1. The necessary truth tables arc as follows: 
(a) : 
P (not P) Por(mot P) Pand (not P) not (P and (not P}) 
T F T F T 
I T a F T 
(b) ~~ a eee ee 
P Q (notQ) ~~ P and (not Q) not (P and (not Q)) P-»>@Q 
T T F F T T 
rT FF -T T F F 
i T F 9 T T 
F F T F a5 a7 
(c} 
P QR QandR P>Q P=(QandR) (P= Q)andR 
T TT T T ae T 
TP? EOE F T F F 
T FT F iE F F 
ue ok F F F F 
F TT T - T l, 
F T F F gG T K 
F F T F T T T 
Ff F F F a6 T F 


In (a) and (b) the statements are logically cquivalent since, in both cases. 
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the last two columns are identical. In {c) the statements are not 
equivalent. 


2. (a) The statement ? ts truc. 
(b) The statement @ is truc. 
(c) No conclusion can be drawn; P may be cither true or false. 
{d) The statement P is false. 


3. (a) A tautology. See the truth table (a) in the answer to Question 1. 
(b) Not a tautology. Sce the truth table (a) in the answer to Qucstion 1. 
(c) Not a tautology, since (P => (not P)) is false when P is true. 


(d) Not a tautology, since ((P = Q) or (Q > P}) and (not Q) is false 
when Q is true. 


4. (a) and (b) No; consider = 9, for example. 
(c) Yes; since n = 12m = 6(2m), ma positive whole number. 
(d) Yes; since both 2 and 3 must be divisors of n. 
(c) and (f) Yes. 
(¢) Yes, since m?- m=(m—1)m(m 4 1), a product of three consecut- 


ive positive whole numbers, onc of which must be divisible by 3, and 
at least one of which is divisible by 2. 


Now consider which of (c)-{g) are a consequence of the condition ‘n 
is divisible by 6’. 


(c) No; considcr n = 18, for example. 
(d) Yes; since n? must be divisible by 36. 
(e) No; consider m = 6, for example. 

(f) Yes. 


(zg) No; since m*>—m=6 for m=2, and m3 — m= 24 for m3, and 
hence mm? — m= 12 is impossible. 


Therefore only (d) and (£) are logically equivalent to ‘n is divisible by 6’. 


5. Direct method of proof 
Write n- p:p2---p,, where py, P2,..., pr are the prime factors of n. 
Then n? = pip}---p*. Assume that m? is even. Then one of the p,; 
equals 2. Hence 2 ts a prime factor of », and thercfore n is also even. 
Indirect method of proof 
Assume that 1 is odd and write » = 2m -+ |, where m is another positive 
whole numbcr. ‘Then n? = (2m + 1)? =4m? + 4m +1 =2(2m? + 2m) 
+ 1; another odd number. Therefore n* is odd, as required. 
Proof by contradiction 
Assume that +? is even and that ” is odd. Hence n?+n is odd. But 
mn? +n=n(n+1) is a product of consecutive positive whole numbers, 
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one of which must be even. Hence 2° + 7» is also an even number. This 
is the desired contradiction. 


6. Assume that mn? is even and, by way of contradiction, that both mr and 
n are odd. Write m = 2p+t+ 1 and 2—2qg +1, where p and g are positive 
whole numbers. ‘Then mn? =(2p+ 1)(2qg +1)? = Spy’ + 8pq + 4q? 
+2p+4qg+1, an odd number. This is the desired contradiction. 

Exercises 1.2 

I. See Figure S.1. 

2. (a) @(€A) = (x: xc €(GA)} 


= {x:not(x c €A)} 
= {x :not(not (x c A))} 
= {x:xeE A} 


since not (not P) is logically equivalent to ?. Hence ‘6(@A)— A. 
(b) AN(BUC) = (4:xe A andxe BUC} 
-{x:xeAand (xe Borxe C)} 
= {x: (xe A andxe B) or ((x¢ A and x € C)} 


since (Pand(QorR)) is logically equivalent to ((P and Q)or 
(Pand R)). Hence AN(BUC)=(AN BY U(ANC). 


Figure 8.1 
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(c) €(A NB) = {x:not(xe AN B)} 
= {x :not(xe A and x e€ B)} 
= {x :(not(x € A)) or (not(s € B))} 


since (not (Pand Q)) is logically equivalent to ((not /) or (not Q)). 
Hence ‘6(AN 8) =€A UL ‘6B. 


The logical equivalences in {a)—(c) can easily be established using truth 


tables, 
3. (a) ADPB-(AUARNEANB) 
=(BUA)N€(BN A) using the commutative laws 
=~BOA 
(b} ADA=(ALAJN€(A TA) 
=(A)N€A using the idempotent laws 
= 2) using a complement Jaw 


(c) First note that 


XP®Y=(XUYNEXNY) 
-(XUY) ON (€X U €¥) 
=(XUY)C4XUCY UYIN€EY) 
=((X U'€X)U(Y 1 €X)) 
U(X N€¥) UY N€Y)) 
=(ZU(¥YNEX)UCXY NEY) UD) 
=(4X OVYYU(KN €Y) 


freely using the laws (1.2.1). Hence 


AN(BOC)=AN(EBNOCHUL(BN €C)) 
(ANSBNOCU(AN BNC) 


and 


(ANB) O(ANC)=(C(AN B)V{ANO) 
UU(AN BNA OC) 
=((6A UEB)N(ANO) 
U ({A NB) (€A UL €C)) 
=(GAN(ANC)) 
U(6BN(ANC0) 
U ((A NM BY) NA) 
U (A 9 BY €0)) 
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=QGU(ANEBNCOUS 
U(AN BN€C) 
=(ANEBNC)U(AN BNEOC) 


Therefore AN(B® C) =(ANB)@(ANC). 


4, (a) False; a counterexample being n = 2. 
(b) True; for example n= S$, 


(c) True; since n?-am=(n—1)n, a product of consecutive whole 
numbers, one of which must be even. 


(d) False: since n> — n =(n—1)n(n+ 1), a product of three consecutive 
whole numbers, at least one of which must be even. 


Exercises 1,3 


1. ln this question, the required information may be gleaned from sketch- 
graphs of the functions involved. 


(a) A suitable domain is A = {0}. The image is f(A) = {0}. 

(b) A suitable domain is A={x:xeR and x =3}=[3,) using a 
natural extension of the interval notation introduced after Example 
1.3.1. The image is f(A) = [0, %). 

(c) A suitable domain is A=R-—{-1,1}. The image is f(A)= 
R—- (~-1,0)}. 

(d) A suitable domain is A={x:xeER and 2a7<x<(2n+1)z, for 
some n € Z}. The image is f(A) = {-©, 0]. 


2: All the composites involved define functions with domain and codomain 
R. Since f(x) = x? for all x eR, the composites fo f and go f are given 
by 


(fo f)(x) = f(x?) = x4 
and 
(go f)(x) = g(x?) = -x? 
The other composites are calculated as follows: 


_ f(x - 1) ifx =0 
(Fo ait) -| f(-~x) ifx <0 
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and 


_jga(x-)) if x 0 
(ge gx) = | g(—-x) irre <0 


(s=1)—1 ifx =i 
= 4 ~-(x - 1) ifOcx<1 
(-x)-1 if x <0 
5 ae fx = 1 
=4{t-—x foOsx<]) 
—(x + t) fx <0 


As with Question 1, sketch-graphs of the functions involved are helpful. 


(a) 
(b) 


(c) 


(d) 
(a) 


(b) 


(c) 


Not bijective. For example, f(—1) = f(L)=1 shows that f is no 
injective. 

Not bijective. Since g(x) = 1 for x =0 and g(x) <—1 for x <(), the 
image of g does not contain any elements in the interval {—1, 0); 
hence g(R) #R. 

Bijective. Since the sign of A(x) is always the same as the sign of x, 
if A(c;)=h(x2) then cither xj=x2 or clse 2x:=2x.. Hence 
X,; =, and so & is injective. Also, A(R) =k. 

Not bijective. There is no x satisfying k(x) = 1. 


The equation y=1/(2x-1) admits the unique solution 

x=(y + 1)2y, forx #1 and y #0. Hence 

fi: R— {0} > R—- {1/2) is given by the rule x > (x + 1)/2x. 

The equation y=1/(x? +1) admits the unique solution x = 
Vi(l~-y)/y for x =0 and O<y <1. Hence go: (0, 1]-» (0, ©) 

is given by the rule r> VY (1 -x)/x. 

The equation y=(3x+2)(x~1) admits the unique solution 

x =(y + 2)/(y - 3), for x #1 and y #3. Since h(1) = 3, the inverse 

function A~*:R—& is given by the rule x (x + 2)/(x -3). tor 

x #3, and h-}(3) = 1. 


Since f is bijective, the inverse function f~' exists. Let ae A. Then 
fla)=beA and f(b) =a. Hence (f 1 f\(a) = f-(f(a)) = fF) 
=a, and so f-to f=id,. Now f7! is a bijective function with inverse 
(/~1)~* = f. Hence an analogous argument gives f > f~!' = id4. 


Chapter 2 


Exercises 2.1 


Suppose that V5 is rational, and write V5 = P/q; P» ¥ integers with no 
common factors greater than one and g #0. Hence q? = 5p’, and so gq” 
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and hence g are divisible by 5. Write gy = 5q,. Then p? - Sq, and so p 
is also divisible by 5. This is a contradiction, and so 5 is in fact 
irrational, 

Suppose now that a+b V/5 is rational, where a, b are itrational. 
Then 2+ hVY5=ceG. Hence 5 = (c — a)/b is rational, which contra- 
dicts the first part of the solution. Hence @ + brv/s 1s irrational. 

If r=1+1/r. r>0O, then r is the positive root of r?-r—1=0. 
Solving gives r = i(1+ 0/5). Thus r is irrational. 


(a) Truc. Let x =m/n where m, n arc integers, n #0. Let y be an 
urational and suppose, by way of contradiction, that x+y is 
rational. Vhen there cxist integers p, g, g#, such that 
x — y = p/g. Hence 

Pm _ pn mg 

) gQ PR qn 
which is rational. So y is both irrational and rational. and thus the 
assumption that x + y was rational is false. Hence x + y is irrational. 

(b) Truc. Let x= m/n and y— p/g. where m, 1, p, q¢ are integers, 
n#0,g4#0, Fhus 

m  p img + Mp 
CP ye Se Se 
no 4 nq 


is a rational. 
(c) False. For example, V2 —(— V2) = 0 is rational. 


Let a, b be real numbers with a < b. 


(1) There is an irrational between a and 0. This ts proved in the text for 
a and 6 both rational. If @ is ratignal and 6P is irrational, or vice 
versa, then x = s(a + 4) is an irrational between @ and b. Hf a and 6 
arc both irrational then, as shown in the text, there 1s a rational c 
between e@ and 6. Since there is an irrational betwecn @ and c, the 
result follows. 


(2) There is a rational between @ and 6. This is proved in the text for « 
and b both irrational. If @ is rational and > is irrational, or vice 
versa, then there is an irrational c between a and 6 by (1) above. 
Since c and } are both irrational, there is a rational between c and 6 
by the first part of (2) above. Hence there is a rational between a 
and &. Finally, if @ and & are both rational then x = ar b) isa 
rational between @ and /. 

Between any two real numbers @ and / there is a rational a- and 
an irrational 6,. Between a, and hb: there is a rational @. and an 
irrational b> ..., so there are infinitely many rationals and irration- 
als hetween any two distinct real numbers. 


Suppose that there is a rational number mn with 10%" =2. Hence 
10" = 2", giving 27-5" — 2", Thus # =0 and m= a, which is nonsense. 
Ifence 10* = 2 implics that x = fog-q2 is itrational. 
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5, x2 = (V3 + 22) — 2003 + 2V2WV3 — 2972) 
+ (V3 - 22) 
= (3 + 20/2) - 2V/3 + 2V2)3 — 2V2) + (3 - 2V2) 
= (3 + 2V/2) - 2V(9 - 2v2’) + (3 - 2V2) 
=6-2V9—-8=4 


Since x is clearly positive, x = 2, a rational. 


Exercises 2.2 


l, (a) (-*)-(—y) = ~((-x)-y) by Example 1(b) of Section 2.2 
= ~(y-(-+)) by A6 
= —(~{y-x)) by Example 1(b) of Section 2.2 
= —{-(x-y)) by A6 


‘lo complete the proof, it sulfices to show that —(~a)}=a for all 
aéR. Now (—a) + (~(—a)) = 0 by A4, and (-a)+ a =0 by Ad and 
A2. \Wence the uniqueness condition in A4 implies that —(—a@) = a. 


(b) By A8 and part (a), 


(-x)(-@)) sexta] 


Hence, by the unigueness condition in A8, —(x)7' = (-—x)7+. 
(c) By A8 and A6, 


xx = xx =] 
Hence, by the uniqueness condition in A8, (x!) + =x. 
2. (a) OSxandOsy~-Oysxyp by Al4 


> Q<x-y by A6 and Example l(a) 
of Section 2.2 
(ob) OS xandy SO0>xy0-y by Example 4 of Section 2.2 
=x ysQ by A6 and Fxample l(a) 
of Section 2.2 
(c) x <O0andy ©O0>0-y Sx-y by Example 4 of Scction 2.2 
=> OW<x-y by A6 and Example (a) 
of Section 2.2 
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1 1 Ll 1 
3. a) —< - > 
oe aa rer ae ae 
Lx 
<> — >O0 
x +3 
< 1 — x and x + 3 have the same sign 
--3< x <1 
— : + j es 
ii = ee jt ek eS 
x+1 x-1 x-1l x71 
(x + 1)? — (x -- 1/7 
: = 
x? — J 
— _ 4x a, 
x? - 1 
<> x = Oor (x and x” -: 1 have the same sign) 
s>x=QOorl<xor-lL<x<9 
<> -[<y He 0orl<x 

4. By the triangle inequality 

ee ayy) eS eye | 
Hence 

Ix] —|y] = |x — y! forall x,y eR 
Reversing the roles of x and y gives that 

yl - |xl=ly-x -x-y! 

Hence |x| — ly|#|x—-y. 

5. Since § is bounded above, there exists a real number 7 such that x = .M 
for all x e S. But then —x 2 —™M for all —xe 7. In other words, T is 
hounded below. 

Suppose now that M is the supremum of $. Then — is certainly a 
lower bound for 7. Let m be the infimum of 7. Then -—x = m= —M for 
al -x eT. Hence x =—m=M for all x eS, and so -m= M by the 
definition of .W@. In other words, inf 7 — —supS. 

Exercises 2.3 


Axioms Al, A2, A5, A6, AY and ALO-Al4 hold tor any non-empty 
subset S$ of R tor which x + yeS and xy eS whenever x, ye S. Let 
at bvV/2 and y-—c+dV2, where a, 6, c and d are rationals. Now 


x-y=(areopt(h+dav2zes 


272 SOLUTIONS TO EXERCISES 
and 


xy = (a+ bV 2c + dV2) 
= (ac + 2bd) + (ad + bce) V2 S 


since a@+c.b+¢, ac +2bd and ad + be are all rational. 
A3 holds since 


0=0+0V2eS 
A4 holds since 

~(a + 6V/2) = (-a) + (-b) V2 S 
A7 holds since 

1-1+0VY2eS 
A8 holds since 


(a + bV2)! ae 


N 
a+bV2 (a+ bV2\a— bd) 
soe Ges Ap 


a2 +2b* at + 2b 


Thus S satisfies Al-A14, and so forms an ordered ficld. Suppose that 
V3 e S. Then V/3 =ath V2 for some rationals a and 6. Hence 


3=(a + bV/2)? = a? + 2b? + 2bV2 


and so 


b ; 
V2= _ oo, =o rational 


But \/2 is irrational, and so we have a contradiction. In other words, 
V3¢S. Thus S is not complete. 


2. (a) Now 


2x — I< lle -1]<2x-I< 11 


oe —-S< x <6 


Hence sup S = 6 and nf S = —S. 
(b) For x 21 


x + |x —1|=2x-1 
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which can take arbitrarily large valucs. If x << 1 then 
x> x-J=1 
}lence sup § aes not exist and inf.§ — 1. 


(c) S={..., 144, 144, 141, 1-1, 1-2, 1-3, ...} and so 
sup S = 2 and ats = 0. 


(d) 2-™43 7457? = 1/2" 41/3" + L/S? decreases in value as m. n 
and p tuke larger values. Hence 


and inf S = 0. 
(e) For even n 


c Drm A ify | 
n+l @ati 2 2n+1 


which increases as 1 does. For odd na 


(-1)"a =] See | 
Qnt+1 wt 2\ ant | 
which decreases as 7 increases. Hence sup S = : and inf $§ — —. 


l'rom the formulac in (c) above, S is bounded above by : 
_ —3. Suppose that M < 5 is an upper bound for $. Now 


(—1)"r 2m 
SS ll 
2n — I ee OTe Diag 


= 2m <= M(4m +1) forall m 
= (2-4M)m =: M forall m 


and below by 


=: M~ for all m(n = 2n7) 


4 
3 


a 
iy 


‘SAM for all nz, 


since 2 — 4M > Q 


This contradicts the Archimedean postulate, and so no such M exists. In 
other other words, sup 5 = 3. | 
Now suppose that 4° > — is a lower bound for S. Now 


ome 2M’ forall n= ore 2 M’ 
for all m(n = 2m + 1) 
=> —(2m + 1) = M'(4m + 3) forall m 
> —(3M’ + 1) = m(4M' + 2) forall m 
-3M' - i 
4M’ +2 


for all 7, 


since 4M’ ~ 2 > 
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This contradicts the Archimedean postulate, and so no such M’ exists. In 
other words, inf S — —3. 


4. From the given information, supA and supB exist. Moreover, 
sup A:sup B > 0. Now x-y sup A-supB for all xe A and all ye B. 
Hence C is bounded above. Let K=supC. Then K <supAv:sup B. 
Suppose that K <supA-supB. Then K/supA <sup 8B. Hence there 
exists a y'€R with K;supA<y'. Now K/y'<supA, and so there 
exists an x'€ A with K/y'<x'. Hence x'y'> K, and this contradicts 
the definition of K. Thercfore K =sup C = sup A-sup B&B, and so sup C = 
sup A:sup B. A similar argument with inf A and inf B shows that inf C 
exists and that infC = inf A-inf B, although care is needed with the case 
inf Aint B = 0. 


5: (a) Sly? =1 and 2(1+1)(2+1)=1, so the statement is true when 
n-1.if 


ik(k + 1)(2k +1) forsome k 21 


: 


then 
A+] k 
277 = ag +(k +1) = gk(k + 1)(2k + 1) 
+ (k + 1)? 
= i(k + I)[(2k? + &) 
+ 6(k + 1)] 


= 1(k + (2k? + Tk + 6) 
= i(k + 1)(k + 2)(2k + 3) 


and so the formula holds for n ~ & + 1. By induction, 


Sr? = 1 a(n + Nn +1) forall ne N 


r=| 


(b) Since x* >0 for x #0, 
1+2x<14+ 2x +x? = (1+ x)? 


Hence the statement holds for n = 2. If 1+ kx <(1+x)* for some 
k = 2 then 


(14+ x)f7 = (1 + x)‘(1 + x) > (1 + Ax)(1 + x) 
since x > -—1 
=1L+ (A+ 1xt+ kx? > 1+ (kK + 13x 


since kx? > 0 
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Thus the formula holds for 2 = + 1 also, and the result follows by 
induction. 

(c) 2*=16 and 4! = 24 verifies the given inequality when » = 4. Suppose 
that 2* < k! for some & = 4. Then 


DAIL ~ 2.2% <2-AlL< (kK + 1k! since K+ 1>2 
Hence 2*+* <(k + 1)! By induction, 2” < a! for all 7 >4. 


The resuit is clear for 4 sct containing one element. Suppose the result 
holds for sets containing k elements for some k = 1. Let 


Ss = {@), a2, rary Qy.1} 


a Set containing k +1 clements. By the inductive hypothesis, the set {a>, 
..+, @y} Contains a minimum clement. Call this element a. By Axiom 
Al0, aa, or a: <a, and so, by Al2, either a or a; is the minimum 
clement of S$. Hence every set containing & + 1 elements has a minimum 
element. The induction proof is complete. 


By the triangle inequality, the result holds for n»=2. Now, by the 
triangle inequality, 


la, + ap t+... + Qyai| S ay + aot... al + laces 
Hence if 
at a@y+... + a] = ay| + ao] +... + Ja, 


for some &k = 2 then 
\ay 02 Te 665. F ay-t| <= |a,| i |a2| nae e en o lax i laat| 


as required. By induction, the result follows. 


Chapter 3 


Exercises 3.1 


(a) Now 


provided that |—1/2n|<e, which requires n> 1/2. So, given any 
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€>0, choose N to be an integer exceeding 1/2e. Thus 


n—-l 1 
aN ee 
n > 5 - rs 
and so 
all as 7 o 
> — = 
2n 
(b) Now 
"1 


provided that 1/n? < ¢, which requires n> 1/'V ©. So, given ¢ > 0, 
choose N to be an integer exceeding | iMe . Thus 


(-1)" _, 


a] 
ft” 


~~ 


nom N zs 


and so 


(=). 


nz 


> 0 asn—> 


2 If a, 2A as n—s then, by the scalar product rule, wa,—c@A as 
n— ©, Similarly, 86,— BB as n— oo. Hence, by the sum rule, 


aa, + Bb, > aA + PB ano 


asi ean a 
n>—2n? +1 1 - 2/n + 1/73 
440-0 

i 

1-0+90 


3. (a) 
=4 asn->™ 


using the sum, product, scalar product and quotient rules freely, 
together with the basic fact that 1/n +0 as ne. 


6-n 6/n?-1 O-1 
-——— _ = ——_ > —— =-1 ano 
me + Sn 1+ S/n 1+0 


(b) 


+1 1 
(c) loge(a + 1) — logen = s.(7 z ] = mat + 4) 


Now 1+1/n—-1 as n>, by the sum rule, and so, by the 
composite rule, 


1 
loge + 4) toget = 0 anon 
n 
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ia levee Gl 
i see 
(a) Vn +1 ni+ 1 n° n 
Since 1/n 0 as n— ~%, the composite rule gives that (1/n)*" 30 as 


n— %, and thus —(1/n)!" +0 as a— x, by the scalar product rule. 
Now 


A ce 
n, Vn 41 An 


and so, by the sandwich rule, 


.(b) Now 


since —1 2 cosx = 1 for all x eR. Hence 


1 COS ft 1 
Be << = - forall ne N 
n n n 


and so, by the sandwich rule, (cos 2)/n +0 as n— %. 


Exercises 3.2 

1. Suppose that the sequence (a@,) is null. Then for every e>0 there cxists 
a natural number N’ such that n2> N > u,|<e¢. For this value of N, 
n> N = |la,'|= @,|<¢, and so (ja, ) is a null sequence. The converse is 


proved in a similar fashion. Hlence (a,) is null if and only if (,4,) is null. 

If the word ‘null’ is replaced by the word ‘convergent’, the result is 
false. For example, the sequence (a,) given by a, =(—1)” is divergent, 
but the sequence (@,|) is the convergent sequence 1, 1, 1, .... What can 
be said is that if a, ~ L as m-> then |a,|4|L' as n— =. To see this, 
note that lz, — |Li|< a,—7| by Question 4 of Exercises 2.2, and 
appeal directly to Definition 3.1.1. 


oa (a) The dominant term is n!. Hence 
atz+2" — né/nt — 2"/n! 
ait3n? 1+ 3(n3/n) 


Now using the basic null sequences (3.2.2) and the rules (3.1.2), 


EE ED a ae toy 
nt + 3n3 1-0 = 
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(b) The dominant term is (n + 1}!. Hence 


Qn! 2/(1 ~ 1) 


(nt it+(n-VDi 1+ tn(at+ 1) 


Now using the basic null sequences (3.2.2) and the rules (3.1.2), 


ae QO as n—>o 
Sh a se 
(7 + Lf + (nv - 1)! 1+0 


(c) Write 
(mae) (af) 


Hence (n*4”"/n!) is a null sequence, since it is the product of two 
basic null sequences. 


3. Since (b,) is bounded, there exists a real number M>0O with b, = M 
for all we N. For any e>0, set ¢’ = e/M. Since (a,) is null and e' 0, 
there exists a natural number N such that n> N=>|a, <e’. But then 
n> N => a,b,|=|a, M<e'M =e. In other words, (a,5,) is null. 


4, (a) The dominant term is 2”. Hence 
n=—~2" nt/fa>—1 Q-1 
—_—_ 77 Em = rl as ana 
27 +n 1 + n/2? 1+0 
(b) The dominant term is m!. Hence 


3nt +3"  34+3"/n! 340 


Sate 73 ana 
abt ne tt ni/nl 1+0 


(c) Since 3” = 2" + 3" = 2(3”), the following inequalities hold: 
3. (27 + 3nylin < 3(21) 


Now 247» 1 as n—>%, by Example 3(b) of Section 3.2. Hence, by 
the sandwich rule (3.1.3), (27 +37)" 33 as n> &. 


5. Let x= VY 2/(n-1), 2 22, in the inequality (1— x)* = sn(n lic: 


Hence [1 + V 2/(a—1)]" 22 for n = 2. This gives 


; 2 
nua ay + \ ; for n =2 
a 


Since a 22, nV" 22", piving the inequality 


, i 2 
3 1fn << pnlin < [+ \ 


Ao for n =2 


Now apply the sandwich rule (3.1.3), to deduce that lim, _. a1" = 1, 
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Exercises 3.3 


1. 


(a) The sequence (n3/2") — (m3(5)") is a basic null sequence. By the 
reciprocal rule (3.3.4), (27/n3) tends to infinity, and hence is 
divergent. 

(b) Since n!> n°? for n=6 (proved by induction on n), the sequence 
(n! — n*) is eventually positive. Hence the sequence ((#! — 2°)/3") is 
eventually positive, Now 


3n 3"/n! 0 
—_—_—_— cas 
Yat 1-0 


ni- at “i n 
By the reciprogal rule (3.3.4), ((n! — 3)/3”) is divergent. 
(c) By Question 5 of Exercises 3.2, 1°/"— 1 as n— «. Hence 


1 fi | 
yir tin a n nln) 


and so 1/n!' Vz -+0.1=0 as n— ©. By the reciprocal rule (3.3.4), 
(n+*-"") is divergent. 


let ¢>0 and K =1/e. Since a,— © as n—, there cxists an integer N 
such that a, > AK >Otor all n> N. Hence 
] 
“| 


an 


ee for n> wN 
a KR : or n=. 


In other words, 1/a, 20 as n> . 


(4} If a, =2n+(-1)", the subsequences yviven by setting » —2k and 
n—2k-—1 are (az,) =(4k +1) and (ax,-)) = (4k —3) respectively. 
A straightforward application of the reciprocal rule shows that both 
these subsequences tend to infinity. Hence, by Strategy 2, 
(2n + (—1)") ts divergent. 

(b) If a, = (—1)"*nf(2n +1), the subsequences given by setting nm — 2k 
and m=2k-1 are (ax)=(2k/(4k~-1)) and § (az,.)) = 
((-2k + 1)4k —1)) respectively. Both of these subsequences con- 
verge, the first to } and the second to —3. Hence, by Stratcgy 1, 
((-1)" ne + 1)) is divergent. 

(c) If a,=sininz, the subsequence (aa,} 1s the null sequence 0), 0, Q, 

. The subsequence (@ox41) iS the convergent sequence sin 37 
siniz, singz, ... whose limit, sins7 #0. By strategy 1, (sin 77) is 
divergent. 


Since (a2,) and (@2,..,) both converge to L, for every ¢>0 there exist 
natural numbers K, and K» such that 


k> K,>|ax,—- Li] <e 
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and 


ko Ky=> |a2y—: = L| < €. 


Now let N be the maximum of 2K: and 2K2z,—1. Since each n> WN is 
either of the form 2k, with k > K;, or of the form 2k —1, with k> Kz3, 


it follows that 
n>N -la,- Lice 


In other words, lim,» a, = L. 


Exercises 3.4 
1. (a) Consider 
ee n+2 n+l 
n+] tn + 3 n+ 4 
1 


= - ——_ >> f = 
(n+ 3)(n + 2) Q fora=1 


Hence ((” + 1)/(n + 2)) is monotone increasing. 


(b) Consider 
8 8 
ee ee ee en eee 
atl n n(n + 1) 
Now 
: <leon{n+ 1) = 8 
+ “3; => = 
n(a + 1) 


(c) 


(d) 


(a) 
(b) 


and this last inequality holds for n=3. Hence (n+8/n)= 
(9,6.5 a .. +) 18 eventually monotone increasing. 

Consider @y4:-—@,= nt+h+(-tjp?*)—n-(~1)?= 1-—2(-1)". 
Hence a@,.,<a@, for even and a,4; >a, for nm odd. Hence 
{n +(-1)”) is not monotone. 

Consider @,,,1 — @, = 2(n + 1) + (—1)"*! — 2n — (-1)" = 2(1- (-1)") 
= () for all a. Hence (27 + (-—1)”) is monotone increasing. 


Since @,4; = Qn + 1/(a + 1)? > a, (a,) is an increasing sequence. 


a,=152-—1/1, and so the statement holds for 7 = 1. 
If @, = 2—-1/k tor some k = 1 then 
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] 1 
Oya) = & +7 HS 2-— + -- 
k+l k (k + 1)? k (k 4 1)2 
=_- > — 1 a ee ae l 
"  ktl k+l sek (k+1/ 
ee meee ae 
k+l k(k +1)? 
1 
=2- 
k+1 


and so the statement holds for n = k + 1. By induction, a, <2 —1/n 
for allneN. 

(c) By (b), a, <2.for all a, and so (a,) is an increasing sequence that is 
bounded above. By the principle of monotone sequences, (a,) 
converges. 


3. The first n terms of the sequence ((1 + 1/n)") are (2/1)‘, (3/2), (4/3), 
..., {(2+1)/n]", and cach is less than e since ((1 + 1/n)") is monotone 
increasing, with limit c. Taking the product of these terms gives 


2:3°4? «+ (a + 1)" 
3233 cee yt 


e” 


By cancellation, 


(rn ~ 1)" 


n' 


<c" 


and so 


Chapter 4 


Exercises 4.1 

1. Since 
Ne Oe 8 
rh (Ce t+D!o0 Or +2 (rr + 2D! 


the nth partial sum s, of ¥7_,r/(r + 1)! may be written as 


| er a 
a el (r + 1)! 
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Hence 
a) 
oo aE Sige NON Al nl (n+ 1)! 
— SS: tee 1 
7 (nm + 1)! 


Now 5,21 as n-> %, and so 


c. 


if 
> (r + 1)! 


converges and 


So Ll aS a-s+ ® 
n+1 (L+1/n) 


By the vanishing condition, 


is divergent, 


[x — Vatn — Dn + Vat - DI 
n+Va(a - 1) 


aaa 1) 


ee t) 
1 
=) eee - 4S RA oc 
14+ V1 —- 1/n) me. ae 


By the vanishing condition, >} r.:[r — V “r(r — 1) is aiergent 


(b) n- Vn(n - 1) = 


né 
m+ 


3: Let s,=>)7 ,a, and ¢, = > 7%_,6,, Then s,s and 4,21 as n-»> %, By 
the sum rule for sequences (3.1.2), 5,+4,25+1 a8 n>%, But s, + t, 
is the nth partial sum of >’ -.-(a, + b,). Hence S*.,{a, + &,) converges to 
Ska, + Shab. 

By the scalar product rule for sequences (3.1.2), ks, > ks a8 n-» &, 
and hence >) *_,ka, converges to KY Pa, 


4, Suppose that >) > ,(a, + 6,) is convergent. Since >. ?_,a, is convergent, so 
is ¥_(-a,), by 4.1.4. Hence, by 4.1.3, 


S(- a,) + Yea + b,} converges to Ds, 
re] = 


This contradicts the hypothesis on S$’ _,6,. Hence ¥%?_.¢, convergent and 


a FO 


3S? _,b: divergent implies that 5 * (a a, + b,) is divergent, 
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Exercises 4.2 


l. 


(a) If 


1 
Qn = and 6, = — 
2" 7! a! 


then O< a, =: b, for all new. Now > 7_,), converges, since it is a 
geometric series with x=}. By the first comparison test, S*7_,a, 
also converges. 


(b) Suppose, by way of contradiction, that 
= if 


n—2 log. ft 
is convergent. Since 


1 
= << for n = 2 
n log. 7 


the first comparison test implics that >%_,1/n is convergent. But 
¥<1/n is a divergent p-serics (p =1), This contradiction means 


that 
= I 
n=? 102." 
is divergent. 
Let 
nat, I 
a, = and b, = — 
n°’ +H A 
then 


Since S_, 1/2 diverges, the second comparison test gives that 3\? ja, 
also diverges. 


(a) If a, = n/3” then 


nut} on tt 3" 


| . Zn) nt 
{i+ 4] : as ? oc 
= =) — —> 
3 Fa) 3 


Hence, by the ratio test, 3\?.,a, converges. 
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(b) Ifa, =n°/n! then 


Quoi) (n+ 1)3 ant 
Qn (n + )! nr 
3 
= i++) 40 as m —>» 20 
n+l n 


Hence, by the ratio test, 4 7.,a, converges. 
(c) If a, =3"/(2" +1) then 


Anat a ee ais ot 
apy ! 2otl + 4] 37 
= 3 (Lt 42") 3 ene 
2+ 1/2" 2 


Hence, by the ratio test, .7_,a, diverges. 


4. (a) 1-$+2-—44...=D%.(-1)"'/(2n — 1) is an alternating scries of 
the form > °_.(—1)"7!b,, where 


—_ I -_ 
an —l 


By 


Since (b,) is a decreasing sequcnce with limit zero, the series 
> i(-1)" "1b, converges, by the alternating series test. The associ- 
ated series of absolute values is 


a 4 


nel 2n ama! 


which diverges by comparison with 
52 
a-) 

using the second comparison test. Hence 


§ ye" 
n=] 2n = 1 


is conditionally convergent. 


(b) Sx (cosra/r Vr) =SDe(-1)'/r Vr, which is an alternating 


series. The sequence 


20 (ar)=( 
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is decreasing with limit zero. Hence 


oe 
COS FT 


rs. rV re 
is convergent, by the alternating series test. Since 


COS rT 


rr 


= 1 
Py r=] rVir 


is a convergent p-serics (with p = 3), 


xa 
. COSTT 


is absolutely convergent. 


d 
—— (I = 


Now f: Rt >R°, given by f(x) = 1/(x log, x), satisfies the hypotheses of 
the integral test. Let 


. 1 
In = { . dx 
2 xlog.x 
then 


In = [loge (loge x)]7 
= log, (log. 2) — log, (log. 2) 


Now (j,,) is a divergent sequence, since log, is an increasing function. By 
the integral test, 


be «) 1 


r—2 r loge r 


is a divergent serics. 


Since > *_,a} and ¥7_,a, are (absolutely) convergent, 
x i, [~-] 


Sat + Da, = Die, 


r=] r=] r=] 


converges, by 4.1.3. Hence 3 ja, is absolutely convergent. 
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Exercises 4.3 
ie + 1)'featt! (272)! (1 + 1} 
a a en a ee x 0 
(a) Din + DI (nntx'l| ~ Gat 2)Qn 4 1) Ix] (x #0) 
1+ L/n vee 
~ 32 Um xj > alx as NH —> 00 
lence 


“(nl yexn 


n-=0 (27)! 


has radius of convergence R = 4, 


(n+ 13x74 7! 1 “)" 
Db) | | Se ee 0 
(>) | (a+ 1! ate n+l n id 
as n> x (x #0) 
Hence 
7 nig? 
m1 =[) ny 
converges for all x ER. 
2, The geometric series S)7_)x" is absolutely convergent for |x| <1. Hence 


the Cauchy product result (4.2.9) gives 


(Se|(Sx)= Sex 
AO 


n= n—-0 


where 

eS Gh ae = aed 

r=0) 7-0 
Hence 
oc 2 oa 

(>: = Sn + 1x 

n=0 n=") 
Now 


mn 1 . 
Sixt =—— for | <1 
n~-O0 eae 
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by 4.1.1. Hence 
= l 
Deri =—=—— for [x1 
n—Q (1 — 2% 


Now, for x #0, 


ent ces we 


(nt Vt x; n+l 


for any x € ‘Rk, and 


a 


Ic Lyerly 2u—3 _(2n + 4 1)! x2 


Se 6} 0 
(2n+ 3)! (-1e! | Gn 43nd 2) ee 


for any x € KX, and 


i 


(=1)rtt tn! (2a)! ag 


= = To -» 0 ¢ —4 
(2” + 2)! (~- 1)? x on + 2}(2n 4 1) as 7 O 


for any xe. lence the series defining the sinc. cosine and the 
exponential functions are convergent for all x € R. 


Es) * Eas 
file ee es Se 
(a) cos{~—x) = a (Qn)! 2. Qny COS x 
_ ad . (- lI)"(- eee 7 ze Eh 
sin ( .) 7 n—0 {2n tr 1)! 7 n=f (2n + 1): 
= -sinx 


(b) Since cos* x + sin’ x = 1 for all x cR, 0 cos? x = 1 and 
O=2: sin’ x <= 1 for all x eR, Llence |cosx|=1 and sina, = 1. 


Let >) 5-o@nx" have radius of convergence & > 0. By the ratio test, 


Cr t+ VWay—1x" 


L B+ 
= al( + 4) ee 
nti a, 


Hence 35%_,na,x"~! converges for |x| < R. By 4.1.1, 


na,x" } 


= 1 ; 
{aQy= > SS — “tor |e) 1 
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Now 


; ee, < ” — . avi 
f'(x) = (1 — xy 2 fn + 1)x 2 rx 


for |x| <1 by Question 2. 
This is a special case of A.2 proved in the Appendtx. 


Chapter 5 


Exercises 5.1 


xitxtd Lt tert ifx?  -1 


— as x—ote 
2 - 3x3 2/x3 — 3 3 


1. (a) 
See Figure S.2(a). 

(b) le~* sinx|<e-* +0 as x». Hence, by the sandwich rule for 
limits, e-*sinx 0 as x. If t=—x then c™* sinx = ~c‘sinf, 
which is unbounded for large ¢. Hence c™* sinx is unbounded as 
x—»—%, See Figure §.2(b). 

(c) Now [x} =n for n <x <n+1, and so, for such x, 

Ix] 
x 


x 
Hence 


nex<n+1> 


a re a rears! [peat neon eee Pea asd tae 


= (b) xtrere *sinx (c) A 


Figure S.2 
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By the sandwich rule for limits, [x]/e—1 as x. Similarly, 
[x]/x > 1 as x > —%, See Figure §.2(c). 


Since |sin ¢| <1 for all re R, 


1 
2x sin( +) —0 <2|x| forall x #0 
Now 2|x| < provided |x| < ¢. So, given e>0, choose 6= $e; then 


Ix -Ol< b> <e_ 


1 
2X Sip (+) - 0 
x 
Hence 
_ fil 
lim 2x sin (=) = 0 
i= Xx 
It suffices to show that if g(x) ~ M #0 as x a then 


: : as a 
ane x— 
g(x) M 


The quotient rule then follows from the product rule. Now 


1 1] [gay - Mw 


g(x) MI 'g(x)|Ml 


Ife= 5|M then ¢ > 0, and so there exists a 6, > 0 such that 


0<|x -—a' < 4d; => |g(x) — Mi < 3|Mj 
=> 3|M| < |g(x)| < 3|M@. 
1 2 
=> ——— 
Ig(x)| [Mj 


Now, for any e> 0, 
ce =}eM?>0 
Hence there exists a & > 0 such that 
0 < |x — al < & = [g(x) - Ml < e’ 


Now let 6 be the mimimum of 6, and 6. Then 


O< |x -al<é6=> 


290 SOLUTIONS TO EXERCISES 


Hence 
l i aod 
TT TT Oa XW 
a(x) M i 
4. (a) Using the sum, product and quotient rules, 
A. gad 
ae —=-1 asx—0O 
5 a ee i Ue | 
5 aes b eee 
(er hata sear 


x8—]) (x — 10x? +x 41) 


— 


] 
‘- for x #1 
x?7+x7+1 


Using the sum, product and quotient rules, 


— >»! yx 5] 


xe rxtil 3 


Hence 


(c) By the sum, product and quotient rules, 


MX i 
> oT as x > | 
x+I1 


By the composite rulc, 


lim cos (=) = 0 
x—1 xo 1: 


(d) Now 
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Clearly +x* 0 as x > (0 and so by the sandwich rule 


im x*cos| +} =0 
x~~f) x 
5. (a) For 1<x <2, [x]=1, and so [x] 31 as x > 1+. Hence 
a ae 
(b) If4<x<9then2= Vx <3. Asx 44+, Wx 224, and so 
lim [Vx] =2 
Y—+4! 
(c) Ift<x<4 then 1<Vx <2. Asx34-, Wx 32-, and so 
lim [x] =1 
x—-4- 


6. Suppose that lim, o; f(x) = 2. Then for any e>0 there exists a 6>0 
such that 


O<xr <b> f(x)-L<e 
Now let T = 1/6 and t = 1/x. Then 


t>T=>I1/r>1/d>0 
>0O0<x<6 
> if(x4) - Li<e 


|) << 


In other words, 


km A) —- » 
tam \T 


The converse is proved simijarly, 


Exercises 5.2 


i. (a) f(x) is defined for x # +1. The singularities are infinite ones. 
(b) f2(x) is defined for x # +1. At x =-—1 the singularity is an infinite 
onc. However, if x = 1+ h, A#0, then 


_fh __ dt 
h2+2h h+2 


f2o{x) = 
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(c) 


2. (a) 


(b) 


Hence f(x) § as h—>0 (that is, x +1). Thus f, has a removable 
singularity at x = 1. 

f3(x) =1 for |x]>1 and f3(x)=—-1 for Ixi<1. Hence f3(x) is 
undefined for x = +1. These arc fimite singularities. 


If c is irrational then for each 5>0O there exists a rational d in the 
interval (c — 6,c + 5) by 2.3.2. Now |f(d) — f(c); =1, and so there 
is no 6>0 for which 


ix — cl <b => |f(x) - f(c)| < e« when €<1 


A similar argument applies when c is rational. Hence f is discontinu- 
ous everywhere. 


If ¢ is rational and c >} then for any 5>0 there is an irrational d,, 
+<c¢<d,<c+6. Then 


lg(41) — g(c)| = |L - (a, + ©) 
=ctd,-1>2c-1 


If c is rational and ¢ <} then for any 6>0 there is an irrational d2, 
c-85<d,<c<3. Then 


1g(d2) — g{c)| = 1—(¢ + a2) > 1-2 


Now let ¢= 3!2c — 1). If c is rational and c# ; then ¢>0 and there 
is no 6>0 such that 


|x — cl < b> |g(x) - afc) <e 
Hence g is discontinuous at rational c # }. A similar argument shows 
that g is discontinuous at all irrationals. However, g is continuous at 
c= + To see this, note that | e(x) ~ g(5)| = |x- A! for any x eR. So 
if e > 0 then, with d= €>0, 


Ix — 31 < 5 > [g(x) - a(3)| < 


Since | f({x)|< M|x| for all x eR, f(0) =0. Hence 


if(x) — f(0)| = Mlx| forall x eR 


If ¢ > 6 then let 


6 = > 0 


ae 
M 


Then 


|x| < 6 => [f(x) — Ff) = Mix| < 


Hence f is continuous at 0. 


4. 
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(a) By the sum rule, x +> x — 2 is continuous for all +. So, for x #2, 


(b) 


(C) 


(d) 


(c) 


1 
x -—2 


is continuous by the reciprocal rule. By the product rule, x x? is 
continuous for all x, and so, by the product rule again, 


is continuous for x #2. 


By the product rule (twice), xx? is continuous for all x. By the 
product and composite rules, x e*%"* js continuous for all x. 
Finally the sum rule yields that x ++ x3 +c?" is continuous. 

Call the given function f. For x #0, x x* is continuous by the 
product rule, and x+>1/% is continuous by the reciprocal rule. By 
the compusite and product rules, x +? cos(1/x) is continuous for 
x #(. Since 


Ll 
x? cos (=) 
x 


and because f(0)=0, we have that —x? = f(x) = x? for all x. Now 
xe =x? are continuous at » =0 and f(0)— +0*, and su. by the 
sandwich rule, / is continuous at x — 0. Hence f is continuous on R. 
The fuaction f: R+ > R* given by f(x) =x? is a continuous bijec- 
tion. Its inverse is the function x Y.x«, x >0, which is thus 
continuous by the inverse rulc. 


The function x cosh7! x, x > 1, is the mverse of the function 
f: Rt (1, x) given by f(x}=coshx. The rules show that f is 
continuous. By the product and composite rules, x+ >¢~* is continu- 
ous for x >1. By the sum and product rules, x s(e* et) 
=coshx is continuous for x>1. Finally by the inverse rule 
x'+cosh7! x is continuous for x > 1. 


= x* for x #0 


Let 6, <b, where 6,, 626 RB. Now there exist a1, @2¢€ A such that 
f(a,) = 51, and f(az) = bo. Since f is strictly increasing, a, < @2. ln other 
words, f—'(6,)<f7'(b2). Hence f7' is strictly increasing. Define 
f:R*+—R! by f(x) =x", ae N. Now f is continuous by the product 
rule and f is strictly increasing on R~. Hence f is a continuous bijection. 
By the inverse rule f *: R- -»R* given by f(x) =x!" is continuous. 


Exercises 5.3 


1, 


If P(x) =x* —3x +1 then P(O)}=1 and P(1)=—1. Since P is continu- 
ous on [0,1], and P(0}>0 and P(t)<0, then P(x)=0 for some x in 
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{0, 1] by the intermediate value property. Now P(0.5) = —0.3750, and so, 
by similar reasoning, 7? has a root in the interval [0,0.5]. lf we now 
evaluate P(0.25), P has a root in either the left-hand half or the 
right-hand half of [0,0.5], depending on the sign of P(0.25). ‘This 
bisection process can be continued indefinitely in order to ‘trap’ the root 
of P to any desired degree of accuracy. In fact, P(x) =0 in [0,1] for 
x = 0).3473. 


2. The interval theorem states that, for a continuous function f, f(J) is an 
interval. To determine this interval, we have to find the maximum and 
minimum values of f on J. 


(a) On J=[-1,1], f(x) =x? has a minimum valuc of 0 at x =0 and a 
maximum value of i at x =+1. Hence f(J)={0, 1]. See Figure 
S.3(a). 

(b) On J=[0, a], f(x) = 3sinx has a minimum value of 0 at x =0 and 
a maximum value of 3sinéz at x= ia. Hence f(J)=[0, 3]. See 
Figure §.3(b). 

(c) If x <0 then f(x)=x+|x|=0, and if x=0 then f(x) =2x. See 
Figure S$.3(c). On J/={—-1,2], f(x) has a minimum value of 0, for 
—t<x <0, and a maximum value of 4 at x =2. Hence f(J) = (0, 4]. 


(d) Now f(x) = x? — x4 =x2(1 ~— x’) =0 on J= 0, 1}. Hence f(x) has a 
minimum value of 0 at x = 0, 1. For the maximum value note that 


ee 5 1,2 
LOS SSN Ss) 


Figure 8.3 
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by completing the square. Hence the maximum valuc on J is } 
occurring when x = 1/72. Hence f(J) = [0, -]. See Figure $.3(d). 


3: With r(x) defined as in Example 1, P(x) = x"[1 + r(x)]. Hence P(x) has 
the same sign as x" for !x| > 1+ M, where M is the maximum of !a,_,|, 
.. +; (Qo, Since n is even, there exist aw, BER, a >0, 8 <0 with Pla) >0 
and P(8)>0 (choose a>1+ M and B< —(1 + M)). Now P(O) = aq <Q, 
and so, by the intermediate value property. P vanishes between f and 0 
and between 0 and aw. Hence P has at least two real roots. 


4, If x e J=(0, 1] then f(x) € J since f: J J. Hence 


g(x) = [f(x)P € J 


Thus g: /— J and, by the product rule, g is continuous on J. By the 
fixed point theorem, g{c)=c for some cé J. Hence f(c) = Se for 
some c € J as required. 


Chapter 6 


Exercises 6.1 


; ae ee 
se et ned 
x-c 
x-—C 
-3+(x +c)(x*>+c*) for x #c 
Hence 
ml) IO 25 4 40 
ute 
and so f is differentiable at c and f’(c) = 4c? +3 
— f l/r -— Lf 
x-C x-C 
c- Xx 


—1 
= ————_ =— forx#¥ec 
xce(x —c) xe 
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ience 
tim 2? £0. _ =! 
xe AT SS c* 


and so f is differentiable at c and f’(c) = —1/c?. 
2. Let f and g be differentiable at c. Then 


fle) + gO) - LO + el _ fF) ~ fo) 


? Seam xX ~~ C 
MO ZBO 5.5 
» ae & 


—> f'(c)+ e'(c) axe 
Hence f+ g is diffcrentiable at c and (f + g)'(c) = f’(c) + g'(c). Now 
Vf) = UK) _ -Y@)-fOL_1 gg 


L = Oe © f(x) f(c) 
Since f is differentiable at c, 
f(x) = fc) 


— f'(c) asxoec 
x-c Fite) 


But f is also continuous at c (6.1.2), and so f(x) > f(c) as x > c. Thus 


Vf(x) - Vfl) - f°) 
BONE [f(c)]’ 
This proves the reciprocal rule. 


3. (a) fA LO _ tel for x #2 


ass x—-C 


If 2<x <3 then [x] =2, and so 


If l<x<2 then [x] = 1, and so 


= 1 
TE oN ae + -e as x-92- 
P22  4—2- x-2 


Hence f'.(2) = 1 and f1(2) does not exist. 


fx) -fO) 1 
(b) rege a te for x #0 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 
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Now e!* 0 as x 0+ and e**¥ +0 as x >0-. Hence f,(0)=0 
and f? (0) = 1, 


By the product rule x+>e* cosx is differentiable for all x and so by 
the sum rule x — e* cosx + 1 is differentiable for all x. 

By the product rule (twice), x» x" is differentiable for all x. and 
so, by the sum rule, x x*+ 1 is differentiable. Since x*+ + 10, 
the reciprocal rulc gives that x+>1/(x‘* + 1) is differentiable for all 
X. 

By the sum and product rules, x+> x? +1 is differentiable for ail x. 
Using (b) and the product rule, we have that 


x2 4+ 1 
—_j—_ 
xi+il 


re 
is differentiable for all x. 
Since cosx #0 for x # +(2n + 1), the reciprocal rule gives tha 


1 


COS 


x 


is differentiable for such x. By the product rule. 


sin Xx 


Miata d = tanr 


cos x 
is differentiable for « # +(2n + 1)7. Finally, two applications of the 
product rule give that x! >tan?x is differentiable for x # s(2n + 1)7. 


If x #0 then x 1/x is differentiable, by the reciprocal rule, and 
hence, by the composite rule, x+ > cos(1/x) is differentiable. By the 
product rule, x ~ x is differentiable, and so 


4 1 
xX > X~ COS |— 
x, 


is differentiable tor x #0. 
For « = 0 we necd the sandwich rulc. Since 


and #(0)=0, f is sandwiched between +x? at x = 0. Hence f is also 
differentiable at x = 0. 

The function g:R'—>R?* given by g(x) = x7 is a bijection, which is 
differentiable for x > 0 by several applications of the product rule. 
By the inverse rule, its inverse is differentiable for y > 0, provided 
that g(x) #0 for x >0. Since g’(x) = 5x4 >0 for x >0, g =f is 
differentiable on R*. 
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(g) The function g:R—R given by g(x) =sinhx is a bijection. Since 
x+>e* is differentiable, the reciprocal rule gives that x'>e~ is also 
differentiable. By the sum and product rules, 


xr }(e* — e 4) = sinhx 


is differentiable for all x. Hence by the tnverse rule f ts differcnti- 
able provided that g'{x) #0 for all x. Since g’(x) = coshx =1 for 
all x, g~' = f is differentiable on R. 


; = pr — Me _ _ a axe 
(a) f'(x} =e" (cosx — sinx) (b) f’(x) (L+ x4) 
(c) f'(x) = ete ee) (d) f’(x) = 3(secx tan x)? 


(1 + x*)? 
(c) f'(x) - 2x cos(1/x) + sin(1/x) for x # 0, and f'(0) = 0 


I 
(f) f(xy=je* (2) f(x) = Sees: 


Exercises 6.2 


Sad 


P has at least one rcal root, by Example 1 of Section 5.3. Suppose that 
P has two {or more) real roots. Thus there exist x1, x. € R, x; #x2 and 
P(x1) = P(x.) = 0. By Rolle’s theorem, phe 0 for some c between x, 
and x». But 


P'(x) = 3x2 +a>0 forall x 


Hence P'(c) #0. This contradiction shows that P has precisely one real 
root. 


Suppose that c; and c2 are distinct fixed points of f. Then 
h(c,) = h(cz) =9. Since hk is differentiable on, (0,1) and continuous on 
{0,1], Rolle’s theorem implies that A’(c) =0 for some c between c, and 
c2, Hence f'(c)=1. But f'(x}#1 on (0,1), and this is the desired 
contradiction. Therefore f has preciscly one fixed point. 


By Rolle’s theorem f’(c:} = 0 for some ¢,, a; <c¢, < az and f’(c2) = 0 for 
some €2, 42<¢C2< a3. Now apply Rollie’s theorem to f' on the interval 
[c1,¢2] to deduce that f’(c) =0 for some c between c, and cz. Clearly, 
@y< C43. 


(a) let f(x) =sinx for all x éR. Let a, b€R and for simplicity assume 
that a<b. Apply the mean value theorem (6.2.2) to f on the 
interval [a, bj. Hence 


f(b) — fla) Ae ) 


P(e) = ce forsome cc. a<c<b 
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Thus 
sinb — sing 
—————~ =coasc 

b-—a@ 

Since (cos c| = L, 
sin b — sing 
SSS ane, <= |} 
| b-—a«@ 


Hence 


lsina — siné| = ja— b| forall aoc R 


(b) Consider f(x¥= Vx, x >0Q. Apply the mean value theorem to f on 
the interval [81,83]. Hence there is a c, 8] <¢ < 83, such that 


1. _ £83) — f(8t) 
P() =~ 33 81 


Thus 


and so 
VB -9= Ve 
Since $1 <c< 83, &l<c< 100, and so9< Ve< 10. Hence 
t<t/Ve <} 
and so 
d= V83-9<3 
(a) If f(x) —x + 1/x then 


f@)-1-— 


x 


and so local extrema occur at « = +1. Since f'(x) > 0 for |x| > 1 and 
f(x) <0 for |x|<1, f is increasing on (—%.~1), decreasing on 
(-—1,1) and increasing again on (1,). Hence f has a local max- 
imum at x = —1 and a local minimum at x = 1. See Figure S$.4(a). 

(b) If f(x)=e-* then f’(x) = —-2xe-*’ and so f has one local ex- 
iremum at x = 0. Since f’(x) >0 for x <0 and f'(x) <0 for x >0, f 
is increasing on (—%,0) and decreasing on (0,). Hence f has a 
local maximum at x = 0. Sce Figure $.4(b). 
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(a) (b) (c) 
Figure 8.4 


(c) The function 
2 
f(x) =- + log.x 
x 
is only defined for x > 0. Since 


x—2 
2 


ae 
<4 


f(x) = 
x 


2 sth 
aS : 


the sole local extremum occurs at x =2. Since f’(x)>0 for x >2 
and f'(x) <0 for x <2, f is decreasing on (— ©, 2) and increasing on 
(2,). Hence f has a local minimum at x = 2. See Figure $.4(c). 


6. (a) Let f(x) = log, (t+x) —x + $x", x >0. Now 


1 tS 
( -__rrw  _. +y = —— > o 
f(x) fa 1+x era 0 forx >0 


Hence f is strictly increasing on (0, ©). In particular, f(x) > f(0) for 
any x > Q. But f(0) =0, and so f(x) >0 for x >0. Thus 


loge (1 + x) — « + $x? > 0 for x > 0 


and so x — $x? <log, (1+ x). 


{b) Let 
ieee =. 
f(x) = tan“! x ies for x > 0 
Now 
1 1+ $x?) —x- Gx 
(2) — Aaa D2 — 
1+x- (1 + 7x7)? 
a 
g* 


=o Pe tor 0 
(1 + x2)(1 + 3x?)? aa 


(c) 


(a) 


(b) 
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Hence f is strictly increasing on (0,), and so f(x) > f(0) =0 for 
x >0. Thus 


tan-!x > for x >0 


Lee) 
L+ 5x 


Let f(x) =~ —sinx and g(x) =tanx — x for O<x << $9. Now 
f'{x) = 1 — cosx 
and 
g(x) =sect?x —1 for 0O< x < }n 
Since 0< cosx <1 ior O<x< AR, f'(x) > 0 and g’(x) > 0 on (0. ros 
Hence f and g are both strictly increasing on (0, $7). In particular, 


f(x) > f(@)=0 and g(x)> g(0)=9. Hence sinx <x<tanx for 


O<x< in, 


3x? 1 3x? -(x* +x +1 2x2? —-xy—1 | 
SS -——_— = —————__ for x ¥ 1 
xi-1 %x-1 xi=- 1 xi 
Therefore 
im 3x? 1 (=== 1) 

= Bea 
cot l\y? — 1 x — LP xsl x-l 


where * denotes an application of L‘Hépital’s rule (version A). 
Incidentally, L’H6pital’s rule can be avoided here since, for x #1, 


OT leg ak 2x +1 
ae, "oh. aa l asxrol 
x? - 1 ke + x4] 
NOW 
1 cOsSx 1 — cosx 
cosecx — cotx = f°, - -——] = ——--- 
sin x sinc S11) x 
and 


; — cos ,.. Sinx 
lim —————- =* lim- -=Q 
x—+0 sin x x0 COS X 


Hence lim,._..9 (cosec x — cotx} = 0. 
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(c) loge | im, sin xem] = lim log, [(sin x )cosee2s | 


lim cosec 2x log, (sin x) 
2 


X oR 
log, {sin x) 
= Tit. 
x72 sin 2X 
ae cot x 


xa /2 2 cos 2x 


lence lim,_,, (sin x)" = 1. 
2 


x 2x 2 
d) li ij — — =* |; - =D. 
(d) Ae coshx — lL ee sinh x oe: cosh x 
ar = LX 
(e) iim peg =" lim ——=: ene —|, 


l-x-1 mom Vid+x 


(f) Now 


log, [lim (cosh x)/*"] = lim log. [(cosh x)¥*"] 
xD x— 


_ log, cosh x 

= im———- 
+) x2 

yy tanhx en sech?x 1 
xo 24 x9 2 2 


Hence lim,_.9 (cosh x)!*" = Ve. 


8. (a) If f(x) =x* then f'{x) =2x, f"(x) =2 and f(x) =0 for r= 3. If 
ge{x)=e * then 


g(x) =(-b’e* forall r2i 


‘ 


Hence 


| 4 4 . 
(fay = D(H free 9 


r= QIN" 


= (j}etcpte + (Tax(—1)?e +  }a(—1)8e~ 


e~*(x* — 8x + 12) 


(b) If f(x) =x? then f'(x) = 3x?, f"(x) = 6x, fO(2) = 6 and f(x) =0 
for r > 4, If g(x) = log. x then 


g(x) = 


_ r—l = I 
ED eae 
pad 
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Hence 
6 f ‘ 


(fg) ® = 5? |p (x) g(x) 


r=0 r 


(fj SB foto 


+a RE, 


2 x3 


Exercises 6.3 


1, If f(x) = log, (1 + x) then 


(—1)"-'(r — 1)! 
(lL + xy’ 


for r 21 


f(x) = 
Hence f(0) = 0 and 

fOO(CO) = (-1)" T(r - 1)! for r = 1 
Thus the Taylor polynomial of degree 5 is 

Tsf(x) =x — px?-+ ak" — 4x4 + ex? 


The remainder term ts 


6 
Rs f(b) = A. = > = - = [- 
si?) 6! (l+c)6 6 (: + 4 
for some c between 0 and 5. 
(a) Rsf(1) = -2 [1/1 + ¢)]®, where 0<c <1, and so 


eS ee ee eee: 


(b) Rsf(0.1) = —2[0.1/(1 + c)]®, where 0<c <0.1, and so 


10-° ( 


; 
————— < |, 
P 1.7 x 10 


jRsf(0.1)| = ioe 


Now 
log, 1.1 = log. (tf + 0.1) = Ts5f(0.1) + Rsf(0.1) 
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304 SOLUTIONS TO EXERCISES 


Since Rsf(0.1) lies between +10~°, 75 f(0.1) provides an estimate 
for log. 1.1 that is certainly accurate to four decimal places. In fact, 
log, 1.1 = 0.0953 to four decimal places. 


2: If f(x) =cosx then f(x) =cos(x + ir), and so f("(0) = cos ira for 
r= 1. Hence 


i] iS x (as 
Psa) s 2 a 
and this gives 7's f(0.1) = 0,995 004 167 to nine decimal places. Now 


6 
Rsf(0.1) = men ty L) 


and hence |R;f(0.1)}< 1.410 %. Hence 


cos0.1 - 75 f(0.1) + Rs f(0.1) 
=- 0.995 004 17 


correct to eight decimal placcs. 


ae een a ee 
oe rt! (nm + Dt (a 4 2)! 
See ee + ee + 
(n+ I1)r! (n+ 2)(n + 1)n! 


1 


1 ] 
n+l top te] 


1 1 1 | 
< — | —— 4+ — +... 
nil(n+]) (n+ 1)? : 


Since ¥ 2.x" = 1/(1 — x) for ‘x| <1, 


aa 


= ‘ 1 l 
ea "Tatas 


Therefore 
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q 
p 1 
a(2 a ota 
q roa fs 
is a non-zero positive integer. This contradiction shows that ¢ is an 
irrational number. 


since 
CF a) ae ee ae ee eee | TONAL a 


it follows that 


* x x3 x? x* xe 
e*si-xr+ 2-7 -4—--+ 4+ 


i ae ae ge ee Ona 


Adding and dividing by two gives 


xo ee 
coshy = 1= ras ar ri 
Since 
lop. (1 + x) =x - ee +ix7 +... forall x 
we have 


loge(1 + x?) = x2 — ext + fxO 4... 


Hience, ignoring terms higher than x°, 


cosh x log. (1 + x2) = 


| 
ea 

— 

+ 

+ 
he 

+ 
4 
° los) 
“eee” 
Fcc TER 

~ 

2 

| 
ie 
be 

4 
i 
an 
Ms 
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Now 
cosh x log, (1 + x2) — x? F eae + higher terms —_, 
= [im —_ = - 
x vf x® x—+U x® : 
5. Now for 4 > 0, there exist a @, such that 


2 
fla + h) = fla) + hf'(a) + = f(a +h), where 0< 6, <1 
and a @, such that 
hh2 
fla ~ h) = f(a) — Af’(a) + on f(a — Oh), where 0< 0, <1 


Therefore 
fla + h) + fla—h) — 2f(a) = Zh? [f"(a + Ah) + fla - Oh)] 
Since f” is continuous in a neighbourhood of a, 


f(a + Oh) > f(a) ash—+O fori=1,2 


Hence 
: ath) a-—h)-—2f(a 


6. (a) If f(x)=x*e™ then f'{x) = x3(4—x)e-*, and so stationary points 
occur when x = 0 and x = 4. Now 


fix) = (x4 — 8x? + 12x7)e™ 


and so f"(0)=0 and f"(4) = —64ce~* <0. Hence x =4 gives a local 
maximum of f/f, Now 


FO (x) = —(x4t — 12x) + 36x? — 2d4x)e~t 
and hence f@(0) = 0. Finally, 
F(x) = Oct — 16x23 + 72x? — 96x + 24)e-* 


and hence f)(0)=24>0. Thus x =0 gives a local minimum of f. 
See Figure $.5{a). 


(b) If f(x) =x? log, x then 
f'(x) = x(L + 2log, x) 


and, since f is only defined for x >0, f has one stationary point at 
x =e? Now 


f"(x) = 3 + 2log.x 
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(a} y= x*e-* (b) y = x? log, x (c) y= 2c%—c? 


Figure 8,5 


and so f"(e"'7) =2>0. Hence f has a local minimum at x = e *4?. 
See Figure S.5(b). 


(c) If f(x) = 2e* - e* then 
f'(x) = 2e*(1 — e*) 
and so f has a stationary point when x = 0, Since 
f"(x) = 2e* — 4e* 
f"0) = —2 <0, and so f has a local maximum at x = 0. Sce Figure 


S.5(c). 


Exercises 6.4 
1. If f(x) =sinx then f(x) =sin(x + 5rz), r=0. Hence f(17) = 
sin (4a + 3rn), 720. If r is even, r =2im, and so 


sin(ia + 5rm) = sin(¢a + mz) 


= sin ¢7cos mm + cos imsin ma 


(-—1)” sin ai 
= (-"4 


If 7 is odd, r = 297 + 1, and so 


sin (ia + 3rm) = sin(27 + mr) 


sin Sarcos ma + cos $7 sin ma 
= (-1)" sin 3a 
= (-1)0-24/3/2 

Let 


_ f(-p"3 if ry is even 
ar = \¢—-1)yr-D2/32 if r is odd 
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Then 
a a, , 
Ty 2i6f(X) Ts > mat (x = gm)” 
r—0 r| 
and 
(x -_ iqyatl | 
Ry aio t(X) = ar f?-(c) 
for some c lymg between x and iT. Now 
lx — tnje7! 
|Rasef(x)| = eae [fF (c)| 
gO ae ; 
= (n+ Db! Isin [c + x(t + 1)a]| 
_ le dale 
(n + 1)! 
For fixed x 
K.1 


(Ru wef(*)| where K = 0 is a constant 


(n + 1)!’ 
Since (K"-!/(m + 1)! is a null sequence (3.2.2(d)), Rue f(x) 20 as 
n—o, by the sandwich rule for limits of sequences (3.1.3). Hence 
SF ofa/r!)\(x - in)! is the required scries, which is absolutely conver- 
gent for all values of x, by a straightforward application of thc ratio test 
(4.2.3). 


2. From Question 1 above, the Taylor polynomial of degree four for 
f(x) =sinx at é77 is 
Ta nisf(x) — 3 + 5 W3(a — gm) — Ge - Ga? 
— £V3(x - ia)? 
The corresponding remainder term is 
(x — ga) 
Ra xisf(x) = ae ae (c + 27) 
(x — 57)" 
ee! 
for some c¢ lying between x and 37. Now 32°= 327/180 radians, and 
327/180 = gga + ia. Hence 


sinc 


sin 32° = sin(j7 + é7) 

= Ta npof (apt + 57) 

= 3+ 2 V3G90) — x67)? — f2 V3(50) 
0.529919 23 
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working to cight decimal places. Since [R&4,6f(32°)| =(gj7)1/4! = 
0.000 006 19, sin 32° = 0.5299, accurate to four decimal places. 


3. (a) Example 1 in Section 6.4 gives 
Ue (oe 8 ame cs 
be 2)= 2 


valid for -L< 4:1. Let t=x—-—1, so that x =17+/ and O< x €2. 
Then 


% _1\r-1 = 7 
beea’S (=) — 1" 
r= 


v 


valid for O< x = 2. 
(b) The geometric series 


to | deen ee 

1-¢t — +(x +2 a: 
[hen 

“ fx + 2\7 2 

> { 7 x 


where —I< 3(x —2)< 1. Hence 
11 5 (x + 2)’ 
x 2 r—V ZF 


valid for —4<.x <0. 


Chapter 7 


Exercises 7.1 


1. (a) F(x) = fx*+ 2x? - 2x 
(b) F(x} =x + 3sin3x 
(c} Since e* cosh 2x = fe*(e** + e7-*) = $(e** +e-*), a suitable primit- 
ive is f(x) = s(e% —3e7*) 


310 SOLUTIONS TO EXERCISES 


Zz. 


(d) F(x) =sin 1! 3x 
(e) F(x) = 4x? if x 0, and F(x) = —jx? if x <0 


es (cen) see 
L(P,) = > : 
= +. [E(m — 1)n(2n — 1)] using Question 5(a) of Exercises 2.3 
n 
1 1 1 
a ee | ee 
6 ( n \ 7 
ache 


= Ss le n(n + 1)(2n + 1)] 
n> 


As n—, both L£(P,) and U(P,) converge to 3: Hence aa == 
so f(x) = x is Riemann integrable on [0, 1] and its value is 4 


First, 
| 
I 7 = flog, x]? = log. 2 
Now 
L(P,) = Ste — x;-1) = > — 


where 


r—1 i 
= j : + — <x -_— 
inf fC 1 - x<] | 


Since f is decreasing on [1, 2], 


1 
jaa ed ijn 
Hence 
L(P,) = > 


ap Atl 


i 
3? 


and 
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Similarly, 
u(P,) = Y —— 
" nti-t 
Hence 
1 1 1 ie 
—— +—<x]| —dx 
nt+il n+2 2n 1 x 
ee ee i de 
oR n+l @n-1 
__1 I : gcd 
n+1 n+2 "2 
jit 
n 2n 
Thus 
1 1 I 
-—s«< +...4¢>—-<1 
loge 2 2n n+i1 n+2 2n O8e 2 


Now let n— © to deduce that 


: tr + eens 2 
n+l m+e2 °° Qn Be 


Let P={Xx0,X1,...,;X,} be a partition of [a,b] and let A{x)= 
g(x) — f(x), x € [a, db]. Since h(x) = 0 for x € [a, b], 


m; = inf{h(x) : x) <x < x;} = 0 


Hence L(P) = 0 for A, and so [oh(x) dx > 0. By 7.1.10(1), 


[tex — f(x))dx = [ gtxyax - [ foyax = 0 


Hence 7.1.10(3) follows. 

In order to prove 7.1.10(4), we first need to show that |f is Riemann 
integrable on [a, b]. Let U(P) and U(P) denote the upper sums of f and 
|f| respectively relative to any partition P of [a, b). Similarly, let L(P) 
and L(P) denote the lower sums. The details are omitted here, but it 
can be shown that 0< U(P)—- L(P)<U(P)—L(P). For any e>0, P 
can be chosen so that U(P)- L(P)<e. Therefore U(P)— L(P)<e, 
and so, by Riemann’s condition (7.1.5), it follows that |f] is Riemann 
integrable on [a, b]. 

To establish 7.1.10(4), note that 


—If(e)i = f(x) = |F(%)| for all x € [a, 5] 
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Hence 
> b b 
-[ 'renldr = [fled = | fooiax 


It follows that 


b b 
[ fear} < | fools 
5. For a function f that is Riemann integrable on [a, b] we have 
5 b 
[ fede] = | fe ax 
Hence 
peeled Sin nx <1 ffs 
"tn dort x? n JO\] + x? 
Since isin mx| =< 1, 
LA 1 . 8 
= =—_— 4, =f - + 
[Jn| = ae ~3 ox - [tan™! x] 7 


Now J, is sandwiched between +7/4n, and so lim,_.» J, = 0. 


6. The fundamental theorem of calculus docs not apply to the function 


I 


f(x) = G-D 


on the interval [0,2] since f is undefined at x =1 and hence f is not 
continuous on [0,2]. The integral in this cxercise is an example of a 
divergent improper integral — these are discussed in Section 7.3. 


te If g(x) 20 on [a, db], the area between the graphs of f and g and x =a 
and x = b is given by 


6 b b 
Rox: = i. g(x) dx = I [f{x) — g(x) dx 


as illustrated in Figure S.6(a). If, on the other hand, g has a minimum 
value of c <0 on [a, b] then consider the graphs of f — c and g—c. (See 
Figures S.6(b, c).) The required area is then given by 


b b b 
[ ure - clade - | Tee) - ebdx = [ 17) - a(x)Jax 


as beforc. 
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(a) (b) (c) 
Figure 8.6 


(a) The given curves intersect when 2+x-—x*+1--x, which gives 
x*—2x—1=0. This equation has roots x=1= \/2. Hence the 
required area is 


1+/2 


1+ v2 
i Qtx-x?-14txde= | (1 + 2x — x?) dx 
1-2 VC 


“ 


l+V2 


1. 
[x + x? - x7]; V2 


3 V2 


(b) The given curves intersect when 
sink = cosx (0 =: x <= 37) 
This gives two solutions, namely « = in and x = 27. The required 


arca 1s thus 


s File 


7/4 
i (cosx — sinx)dx + ye (sinx — cosx)dx 
f fm 


= {sinx + cosx]%* + [-cosx - sin.x]3%j4 


=3V2~-1 
8. Apply 7.1.12 to 
nf(x) 

1+ n’x? 
on [0,1/)/n] and on {J/Vn.1]. Hence there exist c, and d, as 
specified, with 

Livin 
' ‘ tT 

as flew), ee dx 

and 


PY 
2 


Js = f(d,)| : 


Va | + atx 


rn 
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Hence 


J, = f(cq)[tan-! nx]y 
= f(c,)tan? Vin 
and 
Jz = f(d,)[tan7 nx)yvn 
= f(d,)(tan-? n — tan“? Vn) 


Let ne. Then tan! Vn — 3m and tan-'n— 37. Also, c,—0 and, 
since f is continuous on [0,1], f is bounded on (0,1); therefore 
f(d,) <= M for any nm. Thus 

J, > faf(0) and J, 30 


Thercfore 


[ _ nf (x) dx > 37 f(0) 


14 nx? 


Exercises 7.2 


2 
1 @) |, @? — + dr = Ext — bet + =F 
x/2 
(b) I sin3x dx = [—} cos 3x]§?” = } 


(c) If 
gn a Bg BO 
(l+x)2-—x) l+x 2-x% 


then A = B=1. Hence 


] 3 1 1 1 
ae dx + [ 
Vaceoa res Ne a 


= flog. (1 + x)Jj + [—log, (2 — x)]} 
= log, 4 


4 
a — 1 ~tivzy 1 
{d) [. ven Fi = {jtan“' x]l, = ga 


3/2 4 
(c) [ix — 3\ dx =[ (3 — 2x)dx + [aC — 3)dx 


= [3x — x7)? + [x? - 3x]$, = # 
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(f) [x cosx dx = [x sin x]j -{ sin x dx 
= [cosx]§ = —2 


oa 


sin som) _ | sin sale 


[ F(x) cosnx dx = fe 
= ~ [f(0) sinmb — f(a) sin na} 


1 b 
-~ =|. F'(x) sin nx dx 
Now 


e | 
[ f@)sinnx dx <= Pierce) sin nel dx by 7.1.10(4) 


b 
< | {fide since |sin 6] <1 for all 6 


Since f’ is continuous on [a, 6], f’ is bounded on [a, b]. and hence there 
exists an M with |f'(x)| < M for all x €[a, 6]. ‘Therefore 


[ f(2)e0s nx de <+|ifo) sin nb| + |f(a)sin nal — mas] 


<= [1/(6)l + [f(a)| + [6 - alt) = ~ 
where K is a constant. Let 7—> © to see that i ° f(x) cos nx dx ~> 0. 
b 6 
[ feelz)ax = LG) - [ f'@)G() ax 


= f(b)G(b) — [ f'(x)G(x)dx since G(a) = 0 
By 7.1.12, 
[ peyo(ayax = Gof farax forsome 4a <c<b 
Hence [?f"(x)G(x) dx = G(c)[f(b) — f(a)]. Therefore 


5 
[ fade) dx = f()G(b) — FE)G(C) + FQGO 


ro [anae— [atnad + pol ecnat 


7) 
= flay] g(x)dx + fb){ g(x) ax 


for some c € (a, 6) 
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4, From Question 3 above, 


b 1 1 c I p 
| —sinxdx = — [ sinx dx + — | sin x dx 
ax Qa Ja b € 


Therefore 


f Asin as = 2 (cosa — cosc) + = (cos ¢ = oe) 


é is 


a 


= 


+t< 
b 


Now 


* sin x 4 
[- ax <+.+0 as na 
fi 


Hence 
nt 
lim | dx = 0 
Exercises 7.3 
1. (a) Nowx +[xJ=xt+nifn=sx<n+1. Hence 


2 
+ ike + l)dx 


= (jx? — 2x)]=} +[5x? — x]°, + [3 5x7 Jy 
+ [3x2 + x] = -2 


2 0 2 
(b) [_ fleas = [2x ax + [x dx = [-x?7]¥, + [1x22 = 
ok 1 
2) ft ete So) Ga 


Hence ird /x*) dx converges to 3. 
(b) Since sin? x = 3(1 ~ cos2x), 


as A —> &® 


KO | == 


ie sin? x dx = EF; {x - 4 sin 2x)]p = s(n ~ 5 sin2n) 


which is unbounded as n> %. Ilence jg sin? x dx diverges. 
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on 
(c) ie: an dx = [-30°7 ]} 


=:(l-¢ *)>}) asun> 


ao |= 


tlence 1S e ~ dx converges to 
(d} Now 
1 2 


sechx = = 
coshx ef +e? 


In order to find H sech x dx, we try the substitution « = e*. Then 


; 1 
[sech x dx =| : ~ —du 
utue: Hu 


2 ; . 
= du = 2tan ‘u = 2tan~- e* 
L+ ue 
Now 

0 
{ sech x dv = [2tan7=!e7]°,, 

—n 

= 2tan7'1 — 2tan 1e7" oS it as m— 


and 


7? 
i sechx dx = [2tan 1e*]f 


= 2tan-'e" — 2tan7!1 > st as H#— 


lng 
Hence |=. sech «dx converges to 7. 


3. (a) Since log,.x« is undefined at x = 0, we consider 
1 
i log..x dx — [xlog,x — x], = —elog,e rt e- 1 
Now 
loge € ae 
lim clog,¢ = lim: ae lim —— = 0 
e >0-+ e0 - eo! Eo)- —¢e 2 


by an obvious variant of L'H6pital’s rule. Hence 


1 a 
i lop.xdx = im 3 logexdx — -1 
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(b} Since 14(x — 1) is undefined at x = 1, we consider 


2 
i dx = flog.(x — I]iz, = —logee 


tex — | 


which is unbounded as ¢— 0+. Hence 


2 
1 
{—«% 


diverges. 


ic) Now 
[sce x dx = log, (secx + tanx!} 
and 
tanx dx = log, (secx) 
and so 


secx + tanx 
SCC X 


fisecx — tanx)dx = ose| 
= log. (1 + sinx) 


Since sec.x — tanx is undefined at x = 37, consider 


w/2-€ 
[ (secx — tanx)dx = [loge(1 + sinx)}q?-° 


= log, [1 + sin(37 - «)] 


> loge2 as xX > O+ 


Hf[ence 


n/'2 R/2—-€ 
{ (secx — tanx)dx = lim (secx — tanx)dx 
0 e04 9 


= log, 2 


4. First, 
: on Lan | 
feta = [4] =— forx 21 
0 X Jo x 


by the fundamental theorem of calculus (7.1.11). For 0<x<1 
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1 1 gx 
[eta = lim | f7'dt = im | “| - lim + 


r-+0+ Je £& 30+ £>0+ 


Since x >0, e* >0 as e> 0+. Hence 


] 
1 

[entae= — for O< x <1 
0 Xx 


b b 
0 < f(x) < g(x) on [a,b] >0< [fo dx = | e(x)az 
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Since [ag(x) dx exists, |2_ f(x) dx is bounded as e—>0+. Also, f(x) =0 


means that [2 ve} (X) dx is increasing as e>0+. Hence 
lim, leek (x) dx éxists. 


(a) Now 


ry a 1 
0 < (4) <— for all x = 1 
x X 


Also 

x 7 =< “a 

i oes, = hm | —dx = lim i 

1 y2 noo sl oy nel X Jy 

= hm ( - 4) =] 
hc 

Hence 

a | 

i 2 dx 


converges 
x 1 
b) 0 <—— = — forx>0 
(0) 1+x> x 


Since | Y(1/x2) dx converges, so too does 


iia 
11+ 
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(c) Oe7 se for x = 1. Since 
| e*dx = lim | e* dx 
— lim [-e7*]? 


nm >» 


- lim(e ! ~e-") = Le 


fiat 
eo 
i ce * dx converges 


. (a) For 0<x < ja, 0<sinx <x, and so 


If 


m2 
‘ 1 
{ ——dk 
09 SInX 


is convergent then so too Is 


nf 
eas | 
| 
U x 


by Question 5 of Exercises 7.3. But 


diverges (essentially Example 9 of Section 7.3), and so we have a 
contradiction. Hence 


me | 
eo 
9 SINX 


is divergent. 
(b) Since e* 21+ x for all x, e’* = 14 1/x for x #0. Now 


of 1 : - a | 
f(s dx = bx + [tor = 1+ | —da 


which diverges. Hence (del dx is divergent. 
(c) ForO<x<1,0<x<tanx, andso0< Vix <Vtanx. Hence 
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But [a/v x ) dx converges, by Example 7 of Section 7.3, and so 


“1 

I 
| ~ ax 
ra) 


Y tanx 


is convergent. 


Since (5) = Vr, the statement is true for 2-0. Assume that 


(2k) a 


, 1h =. 
ee) akkt 


for some & = 1. Now [(x + 1) = xT (x), and so 


T((k + 1) + ie T((k + $) +1) 
=~ (k + $)T(k + 4) 
_ (k= S)(2KIV 
4kkl 
(4k + 22k) a 
- Akt! K) 
_ °A2k ~ NARI a (kK +1) 
- Aatl pt (k +1) 


— (2k +2) 


4*-"(k + 1)! 


and so the statement also holds for 2 =k +1. By induction on n, 


(2n)!Vin 


oe for all mn = 0 
47n! 


rin +) - 


Answers to problems 


Chapter 1 


2. (a) The statement is false (e.g. m=n=1, p=—2). 
The converse is false (e.g. mm = —1, n=2, p=2). 
(b) The statement is false (e.g. m= —2, n=1). 
The converse is false (e.g. m=1, n+ —2). 
(c) The statement is false (e.g. m= n= 1). 
The converse is true. 


When m, n and p arc positive: 


(a) remains false (e.g. m= 4, n =3, p — 6), but its converse is true. 
(b) and its converse are both true; 
(c) remains false and its converse remains true. 


4. Only the first statement is true. 
The second statement makes the false assertion that there is a 
number mm cxcccding 3n whatever the number 7. 
The third statement claims falsely that there is a number a with 3n 
less than all numbers m; there is no such 2 when m = 1, 2 or 3. 


5. Equality does not hold in part (c) when, for example, A = {0,1}, B= 2 
and C = {1,2}. 


7 Equality does not hold in part (b) when, for example, A = {0,1}, 
B = {1,2} and the subset {0,2}, of A U B is considered. 


x? if x =90 
8. (fogy(x)=jx4+1 if -t=x<0 
x ifx<-l 
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ix? ifx 2 
(go fx) = 4) rea 
Vx if x = 
ena = {VF xme Ss 


For x #0, t, f¥(x) =x and f-}(x) = IA1- x) 


Chapter 2 


3. 


(a) All except A3, A4 and A8 
(b) All except AS 
(c) All except A4 


(a) -l<x<2orx>4 
(b) -45x8-2 


(a) supS$=2, nf S=—-1 

(b) sup S = 2, inf S —0 

(c) Since |x + 1/xj = 2, neither sup S nor inf $ exist 
(d) sup S=1, iS =} 7 

(ce) sup S =, inf S=0 


(a) No (b) No (c) Yes 


Chapter 3 


3. 


4. 


(a)-} (b)} (ce) divergent (dye? = (e) 5 


(a) True — (b) False (e.g. a, =n +1, 6, = —2n) 
(c) True (d) False (e.g. a, = b = (-1)*) 


{a) Bounded, positive, increasing, convergent 

(b) Bounded below, eventually positive, increasing, divergent to © 
(c) Divergent 

(d) Bounded, divergent 

(e) Boundcd, positive, oscillating, convergent 


lim, , @ = 3 for all real values of a 


0 ee 

’ 3» i cf 16? 32 ; : 
bon = a, (the sequence in Problem 8} when a, = 5 
bo.) = @, When a; =9 
Hence lim,.« 0, = ; 


ANSWERS TO PROBLEMS 
Chapter 4 
3: (a), (b), (c), Ce), (f) and (g) are all convergent 
(ad) and (h) are divergent 
4. jx|<ce 
6. (a) is conditionally convergent 


(b) and (c) are absolutely convergent 
(d) is divergent 


8. (b) and (c) are convergent 
(a) is divergent 


9, (a) 1 


(bt (4 


Chapter 5 


2. (ayt (bd) nf2n-1)) (ce (A) 5 


3. (a)2 (bp 2c) 4 (NOs (eG 


4 (b) 
6 (a) 
(b) 
(c) 
(d) 


One example is f(x) = A(x) = x, g(x) =1if x #0 and g(0)=0 


Continuous for x # nz, n an integer 
Continuous for x #0 
Continuous everywhere 


Continuous for x 40 and x #1/nz, n an integer 


One example is O(x) — + 
Two examples are R(x) =x? + 1 or R(x) = 10 


9, (a) [-1, 1] (b) [0, 1 + sin? 1} 
(c)[0.3] (A) [2,4] 


Chapter 6 


1. {a) 


(b) 
(c) 
(d) 


7. ~~ (a) 


At x = 0, £2 (0) = —2 and f, (0) =U 

At x =2, fi (2) =O and f(2)=2 

AU x = a7, an integer, f_(n7)— —1 and f’. (a7) =1 
Atx =0, f' 0) =1 and f’ (0) =-1 | 

At x =0, f-(0) = --l and f,,(Q) — 1 
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The maximum value is f(2)=2 and the minimum value is f(U) = 


f(1) = 0. 


326 ANSWERS TO PROBLEMS 


(b) The maximam value is f(1)=1/e and the minimum value is f(0) = 
0. 
(b) The maximum value is f(}) = 4 and the minimum value is f(2) = 2. 


9, (a)2 (b) 3 (c} 0 
12, (a) T+ut3xt+ ex Sees att 2ys + ox 
2 


(b) x + 3x2 — 2x3 + int + ext - x8 
13. (a) Local minimum at x =0 
(b) Horizontal points of inflection at x + 2na, m an integer 
(c) Local minimum at x - 0 
(d) Local minimum at x > 3 and local maximum at x* =2 
4 q 4 
14. (a) 5 - Ae: =) mx =o) = ma Ox = 2! ar nag (* 25) 
(b) V3 + 30 - Pena ails ee (x — im) + 
AV 3(x — in) 


(c) ne + (x — 2) — 4x - 2)? + SQ -2)°- su(x — 2)4 


Chapter 7 
l 


2. L(P,) = if — y U(P,) = a + +| + —— 


S. LOP,) = 1 > 


‘st (n2 a er 


1 
The limit has the value 7+ 3 


= x if O=x 
a ra ={,% 4 if 1 


F'(1) does not exist! 


9. (a) Divergent (b)$ = (c) (1/22) tan-!20/2 
(d) Divergent (ec) Divergent (f)2 


10. (b), (c), (d) and (f) are convergent 
(a) and (c) are divergent 


Index of Symbols 


implies, 20 

belongs to, 22 

if and only if, 25 

the universal set, 25 

the cmpty sect, 26 

the union of A and B, 26 

the intersection of A and B, 26 
the difference of A and B, 26 
the natural numbers, 26 

the integers, 26 

the rational numbers, 26 


ZPORSrxdaaDLGEM | 
oe 
by by by 


P(x)} set of all x such that P(x), 26 
RK the real numbers, 26 
‘6A or AS the complement of A, 27 
ACB A is a Subset of B, 26 
ACB A is a proper subset of B, 26 
AXB the Cartesian product of A and B, 28 
R? the Cartesian plane, 28 
Vv for all, 29 
S| there exists, 29 
A@MB the symmetric sum of A and B, 30 
f:A-> B a function from A to B, 31 
(a, b) open interval, 32 
[a, b} closed interval, 32 
gof the composite of f and g, 33 
f™ inverse function, 34 
id, the identity function on A, 36 
P(A) the power set of A, 38 
< less than or equal to, 53 
< tess than, 53 
Rt positive real numbers, 53 
R- negative real numbers, 53 
|x| modulus of, 56 
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sup § supremum of S, 58 

inf § infimum of S, 58 

(Qn) a sequence, 69 

(a,) 37 Lasn—-e% (a,,) tends to £ as a tends to infinity, 70 
or lim,.»(@,) = L 

(a, }— & as n> (a,,) tends to infinity, 85 

Or lim,.20(@,} = * 

> 21 an infinite series, 102 

f(x) Lasx-»= f(x) tends to L as x tends to infinity. 133 
or lim,_,» f(x) = L 

fQa)oLasx-a f(x) tends to L as x tends to a, 135 | 
or lim,..g f(x) = L 

lim.4- f(x) right-hand limit, 142 

limo .a- f(x) left-hand limit, 142 

[x] integer part of x, 142 

x > f(x) abbreviation for a function, 149 
sen (x) the sign of x, 164 

f'(c) derivative of f at x, 166 

f.(c) right-hand derivative, 169 
f'(c) left-hand derivative, 169 

dy sees . 

ae Leibniz notation, 175 

dx 

fm nth derivative, 188 

7 f(x) and T,af(x) Taylor polynomials, 195, 200 
R.f(x) and Ru f(x) remainder term, 197, 201 

es Fuler’s numbcr, 204 

jf primitive for f, 214 

je f(x) dx Riemann integral, 216 

L(P) lower sum, 217 

O(P) upper sum, 217 

P(x) gamma function, 249 


7 pi, 260 


Index 


Absolute value 56 
Alternating series test 112 
Archimedean postulate 59 
Archimedes 2, 59 
Arithmetization of analysis 15, 41 
Axioms, 

of arithmetic 50 

of order 53 


Berkley, Bishop George 13 
Bernoulli brothers 12, 187 
Bolzano, Bernhard 04 
Bolzano-Weierstrass theorem 94 
Bound, 

lower, upper 57 
Boundedness property 154 


Cauchy principal value 246 
Cauchy scquence 96 
Cauchy’s mean value theorem 185 
Cauchy, Augustin Louis 14, 97 
Cavalieri, Bonaventure 7 
Chain rule 175 
Change of variables 237 
Classification theorem for local 
extrema 202 

Comparison test, 

first 108 

second 109 

lor integrals 248 
Complete ordered field 57 
Completeness axtom 57, 59 


Composite rule, 
for continuous functions 149 
for differentiable functions 174 
for limits 141 
for sequences 77 
Connectives 19 
Continuous, 
left-, right- 146 
pieccwise- 242 
uniformly 224 
Cantinuous function 145, 146 
Continuously differentiable 188 
Cosine function 125, 258 


D’Alembert’s ratio test 111 
I)’ Alembert, Jean Je Rond 14, ff 
Decimals 45 
Deleted-neighbourhood 335 
Density of the rationals 61 
Derivative, 
definition of 166 
left-hand, right-hand 169 
mth 188 
Differentiable function 166 
Dirichlet’s function 147 
Dirichlet, Leycune 19, 748 
Discontinuity 147 


e, irrationality of 204 

Euclid’s Elements 3, 59 
Euler, Leonard 1, 13 
Exponential function 124, 258 
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Fermat, Picrre de 7 Kepler, Johann 6 

Field 51 

First remainder theorem 196 

Fixed point theorem 160 L’H6pital, Marquis de 12, 187 

Function, L'H@6pital’s rules 186, 191 
definition of 30 Lagrange, Joseph Louis 14, 207 
bijective 34 Leibniz’s formula 190 
codomain of 31 Leibniz, Gottfried 1, 10, 165, 776, 187 
domain of 31 Limit, 
identity 36 left-hand, right-hand 142 
image of 31 of a function 133, 135 
injective 34 of a sequence 70 
inverse of 34, 151 Local extremum theorem 179 
monotone 218 Local maximum/minimum 179 
reciprocal of 33 Logarithm function 261 
strictly decreasing/increasing 151 Lower/upper sums 217 
surjective 34 

Functions, 
composite of 33 Maclaurin’s series 198 


Maclaurin, Colin 198 

Mean value theorem, 
for differentiable functions 183 
for integrals 232 


product of 33 
sum of 33 
Fundamental theorem of calculus 229 


second 24? 
Gamma function 249 second, Bonnet’s form 253 
Golden ratio 49 Madulus 56 
Horizontal point of inflection 203 Natural numbers 26, 42 


Neighbourhood 135 
Newton, Isaac 1, 8, 12, 165, 176 


Improper integrals, nth root test 129 


of the first kind 244 

of the second kind 246 
Increasing-decreasing theorem 184 Order relation 53 
Infimum 58 Ordered ficld 53 
Integer part of x 142 
Integers 26, 43 


Integral test 113 Partition 216 
Integration by parts 236° m definition of 259 
Integration by substitution 239 Power rule 79 
Intermediate value property 156 Power sencs, 
Interval, arithmetic of 123 

closed, open 32 calculus of 256 
Interval of convergence 122 definition of 120 
Interval theorem 159 Power set 38 
Inverse rule, Predicate 25 

for continuous functions 151 Primitive 214 

for differentiable functions 176 Principle of mathematical induction 63 


Irrational 42, 44 Principle of monotone sequences 90 


Product rule, 
for continuous functions 149 
for differentiable functions 171 
for limits 138 
for sequences 73 

Proof, methods of 22 

Pythagoras 45 

Pythagorean schoo] 3, 45 


Quadrature |] 

Quantifiers 29 

Quotient mule, 
for differcntiable functions 172 
for limits 138 
for sequences 73, 86 


Radius of convergence 122 
Rational function 150 
Rationals 26, 41, 43 
Real numbers 26, 47 
Rearrangement rule 116 
Reciprocal rule, 

for continuous functions 149 

for differentiable functions 171 

for sequences 87 
Reductio ad absurdum 22 
Remainder tcrm, 

Cauchy's form 206 

integral form 207 

Lagrange form 199, 206 
Riemann integral, 

definition of 218 

properties of 227 
Riemann’s condition 221 


Riemann, Georg Bernhard 15, 218 


Rolle’s theorem 182 
Rolle, Michel 182 


Sandwich rule, 
for continuous functions 149 
for differentiable functions 172 
for limits 140 
for sequences 76 

Scalar product rule, 
for sequenccs 73, 86 
for series 106 


INDEX 


Sequence, 
bounded 69 
Cauchy 96 
convergent 70 
decreasing 90 
divergent 84 
Increasing 90 
infinite 69 
monotone 90) 
null 79, 80 
Series, 
absolutely convergent 114 
Cauchy product of 118 
conditionally convergent 115 
convergent 102 
divergent 102 
geometric 103 
harmonic 106 
infinite 102 
nth partial sum of 102 
p- 106 
power 120 
sum of 102 
rearrangement 114 
Set, 
bounded above/below 57 
complement of 27 
definition of 25 
empty 26 
proper subsct of 26 
subset of 26 
universal 25 
Sets, 
algebra of 28 
Cartesian product of 28 
difference of 26, 38 
equality of 27 
intersection of 26 
symmetric sum of 30 
union of 26 
Sign function 164 
Sine function 125, 258 
Singulanty 147 
Statement, 
contrapositive of 21 
converse of 22 
definition of 19 
Statements, 
logical equivalence of 20 
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Subsequence 8& 

Sum rule, 
for continuous functions 149 
for differentiable functions 171 
for limits 138 
for sequences 73, 86 
for series 105 

Supremum 58 


Fangent 1 

Taylor polynomials 195, 200 
Taylor series 201 

Taylor’s theorem 201, 205 


Taylor, Brook 198 
Triangle inequality 56, 65 
Truth table 19 


Uniform continuity theorem 224 
Uniformly continuous 224 


Vanishing condition 104 
Weicrstrass, Karl 15, 95 


Zeno of Elea 3, 101 
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